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ABSTRACT
We introduce a non-iterative geometric-based method for shape matching using a novel set of geometric
landmarks residing on a 2D contours. These landmarks are intrinsic and are computed from the differential
geometry of the curve. We exploit the invariant properties of geometric landmarks that are local and preserved
under the affine and some perspective transformation. Geometric invariant exploits coplanar five-point invariant
and ration of area constructed from a sequence of consecutive landmarks. These invariants are preserved not
only in affine map but weak perspective map as well. To reduce the sensitivity of the landmarks to noise, we
use a B-Spline surface representation that smoothes out the curve prior to the computation of the landmarks. The
matching is achieved by establishing correspondences between the landmarks after a conformal sorting based on
derived absolute invariant and registering the contours. The experiments have shown that the purposed methods
are robust and promising even in the presence of noise.
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1. INTRODUCTION
Shape matching is a central problem in visual
information system, computer vision, pattern
recognition image registration, and robotics.
Application of shape matching includes image
retrieval, industrial inspection, stereo vision, and
fingerprint matching. The term shape is referred to
the invariant geometrical properties of the relative
distance among a set of static spatial features of an
object. These static spatial features are known as
shape features of the object. After extracting the
shape features for a model and a scene, a similarity
may be used to compare the shape features. The
similarity measure is referred to as a shape measure.
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The shape measure should be invariant under certain
class of geometric transformation of the object. In the
simple scenario, shape measures are invariant to
translation rotation and scale. In this case, the shape
measures
are
invariant
under
similarity
transformation. When included the invariance of
shape measures to shear effect, the shape measures
are said to be invariant under affine transformation.
Finally in the complicated case, shape measures are
invariant under perspective transformation when
included the effect caused by perspective projection.
There are many techniques available to shape
matching which can be classified mainly into two
main categories; a global method and a local method.
The global method works on an object as a whole;
while the local method on a partially visible object or
occlusion. The well-known global method includes
Wavelet transform [Job95a, Wan97a], Momentbased approach [Hu62a], Fourier descriptors [Bri68a,
Zah72a, Ott92a] and Median Axis Transformation
[Blu67a, Blu78b, Pel81a]; while the well-known
local method exploits intrinsic properties of the shape
which includes geometric invariant [Bes88b,
Gov99a, Mun92a], curvature extrema point [Bol82a,
Mil89a, Chi89a, Rao94a], zero-curvature points

[Ali98a], line intersections [Sto82a], and [Kan81a],
centroid of closed-boundary region [Gos86a], knot
points [Coh98a], etc. In this paper study local
geometric intrinsic features from which we derive a
set of fiducial points which are related to curve
derivative. Our shape matching is based on image
registration. We use the set of fiducial points as a
landmark. We then establish the correspondence
between two sets of fiducially points by exploiting a
local geometric projective (affine and weak
perspective) invariants which are extracted from the
five-point coplanar [Mun92a] spanned by the
landmark points. Once the corresponding landmark is
found, linear transformation parameter is estimated
and the shape are aligned.
This paper is organized as follows. Section 2
introduces the local geometric curve features used as
landmarks on the curve. The registration process is
thoroughly discussed in section 3. Experimental
results are shown in section 4. Discussion and
conclusion are presented in section 5.

2. INTRINSIC GEOMETRIC
FEATURE OF CURVE
Let r(t) =[x(t), y(t)], where t is a parameter, represent
a shape (or curve) C in Cartesian coordinate system.
The Inflection points are the point at which their
curvatures are zero, i.e. The points at which

k (t ) =

r (1) (t ) × r ( 2 ) (t ) x& (t ) &y&(t ) − &x&(t ) y& (t )
=
=0
| r (1) (t ) |3
( x& (t ) + y& (t ) 2 ) 3 / 2

or the points at which

r (1) (t ) × r ( 2) (t ) = x& (t ) &y&(t ) − &x&(t ) y& (t ) = 0

(2.1)

As a results, r(1)(t) and r(2)(t) are parallel at the
inflection point.
Inflection points on the affine transformed curve are
the points at which

r (t ) × r (t ) u& (t )v&&(t ) − u&&(t )v&(t )
=
=0
k a (t ) =
| ra(1) (t ) |
(u& (t ) + v&(t ) 2 ) 3 / 2
(1)
a

and hence are affine invariant. Inflections have been
widely used as the candidates for curve matching
[Wal98a].
If we take derivative of (2.1), we have

x& (t )&y&&(t ) + &x&(t ) &y&(t ) − &x&(t ) &y&(t ) − &x&&(t ) y& (t ) =
x& (t )&y&&(t ) − &x&&(t ) y& (t ) = r (1) (t ) × r ( 3) (t ) = 0

which is the point at which r(1)(t) and r(3)(t) are
parallel and hence affine invariant. This point is the
point at which the affine curvature is maximum. We
call this point the maximum affine curvature point.
Compared with zero affine curvature points, the
maximum affine curvature points are more robust to
noise. Moreover, threshold of affine curvature can be
set such that only the maximum affine curvature
point of which its affine curvature exceeding the
threshold is selected. As a result, maximum affine
curvature points caused by local disturbance are
excluded.
The same concept can be applied to derive a set of
derivative of curve. Table 1 shows a set of geometric
feature. The maximum order of derivative of curve
used in the computation of relative affine invariant is
limited at two. In such case, we have 6 features; three
of which associate with points of minimum relative
affine invariant and the other three features
associated with points of maximum relative affine.
Relative
affine
Invariant

k1 (t ) =
r (t ) × r (t )
(1)

k 2 (t ) =

u& (t )v&&(t ) − u&&(t )v&(t ) = det[T ]( x& (t ) &y&(t ) − &x&(t ) y& (t ) ) = 0
(2.2)
x& (t ) &y&(t ) − &x&(t ) y& (t ) = 0
where [T] is the transformation matrix. Equation
(2.2) is the same as (2.1). As a consequence, at the
inflection points, the curvature or affine curvature is
zero and r(1)(t) and r(2)(t) are parallel. Since the affine
map preserve parallelism, we have shown that ra(1)(t)
and ra(2)(t) are also parallel. Therefore the inflection
points of the affine transformed curve are the
transformed inflection points of the original curve

k 3 (t ) =
r (t ) × r (t )
(1)

Feature related to
the zero relative
affine Invariant

Feature related to
the maximum of
Relative affine
Invariant

f1 (t ) ≡

f 2 (t ) ≡
k (t ) = 0
r (t ) × r ( 2) (t ) = 0
f 4 (t ) ≡

k1 (t ) = 0
r (t ) × r (1) (t ) = 0

f 3 (t ) ≡

r (t ) × r ( 2) (t )

( 2)
a
3

or the points at which

(2.3)

( 2)

k 2 (t ) = 0
r (t ) × r ( 2) (t ) = 0
same as f 2 (t )

(1)
1

k 2(1) (t ) = 0
[r (t ) × r (3) (t )] +
[r (1) (t ) × r ( 2 (t )] = 0

f 5 (t ) ≡
k 3 (t ) = 0

f 6 (t ) ≡
k (t ) = 0

r (1) (t ) × r ( 2) (t ) = 0

r (t ) × r (3) (t ) = 0

(1)
3

(1)

Table 1. Set of Geometric Feature of Curve

3. CONSTRUCT ABSOLUTE
INVARIANT
Geometric invariants are shape descriptors that
remain unchanged under geometric transformations
such as perspective and affine transformation that
will be used mainly as object recognition and/or

image registration. A new approach of obtaining the
invariants has been developed and used in the curve
matching and recognition. A feature point explained
in section 3 which is the local and invariant intrinsic
property of the curve can be uniquely identified both
before and after transformation. The identified
feature points then are used to compute the geometric
invariants which serve as the curve signature for the
curve matching and recognition. The well-known
perspective invariant is five-point coplanar.
Any five nonlinear points in the plane,
namely P1 ,..., P5 can also form perspective invariantthe so-called five-point coplanar [Eam91a] with their
image, P1′,...P5′ ,

declares a match based on the longest string. Once
this correspondence is found, these matched
landmarks are used to estimate the transformation
matrix

4. EXPERIMENT
To demonstrate the capabilities of the shape
matching exploiting a set of geometric invariance
curve, we applied the algorithm for shape
classification thirteen contours of fish which have the
various patterns. Each contour has approximately
400 points of coordinates. The third order B-Spline
with control points of 30 is employed to fit the
contours of fish. To find the fish which matches
with the 0th fish, a feature point f1 is determined.
Figure 2 shows the results of shape alignment

Figure 1. Five-point Coplanar Invaraint
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where mijk = ( Pi Pj Pk ) with Pi = (xi yi 1)t ,

(

)

'
'
'
m'ijk = ( Pi Pj Pk ) with Pi ' = xi ' yi ' 1

t

and m is the

determinant of m.
Since the invariant relationship in equation
(3.1) holds under a perspective transformation, a set
of perspective invariant can be constructed by
considering 4 consecutive maximum-curvature
points and a centroid which is also preserved under
an affine and perspective transformation. For a curve
with n maximum-curvature points, there are n set of
geometric invariants denoted as I ( k ) for

k = 1,2,..., n
In the absence of noise and/or occlusion, each of
I a ( j ) in the affine-transformed curve (3.1) will have
a counter part I(i) on the original curve with
I a ( j ) = I ( j ) , with that counterpart easily determined
through a circular shift involving n comparison
where n is the number of invariant. In the presence of
noise, occlusion and non-linear transformation, we
allow smaller error percentage between counterpart
invariant.
We adopted a run length method to
decide on the correspondence between the two
ordered set of maximum curvature point. For every
starting point on the transformed, this run length
method computes a sequence of consecutive
invariant that satisfies I (i ) − I a ( j ) < 0.05 I (i ) and

Figure 2. The alignment of contour of fish oth
(dark contour) against thirteen contours of fish
(light contour) using feature f1 and five-point
coplanar invariance

5. DISCUSSION AND CONCLUSION
This paper we explore the geometric invariant points.
The fact that the geometric invariant points are local
and preserved under an affine transformation makes
them feasible to use for matching and classification
of curve. By exploiting the absolute affine and
perspective invariant using the feature points, the
correspondence between the feature points on the
original and the transformed curve is established, the
transformation parameters are computed and the
transformed curve is aligned against an original.

6. REFERENCES
[Ali98a] Ali, W.S.I. and Cohen, F.S., “Registering
coronal histological 2-D sections of a rat brain
with coronal sections of a 3-D brain atlas using
geometric curve invariants and B-spline

representation,” IEEE Trans. on Medical
Imaging,vol. 17, no. 6, pp. 957-966, 1998
[Ans89a] Ansari, N. and Delp, E.J., “Partial shape
recognition: a landmark-based approach,” IEEE
International Conference on Systems, Man and
Cybernetics, pp. 831-836, 1989
[Bar91a] E.B. Barrett and P. Payton, “General
Methods for Determining Projective Invariants in
Imagery”, CVGIP: Image Understanding, Vol.
53, No. 1, pp. 46-65, Jan. 1991.
[Bes89a] Besl, P. J. and Jain, R. C., “3D Object
Reject Recognition,” Comput. Serveys, vol. 17,
no. 1, Mar. 1985.
[Bes88b] Besl, P. J., “Geometric Modeling and
Computer Vision,” Proc. IEEE, vol. 76, pp. 936958, Aug. 1988.
[Blu67a] Blum, H. “A Transformation for Extracting
New Descriptors of Shape,” In Whaten-Dunn,
editor, Models for the Perception of Speech and
Visual Forms, pp. 362-380, MIT Press, 1967.
[Blu78b] Blum, H. and Nagel, R., “Shape Descriptor
using Weighted Symmetric Axis Features,”
Pattern Recognition, vol. 10, pp. 167-180, 1978.
[Bol82a] Bolles, R. and Cain, R., “Recognizing and
Locating Partially Visible Objects, The LocalFeature Focus Method,” Int’l J. Robotics. Res.,
Vol. 1, No. 3, pp. 57-82, 1982.
[Bri68a] Brill, E. L., “Character Recognition via
Fourier Descriptors.” WESCON Convention
Record, Paper 25/3 Los Angeles, 1968.
[Car76a] Do Carmo, M. P. 1976. Differential
geometry of curves and surfaces, Prentice hall,
Englewood Cliffs, NJ.
[Chi89a] Chien, C.-H.; Aggarwal, J.K, “Model
construction and shape recognition from
occluding contours,” IEEE Trans. Patt. Anal.
Machine Intell., vol. 11, no. 4, pp. 372-389, 1989.
[Coh98a] Cohen, F. S., Yang, Z., Huang, Z. and
Nissanov,
J.,
“Computer
Matching
of
Histological Rat Brain Sections,” IEEE Trans. on
Biomedical Engineering 45, 5, pp. 642-649,
1998.
[De72a] De Boor, C., “On Calculation with Bsplines,” J. Approx. Theory, vol. 6, pp. 50-62,
1972.
[De78b] De Boor, C., A Practical Guide to Splines,
New York, Springer-Verlag, 1978.
[Do76a] Do Carmo, M. P. 1976. Differential
geometry of curves and surfaces, Prentice hall,
Englewood Cliffs, NJ.
[Gos86a] Goshtasby, A., “Piecewise Linear Mapping
Functions for Image Registration,” Patt. recog.,
19, 6, pp. 459-466,1986

[Gov99a] Govindu, V. and Shekhar, C., “ Alignment
using Distributions of Local Geometric
Properties,” IEEE Trans. Patt. Anal. Machine
Intell., vol. 21, no. 3, pp.1031-1043, 1999.
[Job95a] Jacobs, C., Finkelstein, A. and Salesin, D.,
“Fast Multiresolution Image Query,” Computer
Graphic Proceeding, SIGGARPH, pp. 277-286,
1995.
[Kan81a] Kanal, L. N., Lambird, B. A., Lavine, D.
and Stockman, G. C., “ Digital Registration of
Images from Similar and Dissimilar Sensors,” In
Proceedings of the International Conference on
Cyberbetics and Society, pp. 347-351,1981.
[Kim89a] Kimia, B., “ Conservation Laws and
Theory of Shape,” Ph. D. Thesis, McGill Univ.,
1989.
[Mil89a] Milios, E. E., “Shape Matching using
Curvature Processes,” Comput. Vision, Graphics
Image Process., vol. 47, pp. 203-226, 1989.
[Mun92a]J. Mundy and A. Zisserman. Appendix --projective geometry for machine vision. In J.
Mundy and A. Zisserman, editors, Geometric
invariances in computer vision. MIT Press,
Cambridge, 1992.
[Ott92a] Otterloo, P. J., “ A contour-Oriented
Approach to Shape Analysis,” Helmel Hamstead,
Prentice Hall, 1992.
[Pel81a] Peleg, S. and Resenfeld, A. “A min-max
Medial Axis Transformation,” IEEE Trans. Patt.
Anal. Machine Intell., vol. 3, pp. 208-210, 1981.
[She99a] Shen, D. Wong, W. and Horace, H. S., “
Affine-Invaraint
Image
Retrieval
by
Correspondence Matching of Shapes,” Image
and Vision Computing, vol. 17, pp. 489-499,
1999.
[Sto82a] Stockman, G.C., Kopstein, S., and Benett,
S., “Matching Images to Models for Registration
and Object Detection via Clustering,” IEEE
Trans. Patt. Anal. Machine Intell., 4, pp.229241, 1982
[Wan97a] Wang, J. Z., Wiederhold, G., Firschein, O.
and Wei, S. X., “Wavelet-based Image Indexing
Techniques with Partial Sketch Retrieval
Capability,” Proceeding of the Fourth Forum on
Research and Technology Advances in Digital
Libraries, IEEE, 1997.
[Wal98a] Walid S. Ibrahim Ali, Fernand S. Cohen
“Registering Coronal Histological 2-D Sections
of a Rat Brain with Coronal Sections of 3-D
Brain Atlas Using Geometric Curve Invariants
and B-Spline Representation” IEEE Transactions
on Medical Imaging, Vol. 17, No. 6, December
1998. pp. 957-966.

