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Abstract

In this work we presenta robust and accuratemethodfor the computationof centerlinesinside branching
tubular objectsstartingfrom a piecavise linearrepresentationf their boundary Thealgorithmis basedn solving
theEikonalequatiorontheVVoronoidiagramembeddedhto the object,with wavefrontspeednverselyproportional
to Voronoiball radiusvalues. As a result,provably accuratecenterlinesand maximalinscribedball radiusvalues
alongthemare provided. In the sameframework, a methodfor local surfacecharacterizations alsodeveloped,
allowing robustcomputatiorof thedistanceof surfacepointsto centerlinesanddisclosingherelationshipof surface
pointswith centerlinesA new surface-baseduantityis nally proposedthenormalizedangencydeviation, which
providesa scale-ivariantcriterion for surfacecharacterizationThe developedmethodsareappliedto 3D models
of vascularsegmentsin the contet of patient-speci canatomicatharacterization.
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1 Intr oduction lar surface,in order study how differentvesselglobal
con gurationsundego different pathologicalhistories

Giventhein uence of geometryon uid dynamicsand ©ON populationsof subjec_ts;local geometriccharacter
the greatinter-individual anatomicvariability of blood 1Zation of vesselsurfaceis necessaryo documenthe
vesselscharacterizationf bloodvesseljeometryis an  Progressiorof vasculardiseaseandto look for typical
important step towards a better understandingf the Ipcal geometricfeaturesassociatedvith diseasenitia-
factorsinvolved in vascularpathology This kind of tON.

analysismustbe performedat differentlevelsof detail !N this work we present methodto performcenter
— syntheticparametersjuantifying geometricfeatures, line computation,local radiusmeasuremenand local
suchasstenosigrade arerequiredin diagnostidmag- surfacecharacterizatioin a singleframework, andin a
ing; vessehxisde nition andlocal radiusmeasurement fobustandaccuratevay. Our startingpoint s a polyg-

areimportantto synthesizehe geometryof thevascu- Onalsurlacerepresentinghe vasculawall. Our tech-
nigueis basedon solving weightedgeodesigroblems

on an approximationof the medial axis of tubular ob-
jects.
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otherwise or republish,to poston senersor to redistritute 2.1 Centerline computation
to lists, requiresprior speci ¢ permissiorand/orafee.
Centerlinecan be de ned as the line dravn between
WSCGPOSTERSproceedings ) two sectionsof a tubular structurewhich maximizethe
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formulatedaslooking for apathC C s tracedbe-
tweentwo points p; and p2 for which the following
functional
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is minimal, whereF x is ascalareld whichis lower
for moreinternalpoints,for examplea decreasindunc-
tion of the distancetransformassociatedvith W, de-
ned as

DT x min xy
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where  denotesthe Euclideandistance,and TW the
boundaryof W. It is possibleto demonstrat¢Ant03]

thatby choosingF x DT ! x , centerlinesdle ned
asin Equationl lie on the medialaxis of W, MA W,

de ned asthelocusof centersof themaximalinscribed
ballsin W, whereaninscribedball is maximalif it is not
strictly containedin ary otherinscribedball. Dealing
with piecewvise linear approximation®f W, a method
to obtainanapproximatiorof the medialaxis of Wis to
computeheembedded/oronoidiagramof apointsetP
denselysamplingfW ([AM97]). The Voronoidiagram
of Pis de nedas

)
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whereV p istheVoronoiregion associateavith point
p, de ned as
Vp x A3: (4)

In 3D, the Voronoi diagramis a non-manifoldsurface
madeup of corvex polygons,whoseverticesare the
centerof themaximalemtpy ballswith respecto point
setP, whoseradiusis indicatedby R x . Computation
of the embedded/oronoi diagramwas performedby
rst computingthe Delaunaytessellatiorof P, Del P,
removing the tetrahedravhosecircumcenteifalls out-
side the object (using outward surface normals)and
then constructingonly thoseVoronoi polygonswhose
vertex loopsarecomplete.

Wethensolvedtheproblemin Equationl ontheem-
beddedVoronoidiagram,takingF x R ® x , with
anapproactsimilar to thatpresentedn [DCO1] for the
computationof centerlinesin 3D images. As shovn
in [CK97], the strongformulationof Equationl is the
Eikonalequation

px ax q P

NT x F x (5)
with boundaryconditionT pg 0. Equation5is a
nonlinearpartial hyperbolicequationthat models rst
arrival times of a wavefront propagatingover the do-
main with speedF ! x . A very effecient method

for the solution of the Eikonal equationis the Fast

Marching Method ([Set99), basedon upwind nite-
differenceapproximation originally developedfor or-
thogonalgrids and successiely extendedto triangu-
latedmanifolds([KS98]). In orderto solve the problem
ontheVoronoidiagramwe extendedheFastMarching
Methodto polygonalnon-manifold§Ant03], in which
morethantwo polygonscansharea point or an edge.
Once the Eikonal equationis solved over the whole
Voronoi diagramwith boundaryconditionT pg O,
centerlinesare obtainedby backtracinga pathfrom p4
alongthe directionof maximumdescenbf T x . The
resultingcenterlineis a piecaviselinearline de ned on
Vorg P , whoseverticedie onVoronoipolygonbound-
aries. Moreover, valuesof VoronoisphereradiusR x
arede ned on centerlinessothat centerlinepointsare
associateavith maximalinscribedspheres.

2.2 Geometricanalysis

In this sectionwe shawv how the techniquesntroduced
so far canbe further developedto geometricallychar
acterizethe surface of interconnectedubular objects.
We dothatby relatingcenterlinego surfacepoints(and
vice-versa)on the embedded/oronoidiagramdomain.
Theideais to take advantageof VVoronoidiagramtopol-
ogy in evaluatingthe distancefrom surface pointsto
centerlinesthereforeovercomingthe problemsarising
whensimply calculatingminimum Euclideandistance
in complex geometries The methodis subdiidedinto
two stepsthe rst of which is computingthe distance
from embedded/oronoi diagrampointsto centerlines,
andthe secondnding a correspondencbetweensur
facepointsandembedded/oronoidiagrampoints.

Computationof the distance,measurecn the em-
beddedvoronoidiagram,from embedded/oronoidia-
grampointsto centerlineds performedby solving the
Eikonalequation

NT x 1 X Vorg P

(6)
with boundaryconditionT C 0, whereC standsfor
centerlines. Equation6 returnsthe geodesicdistance
eld T x on eachpointof Vorg P .

The correspondencketweersurfacepointsandem-
beddedVoronoi diagrampointsis thengivenin terms
of poles The polesof a surfacepoint are de ned as
its farthesinnerandouterVoronoivertices([ACKO01]).
Sincewe are working with the embedded/oronoi di-
agram,only the innerfathestVoronoivertex is consid-
ered,heredenotedaspole p . In 3D the setof poles
of P corvergesto the medialaxis of Wwhensampling
densitytendsto in nity (JACKO1]). Moreover, thedi-
rection polep p approximatesheinward surface
normalin p, andleadsfrom p to to the deepesVoronoi
vertex aroundp. As aresult, we de ne the geodesic



distancefrom surfacepointsto centerlinesas

p T polep (7)
Correspondendeetweersurfacepointsandcenterlines
is thenperformedby tracinga pathfrom eachsurface
pointp to pole p , andfrom thatto centerlinedollow-
ing the steepestlescenbf T x . Theendpointc p of
the path startingin p is thereforethe centerlinepoint
geodesicallynearesto p. Oncec p is identi ed, the
Euclideandistanceof surfacepointsto centerlinescan
be computedasDe p cp p. Fromsuchcorre-
spondencesurfacepointscanbe characterize@ccord-
ing to theirbelongingto differentcenterlinebranche®r
to the positionalongcenterlines.

Last,we de ne anew surface-baseduantity named
normalizedtangencydeviation, as

Dg p pole p

T polep
Dg p

which is a normalizedmeasureof how far a surface
is from being tangentto a maximal inscribedball at
a given point p, independentlyfrom object scale. It
is possibleto demonstratehat for a cylinder with el-
liptical baseNTD only dependn ellipse eccentricity
[Ant03]. NTD is thereforea scale-independemaram-
eterfor the characterizationf surfacefeatures.

NTD p (8)

3 Results

We rst validatedthe techniquegresentedabore ap-
plying themto circularandelliptical basecylindersfor

differentaspectratiosof the baseellipses(seeTablel),

andfor differentsamplingpoint densitieqseeTable?2).

The resultsshav that the algorithm performancede-
creaseswhenthe sectionhasa low aspectratio. This
is dueto the fact that in thesecasesF x is nearto

be constanbver the medialaxis aroundthe centerline,
sothatline positionis more sensitve to numericalar

tifacts. The correctednesef the interpretationis con-
rmed by thefactthatmaximalinscribedball radiusis

accuratelycomputedeven in low aspectratio models.
As to dependencé&om point samplingdensity the re-
sults shav how the algorithmis very roustwhen the
sectionis circular, while for loweraspectatio elliptical

sectionsa goodperformanceelieson anadequatesur

facesamplingdensity It mustbe noted,however, how

the densityrequiredfor accurateesultsis not high (30
pointson sectionedge which roughly meansnepoint
every 12 degreesalongthe sectionedge). High maxi-
mal inscribedball radiusmeasuremergrrorfor ellipti-

cal basecylindersof low meshdensityis causedy the
factthatin this caseVoronoiballsarenottangento the
surface but ratherintersectit betweersamplingpoints,
thusoverestimatingealinscribedball radius.

Aspect Error% ps

ratio | Centerline Radius
5/5 0.01(0.02)| 0.03(0.06)
4/5 0.24(0.19)| 0.33(0.04)
3/5 0.84(0.78)| 0.57(0.04)
2/5 2.17(1.34)| 0.96(0.17)

Table1: Validationresultsfor elliptical basecylinders
of different aspectratio (semiminorto semimajorra-
tio). Percenterrorsof centerlinepositionandmaximal
inscribedball radius along centerlineare normalized
againstylinder maximumandminimumradiusrespec-
tively.

Vertex no Error% p s Time
edge(tot) | Centerline  Radius (s)
40(2975) | 0.01(0.02) | 0.03(0.06)| 12.34
A 30(1693) | 0.02(0.03) | 0.10(0.15)| 5.86
20(757) | 0.02(0.04) | 0.25(0.35)| 1.97
10(198) | 0.44(0.33) | 1.38(1.20)| 0.31
40(3628) | 0.84(0.78) | 0.57(0.04)| 6.20
B 30(2073)| 0.74(0.72) | 1.01(0.08)| 3.18
20(934) | 2.88(1.95) | 2.08(0.19)| 1.21
10(239) | 4.42(4.68)*| 7.48(0.79)| 0.26

Table2: Validationresultsfor circular(A) andelliptical
(aspectatio 3/5) (B) basecylindersof differentsurface
meshdensity Percenterrorsof centerlinepositionand
maximalinscribedball radiusalongcenterlinearenor-
malized againstcylinder maximumand minimum ra-
diusrespectiely.

Figure 1: Left: abdominalaortamodel and its em-
beddedvoronoidiagram;colorsrepresentvoronoiball
radiusvalues. Middle: solution of the Eikonal equa-
tion from aortainlet (upperoutermostsection)on the
Voronoi diagram. Right: centerlinesbacktracedrom
theoutletsto theinlet.



Figure2: Left: solutionof the Eikonal equationwith
unit speedrom thecenterlinesntheVoronoidiagram.
Middle: geodesidistanceof surfacepointsto center
linesDgy. Right: NTD distribution.

We then applied the presentedtechniquesto a
modelof abdominalaortareconstructedrom contrast-
enhanced3D MR angiographyusing a level set ap-
proach. The stepsleadingto the computationof cen-
terlinesareshowvn in Fig. 1, while geometriccharacter
ization phaseis depictedin Fig. 2. It is worth to note
how normalizedtangeng deviation distribution is ef-
fective in evidencingsurfaceirregularitiesin a scale-
indepententvay.

Maximalinscribedballsaredepictedn Fig. 3 in two
positionsalongthe centerlinetracedfrom aortainlet to
celiacoutlet. In particular Fig. 3 left andmiddle depict
thesamesphereviewedin two differentprojectionsgv-
idencingthe relationshipfrom maximalinscribedball
radius measuremenand minium projection diameter
measurementyhich is employed in the clinical prac-
tice on classicangiographidmages.Minimum projec-
tion diametermeasuremenin fact consistsin nding
the minimum diameterof a vesselin a given position
amongangiographiémagegakenfrom differentorien-
tations.

4 Discussion

In this work we presented generalapproacho char
acterizethe geometryof objectscomposeaf intercon-
nectingtubular structuregyiventheir boundarysurface.
Themethodrelieson solvingweightedgeodesicgom-
putationproblemsover the approximatiorof the object
medialaxis. Centerlinesare computedaccuratelyand
in arobustway andlocal surfacecharacterizationvith
respectto the computedcenterliness providedin the
sameframenork.

Figure3: Maximalinscribedballsalonga centerlinefor
theabdominalortamodel. Left andmiddle: the same
spherds depictedirom two differentorientations.

The methodsare currently employedin the eld of
geometricanalysisof vascularstructures,in orderto
characterizgatient-speci cvasculaanatomyanddoc-
umentthe alterationsdue to pathologicalconditions,
suchasatherosclerotiplaqueor aneurysnevolution.
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