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• Heuristics

AABB (Axis Aligned Bounding Boxes)

PCA-bounding box O(n), O(n log n), O(nb
d
2 c+1)

OBB-tree [Gottchalk, Lin, Manocha, ’96]

BOXTREE [Barequet, Chazelle, Guibas, Mitchell, Tal ’96]
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Principal Component Analysis

X = {x1, x2, . . . , xm}, xi is a d-dimensional vector

c = (c1, c2, . . . , cd) center of gravity of X.

v ∈ Rd: var(X, v) = 1
m

∑m
i=1〈xi − c, v〉2

most significant directions: v1, v2, . . . , vd

var(X, v) = 〈Cv, v〉 , Cij = 1
m

∑m
k=1(xik − ci)(xjk − cj).



Lemma 1. For 1 ≤ j ≤ d, let λj be the j-th largest eigenvalue
of C and let vj denote the unit eigenvector for λj . Let Bj =
{v1, v2, . . . , vj}, sp(Bj) be the linear subspace spanned by Bj ,
and sp(Bj)⊥ be the orthogonal complement of sp(Bj). Then
λ1 = max{var(X, v) : unit vector v in Rd} and for any 2 ≤
j ≤ d,

i) λj = max{var(X, v) : unit vector v in sp(Bj−1)⊥}.

ii) λj = min{var(X, v) : unit vector v in sp(Bj)}.

iii) var(X, Bj) ≥ var(X, S) for any set S of j orthogonal unit
vectors.
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Theorem 1. Let P be a d-dimensional point set symmetric with
respect to a hyperplane H. Then, a principal component of P is
orthogonal to H.

Proof:

n = (1, 0, . . . , 0)
c = (0, 0, . . . , 0)

C =


C11 0 . . . 0
0 C22 . . . C2d

...
...

. . .
...
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Lower bounds Rd

λd2 is a lower bound in Rd2

=⇒ λd1 · λd2 is a lower bound in Rd1+d2

dimension R R2 R3 R4 R5 R6 R7 R8 R9 R10

lower bound 1 2 4 16 16 32 64 4096 4096 8192

λd1 is a lower bound in Rd1
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Lemma 5.
d2(P, lpca) ≥ d2(Tupp, lpca) + d2(Tlow, lpca)
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√
a2
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