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ABSTRACT

The scripts based on the Arabic alphabet are cursive and their characters are dynamically variable. These
characteristics of such scripts need changes in the fonts conception. As a consequence of the cursivity, the
representation of Arabic characters in outlines may be different of those concerning the Latin ones. The
characters dynamic variability can be materialized through the stretchability of some characters in both
the vertical and horizontal directions, at the same time, when justifying lines for instance. In order to get
texts written with stretchable characters, represented as outlines, some curves intersections, among the
curves composing the characters outlines, are to be determined dynamically. The PostScript procedure
to produce a dynamic character, in a dynamic font, is repeated whenever the letter is to draw. So, the
determination of the curves intersections coefficients in the procedure, applying an iterative algorithm
is of a high cost. A new method for developing an optimal font is to find out. In this paper, a method
based on the curves comparison is presented. It allows the determination of the characters with eventually
overlapping outlines. Then, a way to approximate the curves intersections coefficients is given. This is

enough to remove overlapping in outlines.
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1. INTRODUCTION

The Arabic calligraphy rules are as important as
grammar in handwriting texts in Arabic alphabet
based scripts. Stretching letters is used instead
of the ordinary insertion of spaces (blanks)
between words, to justify lines in such texts. This
stretching; the Keshideh, is almost meaningful
and mandatory. There are two types of keshideh,
between two connected letters and inside the same
letter. These two types of stretching are presented
with bounding bozes of characters in the figure 1
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below. In the first line, there are stretchings in
different sizes between the two connected letters
2 and _, in the word )_da In the following line,
the last letter (3 of the word (s is stretched in
four different sizes.
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Figure 1. Inter-curvilinear and
intra-curvilinear stretchings in Arabic
calligraphy.

The keshideh spreads out in both horizontal and
vertical directions and obey to some conditions.
The horizontal stretching can go from 0 to 12 di-
acritic points (the diacritic point is a metric unit
in Arabic calligraphy).

Of course, the keshideh is curvilinear and context
dependent. A suitable font for typesetting texts in



an Arabic alphabet based script would be based on
a dynamic language like PostScript [Ado99] or the
instructions for encoding characters should be in
TrueType fonts [Wei92]. Unfortunately, such sup-
port is not offered by Metafont [Knu86] and con-
sequently, (La)TEX [Lam85] extensions like Arab-
Tex [Lag92] don’t support the dynamic character
needed in Arabic fonts. So, only some discrete
finite dynamism can be found. Currently, the sys-
tem CurExt [Laz03] used in RydArab [Laz01] pro-
vides only 256 stretchings in different sizes in a
given document.

Danniel Berry developed a type 3 PostScript font
for the system dittroff/fforttid [Ber99]. This sys-
tem offers a good support for dynamic characters.
Unfortunately, the stretching goes only in the hor-
izontal direction and the stretching model doesn’t
take into account the motion of the nib’s head. Big
stretchings can show some weakness of the calli-
graphic quality. A way to fix such flaws can be
found in [Bayar].

The main goal of this paper is to provide a support
for developing a PostScript font that allows type-
setting Arabic texts, in characters represented as
outlines, according to the basic calligraphic rules.
The existing systems don’t offer such support. In
the first line of the figure 2 (from right to left), the
word )_da is displayed in outlines, in two options :
with and without limits between two consecutive
characters. Most of the systems allowing writing
Arabic script in outlines, such as Microsoft Word,
can produce only the first sample. Of course, The
cursivity is better observed in the second way of
writing on the figure 2.

Figure 2. Possibilities of Outlines writing
in Arabic.

Managing stretchability is better shown with fonts
that provide characters in outlines. An exam-
ple of stretched outlines is presented in the figure
3. This characters stretchability needs a math-
ematical formalization and the stretching model
presented in [Bayar] will so be deeply improved.
That’s the goal of the following sections.

Figure 3. Stretchable outlines in Arabic.

Let us recall that there are static letters and vari-

able sized ones. Static letters have static shapes as
the letter o (standalone DEL) and , (standalone
REH) on the figure 4-a. Variable sized letters
are those with stretchable parts. The first line
of the figure 4-b displays the letter 1+ (BEH in the
beginning of a word) in three different curvilin-
ear stretchings whereas the second line presents
the letter , (REH in the end of a word). Vari-
able sized letters are composed of a static part (in
terms of shape; the shape is kept as it is after a
shifting transformation) and a dynamic one. On
the figure 4-b, the dynamic parts are in gray. For
the letter i, this part is used to connect the letter
to the following letter in the left, since the Arabic
writing is a right-to-left. In the same context, the
stretchable part in the other letter is the preceding
connection in the letter _, (this is used to connect
it to the letter directly in its right).
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Figure 4. a) Examples of static letters, b)
Examples of variable sized letters.

In the following, the paper follows the plan : the
second section, presents the mathematical formal-
ization of the nib’s motion. In the third section,
the way to optimize the implementation of letters
in PostScript is given. The paper ends with con-
clusions and perspectives.

2. THE NIB’S HEAD MOTION-
RAZING MODELING AND DE-
COMPOSITION

There are many styles in Arabic writing. Among
the most popular ones, we can mention : Farisi,
Koufi, Maghribi, Naskh, Thuluth, Rouqaa, Dy-
wAni... Samples of such styles are presented on
the figure 5. For our present purpose, let us con-
sider the Naskh style (The framed one on the fig-
ure 5) since it is the most widely used in digital
typography.

In this Part, we develop the mathematical tools to
be used for the development of a stretchable Naskh
font. Of course, this font will support writing in
outlines. Let’s give first some characteristics of
the nib’s head motion under Arabic Calligraphy
rules.
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Figure 5. Most popular Arabic writing
styles.

Qalam’s Motion Modeling

In the Naskh style, the nib’s head or simply the
qalam (The pen calligraphers use to write with)
behaves as a rectangle of width [ and thickness
e= é. This rectangle moves with a constant incli-
nation angle of about 70° with regard to the base-
line. A nib’s head with / = 12 mm (and e = 2mm)

is presented in the figure 6.

70°

Figure 6. Nib’s head in Naskh style with
12 mm width

In the following, let us consider the general case
where the pen’s head motion can be represented
by a polygonal shape with n+ 1 vertices, in trans-
lation. Examples are given with rectangles whose
sizes and inclinations are different from the Naskh
qalam ones for better clarity. Let’s represent a
pen’s head with n + 1 vertices My, My, ..., M,
by B (Mo, F), where F = (U{)l:On is a family

P
of n + 1 vectors such that w;, = MyM,. The point
My stands for an origin for the pen’s head mo-
tion. Whenever particular values are associated
to that point and to the vectors, all the vertices,
and therefore positions, of the pen’s head can be
determined precisely. When the trajectory of the
origin vertex is the parametric curve f defined on
[0,1], the motion of a pen B (My,F) will be de-
noted by M (B (Mo, F), f,[0,1]). In the figure 7,
the motion is characterized by the start position
of the pen’s head and a Bézier curve [Bez77] By
representing the trajectory of the vertex Myy. In
the case of the qalam, the origin is the vertex sur-
rounded with a circle on the figure 6.

Figure 7. Example of motion

The Motion-Razing Study

The razing of a qalam motion is the set of points
darken by the qalam in the plane. Of course, this

set is delimited by external curves corresponding
to the trajectories of the qalam’s vertices and some
edges of the qalam. Therefore, we need a mean to
help comparing the shifting transforms of curves
in order to find out the external curves of a raz-
ing. For this, it is necessary to define the notion
of the orthogonal range associated to a parametric
function according to a vector.

Consider :

e the affine space R? with the orthonormal basis
— — 7
R(0,7,7.F),
e an affine plane R? in R? containing the origin O
with a direct orthonormal basis (7, ). Let’s

4
denote R? the vector plane associated to R? .

e a parametric function f defined on [0, 1] with
values in R2. Suppose that f is continuous on
[0,1] and differentiable on ]0,1] .

_
— = = .
e and the vectors u, w1, w2 in R2.

Definition 1 (Direct orthogonal range with
respect to a vector)

The Direct orthogonal range associated to f, ac-
cording to the vector 7, is the scalar func-
tion Ry ) defined from [0,1] onto R such that

—

Rs) () = (E’Aaﬁf)) E.

, U

We can remark that the derivative verify
/ —

R(fﬂ») (t) = R(f’,ﬂ’) (t)

Now, we can define the way to compare the shift-

ing transforms of a curve.

Definition 2 (Comparison of shifted curves)
We have t-, (f) < t=, (f) on [0,1] (respectively
t, (f) 2 tay (/) if and only f Ry == (1) <
0 (respectively R’(fj ) (t)>0).

The comparison between t+ (f) and t+, (f) on
[0,1] can be done through the study of the
monotony of R sz, %,y on [0,1].

Now, we have the tools necessary for studying the
nib’s head motions and their associated razings.
Before doing that, let’s present a particular type of
motions, the normal motions, and their associated
razings.

Consider the motion M =
M (B (Moo, F), f,[0,1]) such that F =
(m)i:O,...,n .

Definition 3 (Normal Motion) M is said to
be normal on [0,1] if and only if 3i € {0,...,n},
35 €{0,...,n} such that :

by () < tr, () and t5, () 2 b, () on [0,1]
Vke{0,...,n}.



Figure 8. a) Normal motion, b) The
corresponding normal razing.

In this definition, ¢ (f) is the mazimal curve
whereas t+ (f) is the minimal one among the

set {t=, (f), W) € F}. A normal motion and its
corresponding razing are presented on the figure
8. The razing is delimited by the two segments
[M30M00], [MooMlo], the Bézier curve Bl, the
two segments [M11M21], [M21M31] and the Bézier
curve Bs.

Lemma 1 If Vi €

{0,...,n}
(5 (s 1ymod n—T05) is monotone on [0,1] then M

is a normal motion.

The lemma can be proved through considering the
motion on the figure 8. In general, the razing as-
sociated to a motion is determined via its decom-
position into normal sub-motions. Then, we have
the theorem.

Theorem 1 (Decomposition into normal
sub-motions)

The motion M can be decomposed into normal
sub-motions on [0,1] so that the concatenation
of their associated razings constitute exactly the

global razing associated to M.

Proof -
Let]‘—:(m)i_o (@TO)Z 0),
Through studying the sign of R

!/

(f, % (i41)mod n—Ts)
on |0,1] for ¢ € {0,...,n— 1} we get the set of
extrema of R(s = . .07, on 0, 1[.

Let Ez = {T%,l;T%,Q;---vTi,qﬁ(i)} be the set of
extrema of R4 1t 1ymod n—T04) ordered in an
increasing order (¢ (i) reverses the cardinal of
The restrictions of the direct orthogonal range

R(,% i1 1ymoa n—70:) 0 the segments [0,T],
[Tin, Tiols [ Tioy-1:Tiow [ [Thea), 1] are
monotone.

Now, let us consider E = {T3,T5,...,T;n} the
union of the sets F;, ordered in an increasing
order.

According to  the
R,

previous
is monotone on

reasoning,
[05 Ty [5

— —
U (i+1)mod n— U i)

[TlaTQ[a --J[Tm—laTm[a
{0,...,n—1}.

By the lemma 1, the qalam’s motion is normal on
[0, T1[, [Th, T3, - - - s[Tom—1, T, [T, 1]-

The restrictions considered together constitute
the exact trajectories of the vertices of the
galam’s head.

So, the concatenation of the razings gives the
exact razing of the pen’s head. ]
An example is given in the file attached to the

paper.

[Th,1] for i €

3. OPTIMAL IMPLEMENTATION
OF STRETCHABLE OUTLINES

This part deals with the way to solve the problem
of implementing letters in their outlines in Arabic
calligraphy, taking into account the stretchability.
The concepts in use will be given through consid-
ering examples.

In this paragraph, the model of stretching a letter
is given. Then, the concept of tolerance and dig-
ital equivalence will be highlighted. Finally, the
ways to implement a static or a dynamic letter
will be presented.

The Stretching Model

In variable sized letters, dynamic parts, i.e. the
preceding and following connections, are quadratic
Bézier curves. Let’s denote a quadratic Bézier
curve with control points My, M; and M, by
[Mo, M1, Ms]. The preceding connections are
curves in the set 57 and the succeeding ones are in
By. The set B; and Bs are defined in the following.
Let B = [Mo,Ml,Mg], then :

Vv — _
e B ¢ B, oMM = A7, A\ € R and
_/.\%_)
(Mng, z) < § (see figure 9-a) where

(U1, W2) stands for the angle between the two
vectors w1 and Ws.

Vv — _
e B € By &M M, = )\Z, A€ R* and
(—T,Mng) < Z (see figure 9-b).

Now, let’s present the way to stretch curves in
Bl and Bg. Let Bl = [Mlo,Mll,Mlg] be the
quadratic Bézier curve with control points Myy =
(10,910)s M11 = (z11,y11) and Mz = (212,912)
and By = [Mayg, Ma1, Mao] a stretched version of
B with a horizontal stretching value h and a ver-
tical one v. We have :

eif By € By then My = (z10,y10—v),
Moo = (12 —h,y12) and My =



(2) (b)

Figure 9. a) Quadratic curve of type 1, b)
Quadratic curve of type 2.

<$12 —h+ (W10—y12—v) (11 —=12) Y10 — ’U).

Yi11—Y12
eif By € By then Msy = (x10,%10),
My = (z12—h,y12—v) and My =

10 + (y127y1;;z)y(f01179“0) Y12 — ’U) .

In particular, in the font, the vertical stretching
value v depends on h. Let v = % h. Then, V and
H stand for the maximal values of the vertical
and horizontal stretchings respectively. We can
remark that the type of the curve (type 1 or 2) to
stretch is preserved after stretching. An example
of stretching for the two types are presented on

the figure 10.

(a) (b)

Figure 10. a) Example of stretching a
quadratic curve of type 1, b) Example of
stretching a quadratic curve of type 2.

In [Bayar], a model based on a cubic Bézier curve
has been used easily since we hadn’t to deal with
the letters outlines. Now, in order to simplify the
outlines computing, we used quadratic curves in-
stead of cubic Bézier curves. There would be no
loss of visual accuracy since the connections be-
tween letters have curvature vectors with small
magnitudes.

The keshideh, the stretchable part in a word, is
a juxtaposition of a curve in By with an other
curve in By. When the keshideh has to stretch
of h horizontally and v vertically then each of the
the components ( in B; and in Bs) has to stretch
of % horizontally and v vertically.

Tolerance - Digital Equivalence

In order to implement a font in stretchable out-
lines, we use approximations. So, we need to con-
sider some precisions or tolerances. In this sub-

section, we define the notions of digital equiva-
lence and tolerance.

Definition 4 (Digital Equivalence) Let M, =
(w1,91) and My = (xa,y2) be two points in Z>.
M is digitally equivalent to My if and only if
|1 — x2| <1 and |y1 — y2| < 1. The digital equiv-
alence is then denoted by M, = Ms.

So, for the visual aspect, a point in Z? and points
in his direct neighbor would then be considered as
the same.

To each point in R? to draw corresponds an image
in Z? by a function denoted . The tolerance of
a Bézier curve can then be defined as follows :

Definition 5 (Tolerance of a Bézier curve)
Let B be a Bézier curve and T = %, n € N*. The
value T is a tolerance of B if and only if for all t;
and t2 in [0,1] we have :

[t1 —ta] <7 = N (B (t1)) =N (B (t2)) .

The notions of digital equivalence and the toler-
ance are tools toward the formalization of the vi-
sual accuracy. We can define the notion of the
optimal tolerance.

Definition 6 (Optimal Tolerance) Let
B be a Bézier curve. The optimal toler-
ance of B is the greater element of the set
{L/m € Nx, where L is a tolerance of B}

We have the property :

Property 1 Let us consider the Bézier curves
Bi, By and Bs. Let 11, 72 and 73 be their optimal
tolerances respectively, then we have the proper-
ties :

o if By is a stretched version of By then 7o < 7y,

e if By and Bs are curves obtained from By by a
Bézier refinement according to a parameter t in
[0,1], then we have 72 > 7 and 73 > 1.

Letter Outlines Computing
3.3.1 Static Letters

When a letter is static, it is directly implemented
in the font with the true outline drawn by the
qalam’s motion (Qutlines without overlapping, see
figure 11). The true outline is determined with a
mean external to the font applying the mathemat-
ical notions studied in the paragraph 2.



Figure 11. The Qalam’s Motion and the
corresponding true outlines of the

standalone DEL.

3.3.2 Stretchable Letters

The outlines, in the case of variable sized letters,
can be implemented in PostScript exactly as in the
following example of the letter ,. For the static
part of the letter ,, a non closed outline without
overlapping is implemented in the font (see figure
12).The outline is then determined out of the font.

Figure 12. Non closed outline of the static
part of End REH.

What about the preceding connection of the let-
ter ,? The preceding connection of , is a curve
in By parametrized with a stretching amount h.
The motion of the nib’s head is shown on the fig-
ure 13-a. Let’s denote B" the trajectory of the
motion’s origin. For all values of h, the scalar
function R( Bh 75) have an extrema on |0, 1] (note

that Wo— w1 = w3). Let t" be this extrema, (the
h here is not an exponent. It only means that
t depends on h). The direct orthogonal ranges

R(lefﬂo) and R(B,E’SfWQ) are strictly mono-

tone on [0, 1]. So, the motions on [0, ¢"] and [t", 1]
are normal. Consider the following notations :

(2) (b)

Figure 13. Motion of the stretchable part
of End REH.

e t" is the extrema of R(Bh 75) O 10, 1],

e B! and B} are the curves obtained by the
decomposition of B" applying the generalized

Bézier algorithm of refinement [Bar85] with re-
spect to t" (see figure 13-b),
e Bl =tz (B),i€{0,1,2,3} (Wo=0) and
e BY =t (BY),i€{0,1,2,3}.

Then, we have the results :

e On [0,t"] the maximal curve is Bf, and the
minimal one is B}, and

e On [t" 1] the maximal curve is B} and the
minimal one is Bl;.

Figure 14. Overlapping of REH preceding
connection.

These results are illustrated on the figure 14 with
h=0.

The true outline of the preceding connection can’t
be directly determined because there is an inter-
section between Bl and B} . Note that this in-
tersection is unique. Let 7" and s” be the two
variables on [0, 1] characterizing the intersection
coefficients of B}, and B, respectively. Their val-
ues are solutions of the equation 1.

By (r) = By (s) = (0,0) (1)

The values of ", r" and s" change as h changes.
The values are to be computed dynamically in
the font. As B" is a quadratic curve, the range

R/(Bh,ﬂg) (t) is a linear function of ¢. Then, it is

easy to determine explicitly t" in function of h.
The formula is given on the equation 2. It was in
order to get an easy and explicit determination of
t" that we were to represent the stretchable parts
in letters with quadratic curves instead of cubic
ones. The function " is a monotone increasing
function of h.

. 47.79081298 + h
~ 63.67851945 + 1.0887286138 - h

2)

In general, the determination of the intersection
between two quadratic or cubic Bézier curves is
done through iterations (there is no explicit solu-
tion). Since the PostScript procedure to produce
a character, in a dynamic font, is repeated when-
ever the letter is to draw, the determination of the



curves intersections coeflicients in the procedure,
applying an iterative algorithm is of a high cost.
So, we have to find out a way to minimize the time
necessary to compute " and s".

Let us consider once again the notations :

e 71 the tolerance of B}, depending on h.
e 7 the tolerance of BY, depending on h.

In the Naskh style, the stretching variable h can
vary from 0 to H, where H is 6 diacritic points
(12 dp for all the keshideh and 6 dp for each of
its components). Consider a font in 1000 points
size, H = 580.829699. The determination of the
coefficients " and s" would be based on approxi-
mations as follows.

The system Maple can be used to get the following
properties :

Property 2

o The function " is monotone increasing of h on
[0, H], (1)

o The function s" is monotone decreasing of h on
[0, H], (2)

e The functions 7% and 75, are monotone de-
creasing on [0, H], (3)

e and 1), < 7'21 on [0, H]. This means that for
h € [0, H), T}, is an optimal tolerance of B},
and a tolerance of BY,. (4)

Now, we have all the properties necessary to build
the function giving the approximated values of 7"
and s".

Let 7pmin = 7°, Tmae = 7. Consider the se-
quence R = (7r3),_, such that r; = rpin +

TTVL(LT_TWLZTIZ Where n = Tmaa;—_TWLG + 1. Let [ ]
12

be the integer part of x. Let’s also consider the
two sequences H = (h),_, , and S = (si);—o ,
such that {h;,s;},_, ,, are solutions of the equa-
tion 1 where h and s are the unknown and r is
given taking r; as value. The system Maple can
help to solve all the equations. In some cases,
some of these equations can require some minutes
when B” is quadratic and even some hours when
B" is cubic. That’s an other reason to choose
quadratic curves to encode dynamic parts. We
get the following results :

—r<TEVi=0,...,n—1,

ey —1 < T Vi=0,....,n—1Vh € [0,H]
(according to the property 2-(3)). This means
that N (B{IQ (Tz)) = N (B{IQ (Ti+1)) Vh S [0, H],

® Tit1

Figure 15. Closed and non closed non
overlapping outline.

5, — 541 < T Vi=0,...,n—1VYh €[0,H]
(according to the property 2-(2 and 4)) . This
means that N (BY, (s;)) = N (B%, (si41)) Vh €
[0, H].

We have finally an important property that would
be useful for the determination of the approxima-
tion function, Vi € {0,...,n—1}, Vh, h; < h <
hi+1, we have :

eri < " < rpoand N (B (") =
N(B?Q(Ti)) and  so, N(Bﬁ(rh)) =

N (B, (ri41))-

e si.1 < s < s and J\/(B1 sh)) =
N (Bh (s;)) and so, N (B (s") =
N (B3 (sit1))-

Then, we know very well the tolerant values of
B, (r") and Bh (s").

Now, consider the sequence P = (F;),_, , =
(rs, Si)izo,...,n' Let’s approximate the set of points
P, by a quadratic Bézier curve A such that A (0) =
Py = (ro,80) and A(1) = P, = (7, $n). In order
to approximate a set of points {P,...,P,} by a
curve parametrized on [0, 1], we may associate to
every point P; a coefficient ¢; in [0, 1] such that the
sequence (t;);,_, ,, is strictly monotone increas-
ing and ¢p =0 and ¢,, = 1.
First, let us determine (t;),_,
Recall that t" (defined in the equation 2) is a
monotone increasing function of h.

Since 7" is monotone increasing, the se-
quence (h;);,_, ., deduced through the sequence
(Ti)i=o,...n is monotone increasing. — Consider
(ti)io,.. ., such that t; = i’;}:foo

(ti)io....n is a strictly monotone increasing se-
quence with tp =0 and ¢, = 1.

Consider that the quadratic Bézier curve to be
determined has the control points (1o, o), (21, Y1)
and (r,,s,). We have to determine (z1,y1) in
order to minimize the value D (see equation 3).

D=3 (P~ A1) 3)
=0

D can be minimal if the following mandatory con-
ditions are satisfied :



o 2D —( and

91
oD _
° oy1 0.
oD _ T B
Fr = 0 implies that =
noti(1—t) (ri—(1—t:)%ro—tir,
io ti l( 2( )20 ) and 82 — ¢
2>, ti(lfti) Oy1

. . " o ti(1—t)(si—(1—t:)%s0—t2s,
implies that y; = Lz (ZZZSJ t?Epti;;O ° )

Suppose that A(t) = (r(¢),s(t)). Then A is a
good approximation if the condition in the formula
4 is satisfied

lr(t)) —ri| < T Vi=0,...,n 4)

If the condition 4 isn’t satisfied the se-
quences H and P are subdivided in two pairs

of sub-sequences {(hi)i:O,...,k7(Pi)i:0,...,k} and

..........

formula 5 and the process is repeated.

I (14) = 7] = b (82) — 4] Vi=0,...n (5)

Concretely, for the preceding connection of the let-
ter ,, the determination of the intersection coeffi-
cients are computed with the evaluation of a curve
Aq where h isin [0, 179.595499] and another curve
As if h is in [179.595499, 580.818536].

The approximation has been tested with arbitrary
values of h and we got intersection coefficients
with respect of the curves tolerances (the details
are on the annexed file).

With these mechanism, we can encode the preced-
ing connection to get , with closed outlines and
therefore to fill the letter and also a non closed
outline to be used to write words in outlines (see
figure 15).

4. CONCLUSIONS

This is a way to solve the problem of drawing
stretchable, variable sized Arabic letters in out-
lines. This problem has been posed many years
ago. Of course, only the Naskh style, where the
nib’s head is in constant inclination, has been
studied. This approach will be developed in a
coming paper, to styles where the nib’s head can
be in translation and rotation at the same time.
That is of a big importance for writing Arabic
alphabet based texts respecting the basic calli-
graphic rules. It can also help to compose cal-
ligraphic mathematical formulas.
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