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72076Tübingen

Germany
�

kobras,ruder� @tat.physik.uni-tuebingen.de

‡VisualisierungundInteraktiveSysteme
IfI, UniversiẗatStuttgart
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ABSTRACT

Imaged-basedrenderingis a well-known methodin computergraphicsto achieve photo-realisticimages.
In this paperwe show how conventionalimage-basedrenderingalgorithmscanbe extendedto visualize
generalrelativistic effectsin a restrictedclassof spacetimes.We proposeageneralizedaberrationformula
in orderto treatthevisualizationof specialandgeneralrelativistic effectsonthesamefooting. In thisway,
image-basedgeneralrelativistic renderingcanberegardedasanextensionof specialrelativistic rendering.
As anexample,wepresentsnapshotsfrom theviewpointof anobserver travelingat warpspeed.
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1 INTRODUCTION

Albert Einstein's Theoryof Relativity is amongthe
mostfamousareasof physicstoday. But despitethe
popularity, its abstractmathematicalfoundationren-
dersit hardto comprehend.Peopleusuallyhaveanin-
tuitive understandingof �at three-dimensionalspace
or a curved two-dimensionalspace. However, one
doesnot have a notion of the �at four-dimensional
spacetimeSpecialRelativity dealswith, let alonethe
curvedfour-dimensionalspacetimesGeneralRelativ-
ity usesto describetheeffectsof gravitational �elds.
Spacetimediagramsarethemostwidely usedmeans
to displayrelativistic properties.While beingan ap-
propriatetool for scientists,they are hardly under-
standablewithout prior knowledge,andthereforenot
feasiblein orderto convey generalrelativistic proper-
tiesto a broaderpublic.

To stimulateintuition, we suggestimagesof every-
dayobjectsasthey would beseenin anenvironment
dominatedby relativistic effects.They aretargetedat
the �elds of popularscienceandedutainmentin the
�rst place,but canbe a usefulvisualizationtool for
scientistsaswell.

Unlike traditional, geometry-basedtechniques, a
photo-realistic, well-known environment follows
most naturally when using an image-basedrender-
ing scheme. Furthermore,the delicate and time-
consumingstepof �ne-grained geometricmodeling
canbeavoided.In thispaper, we introduceanimage-
basedapproachto generalrelativistic renderingasan
extensionof specialrelativistic rendering[Weisk00c].
In arestrictedclassof spacetimes,ageneralizedaber-
rationformulacanbeformulatedin orderto treatthe
visualizationof specialandgeneralrelativistic effects
on thesamefooting.

The paperis organizedas follows. In the following
section,a brief overview on previous work is pre-
sented.Section3 is focusedonthephysicalandmath-
ematicalbackgroundfor generalrelativistic image-
basedrendering.Here,thegeneralizedaberrationfor-
mula is introducedandtherelativistic transformation
of theplenopticfunction is presented.Section4 de-
scribesthe relativistic extensionsthat have to be in-
troducedin conventionalimage-basedrenderingtech-
niques.In Section5, we presentdetailson theimple-
mentationand results. The paperendswith a short
conclusionandanoutlookon futurework.



2 PREVIOUS AND RELATED WORK

Most of the previous work in relativistic visual-
ization focuseson geometryand color transforma-
tions induced by Special Relativity. Hsiung and
Dunn[Hsiun89] extended a classical ray tracer to
display geometric distortions as seen by a fast
moving observer. Later implementations[Hsiun90a,
Hsiun90b] take into accountcolor changesdueto the
Dopplereffect aswell. TheT-buffer[Hsiun90c] is an
alternative approachbasedon commonpolygonren-
deringthat is ableto visualizespecialrelativistic ge-
ometryeffectsin real-time.Weiskopf[Weisk00a] pro-
posedtexture-basedrelativistic renderingfor visual-
izing the apparentgeometryandillumination of fast
moving objects.

In computergraphics,thedemandfor photo-realistic
image generation gave rise to image-basedren-
dering (IBR) as a new, non-geometry-basedren-
dering scheme. IBR today stands as a stan-
dard technique in computer graphics, QuickTime
VR[Chen95] beingoneif its mostwell-known appli-
cations. More advancedtechniquesinclude plenop-
tic modeling[McMil95], light �elds[Levoy96], the
lumigraph[Gortl96], andview morphing[Seitz96].

IBR derives from the notion of the plenoptic
function[Adels91] containingall visually perceptible
information for eachgiven point in spacetime.The
plenopticfunctionallowsto de�ne moregeneralcam-
erasthanthepin-holecameracommonlyusedin ray
tracingapplications.An exhaustive treatmentof ex-
tendedcameraparadigmswasgiven by Löffelmann
andGröller[Löffe96].

Image-basedalgorithmswereadaptedto specialrel-
ativistic visualization[Weisk00c] in orderto produce
photo-realisticpicturesincludingall specialrelativis-
tic effects. In this paper, the image-basedapproach
to specialrelativistic renderingis extendedto more
complex scenariosof GeneralRelativity.

Many textbooksgiveacomprehensiveintroductionto
GeneralRelativity, theworksof Weinberg[Weinb72]
and Misner et al.[Misne73] being amongthe most
popularandwidely used. Previous work in general
relativistic visualizationis entirely geometry-based.
Most implementationsprovide a proprietarygeneral
relativistic ray tracingsystemandcon�ne themselves
to a few simple setupswith well-known metrics,
like neutronstarsand black holes[Ertl89, Nolle89,
Nemir93, Nolle96]. A moregeneralapproachto non-
linearraytracingasavisualizationtechniquewaspre-
sentedby Gröller[Gröll95]. Weiskopf[Weisk00b] in-
vestigatedfour-dimensionalnon-linearray tracingin
furtherdetailandshowedits applicabilityasavisual-
izationtool in gravitationalphysics.

3 PHYSICAL BACKGROUND

The plenoptic function P � xµ � q � f � l � is a physical
propertyde�ned as spectralintensity in a rangeof
wavelengthsbetweenl and l � dl at a point xµ in
spacetimewith the incoming light originating from
thedirection � q � f � , givenin sphericalcoordinates.P
containsall information that is necessaryto recon-
structthevisualperceptionof an observer at a given
point in spacetime.1 It doesnot containimmediate
depthinformation.2

For a �x ed point in space,a discreteapproximation
of theplenopticfunctioncanbecomposedfrom con-
ventional imagesthat are arrangedinto a spherical
panorama. Samplesof the plenoptic function can
thusbetakenby meansof a calibratedcameraasde-
scribed,e.g., in [Weisk00c]. Relativistic visualiza-
tion hasto constructa transformationof the plenop-
tic function from our everydayworld into arbitrary
systemsthat exhibit the desiredrelativistic effects.
For SpecialRelativity, this meansthatwe recordthe
plenopticfunction in a frameof referencethat is ap-
proximatelyat restwith regardto oursampleobjects,
and later generatesnapshotsas would be seenby a
fast moving observer. For generalrelativistic visu-
alization,we recordthe plenopticfunction in an ap-
proximately�at spacetime3, andlater transforminto
snapshotsaswould beseenif thesurroundinggravi-
tationalforcesweremuchstrongerandnolongerneg-
ligible.

In Special Relativity, light in vacuo travels along
straightlines. Thegeometricpropertiesof a light ray
asa wholecanthusbefully describedby a point and
a directionin spaceat this point. Thereforeit is pos-
sibleto statethetransformationof a light raybetween
two specialrelativistic framesof referenceasapoint-
wise transformation,the Lorentz-transformationof
theplenopticfunction[Weisk00c]. Therelative speed
of the two framesof referenceis the only parameter
in this transformation.Neglectingcolor transforma-
tions, specialrelativistic effectsarecontainedin the
aberrationequation(�gure 1(a)),

q��� arccos
cosq 	 b

1 	 bcosq
� (1)

whereq andq
�

are the anglesof an incident ray of
light asmeasuredin two inertial framesof reference
SandS

�

. S
�

is moving with velocityv � bc relative to

1Informationonthepolarizationof theincominglight is usually
neglectedin the plenopticfunction becausethe humaneye is not
sensitive to polarization.

2Though somethree-dimensionalinformation can be recon-
structedfrom theplenopticfunctionatmultiplepointsin space.

3Gravitational forceson earthareweakenoughfor the space-
time to bereasonably�at, i.e., light pathson earthcanbeassumed
to bestraightlines.
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Figure1: (a) Thespecialrelativisticaberration functionfor a relativespeedof 0 
 8c. (b) Thegeneralized
aberration functionfor thewarp metricat apparentspeedsof 0 
 8c, 1c, and5c. Unlike their specialrela-
tivistic counterpart,all curvespassthrough � 90�

� 90��� . Thismeansthatfrontview andbackview in thewarp
metric stayclearly separated,whereasin specialrelativity at high velocities,objectsto the back become
visible. q andq

�

aregivenin degrees.Similardiagramsarepresentedin [Clark99].

S; c is thespeedof light. Both anglesaretakenwith
respectto thedirectionof therelativemotionof S

�

.

GeneralRelativity introducesacurvedfour-dimensio-
nal spacetimeto take into accountgravitational ef-
fects. Differentialgeometrypresentsthe mathemat-
ical foundationof GeneralRelativity. Its most fun-
damentalpropertyis themetric tensor—or metricfor
short—,thatcontainsall informationaboutthecurva-
tureof spacetime,or morephysicallyspeaking,of the
gravitational forces. In the absenceof a gravitating
mass,the metric is identical to the Minkowski met-
ric known from SpecialRelativity, thecorresponding
spacetimeis calledto be�at. In GeneralRelativity, a
gravitating massgivesrise to non-trivial termsin the
metric tensor. Accordingly, the spacetimeis curved.
Dueto thecurvature,light raysno longerfollow sim-
plestraightlines.Instead,light travelsalongso-called
null geodesics,givenby thegeodesicequation

d2xµ
� a �

da2 �

3

å
n 
 r � 0

Gµ
nr ��� x�

dxn
� a �

da
dxr

� a �

da
� 0, (2)

andthenull condition,con�ning thesolutionsof (2)
to lightlikepaths,

gµn ��� x�

dxµ

da
dxn

da
� 0. (3)

gµn is the metric tensorat position �x in spacetime,
xµ denotestheassociatedcoordinatesof thelight ray.
The Gµ

nr are the so-calledChristoffel symbolsthat
canbe calculatedfrom the metric and its �rst order
derivatives.a is usedto parameterizethepath.Greek
indicesrun from zero to three. Given a startinglo-
cationanddirectionin spacetime,thegeodesicequa-
tion yields an initial value problemfor a systemof

non-linearordinarydifferentialequations.It is known
from the theory of differential equationsthat there
exists a uniquesolutionto this problem,renderinga
uniquepathof a light ray.

Becauseof thecomplex natureof light pathsin Gen-
eral Relativity, a generic approachto render rela-
tivistic imagesneedsto take into accountthe full
four-dimensionallayout of a scene. Under certain
conditions, however, it is possible to maintain an
aberration-likeview asin thespecialrelativistic case,
which makes it feasibleto useimage-basedrender-
ing techniques:First, theintroducedspacetimeneeds
to be asymptotically�at. Second,all points in the
curvedregion of spacetimemustbecloserto theob-
server thanany visiblesceneobject4. Thesetwo con-
straintsallow a sphereto be drawn, centeredat the
observer'slocation,thatseparatesspaceinto ageneral
relativistic partinside,andanentirelynon-relativistic
partoutside(�gure 2). As all light originatesfrom ob-
jectsoutside,the inboundpartof theplenopticfunc-
tion on thesphere'ssurfaceis independentof thepar-
ticular shapeof spacetimeinside. In orderto obtain
generalrelativistic images,it is thereforesuf�cient to
know the plenopticfunction on the sphere's surface,
andthebehavior of thelight rayswithin this sphere.

The full plenopticfunction is usuallyhardto record,
so for practical purposes,further restrictionshave
to be imposed. First, if all sceneobjects are far
away from the observer comparedto the radius of
the sphere,the plenoptic function at all points on

4Therehave to be invisible objectsaswell in orderto build up
thecurvedregion in spacetime.Invisibility maybeinherentto the
objectslike,e. g. gravitationalwaves,dueto theiropticalor spacial
propertieslike,e. g.,sparselydistributedmatter, or assimpleasthe
objectlying outsidetheobserver's �eld of view.
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Figure2: If gravitational forcesare con�ned
to a limited region in space, a sphere can be
imagined around the observerthat separates
curvedand �at regionsin spacetime. Light in
the �at region travelsalong straight lines. If
the sphere's radius is small compared to the
distanceto theobject,theplenopticfunctionat
thesurfacecanbeapproximatedbytheplenop-
tic functionat thesphere's center. For nearby
objects,this approximationintroducesparal-
lax artifacts.

the sphere's surface may be approximatedby the
plenopticfunction at the centerof the spherein the
�at sourcespacetime.Second,in a staticscene,the
plenopticfunctionon thesphere'ssurfaceis indepen-
dent of time. Combiningboth restrictions,a single
4p steradview is suf�cient to describethe plenoptic
functionatall pointsonthesphere.Notethatthemet-
ric may still be time-dependent.Third, for a cylin-
drically symmetricspacetime,sphericalcoordinates
may be de�ned so that the metric is independentof
anglef . If all theseprerequisitesaremet,anaberra-
tion equationsimilar to (1) canbe formulatedto de-
scribetheconnectionbetweena �at spacetimeanda
curvedspacetimewith stronggravitationalforces,

q��� f � q � . (4)

The generalizedaberrationfunction f dependsonly
on the observer's location and on the metric inside
the sphere. In this equation,possibleabsorptionor
opticaldiffractionby thematterbuildingupthemetric
is neglected.

As a sampleapplication,we investigatetheso-called
warpmetric[Alcub94], a physicallysoundsolutionto
Einstein's generalrelativistic �eld equationsthat al-
lowsabodyto travel fasterthanlight. Thebodyitself
restsinsidea warpbubble;it is thebubblethatmoves
throughspaceand carriesthe body with it. For an
outsideobserver, the body appearsto move at warp

speed—fasterthan light.5 The warp metric is time-
dependentbut meetsall restrictionsstatedabove. It
is cylindrically symmetricanddiffersfrom �at space-
time only in a small region at the bubble's surface.
Assuminga point-like observer, the bubble can be
constructedin�nitely smallaroundtheobserver's lo-
cation;in this sense,all sceneobjectsareguaranteed
to befarawaycomparedto thebubble'sextent.

The warp metric was alternatively visualized by
meansof four-dimensionalray tracingin [Weisk00b].
Clark et al.[Clark99] investigatednull-geodesicsin
thewarpmetricona physicalfooting.

Further well-known metrics include the Schwarz-
schild metric for static, sphericallysymmetricbod-
ies, and the Kerr metric that takes into accountan
additionalrotation of the body. Both metricsshow
the requiredcylindrical symmetrybut are unlimited
in spacialextent. However, they areasymptotically
�at, so given a certaindegreeof accuracy, a cut-off
radiuscanbe de�ned andthe metric be regardedas
�at on the outside. In this way, the proposedren-
deringschemecanbe appliedto visualizethe looks
of faraway objects—like distantstars—asseenby an
observer closeto a staticgravitating mass,or an ob-
serverlocatedonthesymmetryaxiscloseto arotating
gravitatingmass.

4 RENDERING TECHNIQ UE

Aberration-basedrelativistic renderingis a straight-
forward extensionto the renderingpipeline in tradi-
tional image-basedrendering. It introducesan addi-
tional transformationof the plenopticfunction used
for �nal imagegeneration.This transformationcon-
sists of conventional three-dimensionalrotationsto
orient the metric in space,and the calculation of
aberrationaccordingto (4). Shifts in wavelength
andintensityarecurrentlyneglected.Therelativistic
modi�cations arelocatedat theendof the rendering
pipeline,just before�nal imagegeneration;all prior
stepsareleft unchanged.

This renderingschemecan be regardedas a subset
of the extendedcameramodel by Löffelmann and
Gröller[Löffe96] that was originally developed for
ray tracers. It can, however, trivially be appliedto
imaged-basedrenderersaswell. We con�ne our ex-
tendedcamerato a �x edpoint in spacetime.No such
prerequisitesareimposedonthedirectionalmappings
thataregivenby thegeneralizedaberrationfunction.

5While the warp metric doesnot violate the Theory of Gen-
eralRelativity, constructingawarpbubblerequiresso-calledexotic
matterwith negative restenergy[Ford00]. Exotic matterstill is in
accordanceto GeneralRelativity but hasnever beenobserved so
far. It mayor maynot exist.
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Figure3: Snapshotof a samplesceneat rest. (a) Front view. Thecamera points into the directionthat
will later beusedasdirectionof �ight. It covers a horizontalangleof view of 60� . Thiscamera parameter
remains�xed for all further images.(b) Back view.

In this sense,image-basedrelativistic visualization
canberegardedasviewingareal-worldscenethrough
anextendedcamerawith agenericrelativistic lensap-
plied.

By capturinga seriesof plenopticfunctionsalonga
prede�nedpath,a sequenceof relativistic snapshots
canbegeneratedandcombinedinto a relativistic an-
imation. In regionswhereareasof thesourceimages
are heavily scaleddown by the relativistic transfor-
mation,numericalerrorsdueto thediscretenatureof
the input datamay leadto disturbing�ick ering arti-
factsin partsof the movie. This problemis known
in traditional computergraphicsas well and can be
addressedby �ltering techniques.We treat �ltering
issuesin detail in thefollowing section.

5 IMPLEMENT ATION AND RESULTS

The described image-basedrelativistic rendering
schemeis implementedin a batch-joborientedsoft-
warerenderercalledErgänzingen. It extendsthesoft-
waresystemdescribedin [Weisk00c]. Therendereris
written in C++. It takesaseriesof imagescapturedat
a singlepoint in space,andblendsandstitchesthem
into a4p steradview, asphericalpanorama.Thegen-
eralizedaberrationfunction (4) is obtainednumeri-
cally: theinitial valueproblemfor thegeodesicequa-
tion (2) is integratedby meansof the fourth-order
Runge-Kuttamethod[Press94] with adaptivestep-size
control.For symmetricmetricssuchasthewarpmet-
ric, this is donein a pre-computingstepfor a discrete
setof q samplesandstoredin alookuptable.Interme-
diatevaluesarelaterobtainedby linearinterpolation.

Aliasing effects are reduced by means of bilin-
ear interpolation on the source images. Alterna-
tively the sourceimagecanbe thoughtof asa two-

dimensionaltexturewith regardto coordinatesq and
f , sotexture�ltering techniquescanbeapplied.MIP
mapping[Willi83] as the most widely used�ltering
techniqueis basedon quadraticfootprints,while the
highly non-linearrelativistic transformationscauseir-
regularlyshapedfootprints.Wehavethereforeimple-
menteda�ltering schemethatcalculatesarectangular
axis-alignedfootprint of eachsourcepixel basedon
the �rst-order derivativesof the transformationfunc-
tions. Additionally, standardsupersamplingcan be
applied. Ergänzingenso far only visualizesapparent
geometry.

Raw imagedata for the suppliedsampleimagesin
�gures 3–7wascapturedusingastandardDV camera
mountedona telescopefork arm.Thecamerais cali-
bratedon thefork armto ensurethatits opticalcenter
remains�x ed in spacewhenthe camerais turnedto
differentpositions. So multiple views from a single
pointareobtainedthatcanbecombinedinto a full 4p
steradpanorama.Positioningandimagecapturingare
automatedandremotelycontrolledby a laptop.

The following example investigatesa real-world
scene(�gure 3) at high speeds.Figures6 shows a
seriesof front view imagesrenderedfrom thecenter
of a warpbubbletraveling at variousspeeds.Plotsof
somecorrespondinggeneralizedaberrationfunctions
aredisplayedin �gure 1(b). Notably, while theappar-
ent�eld of view getsenlargedin thewarp-drivefront
view, straightlines remainstraight,andangulardis-
tortionsareweak. As the aberrationtransformation
dependsonly on angleq, this is by no meansnatu-
ral but averyspecialcase,especiallywhencompared
to the special relativistic results (�gure 4), where
straightlines becomedistortedto hyperbolae.Note
alsothatthispropertyis immediatelyvisible from the
renderedimages,yet hardly apparentfrom the data
plots.
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Figure4: Comparingthe front view at eightypercentof the speedof light. (a) Specialrelativistic view.
(b) View from inside the warp bubble. Image distortionsinside the warp bubble are remarkablysmall
compared to the specialrelativistic result. At warp speedstraight lines remainstraight in the front view,
while specialrelativisticeffectsdistort themto hyperbolae.

(a) (b)

Figure5: Comparingthe back view at eightypercentof the speedof light. (a) Specialrelativistic view.
(b) View from inside the warp bubble. While SpecialRelativitymagni�es objectsto the back, the warp
bubbleshowstheoppositeeffect,andtheapparent�eld of view getsevenlarger thanat rest.

Looking oppositeto the directionof motion offersa
slightly distortedview at velocitieswell below the
speedof light (�gure 5). At warp speed,light from
a coneshapedregion in spacecannotreachthe ob-
serveranymore(�gure 7). Thepropertiesof theaber-
rationfunctionhoweverensurethatthereis noappar-
entblackvoid; instead,thevirtual holegetssewn up
with imageinformationfrom thesurroundingareas.

6 CONCLUSION AND FUTURE WORK

In this paperwe have shown how to extend image-
basedmethodsfrom specialrelativistic visualization
to rendergeneralrelativistic scenes. An extended
aberrationfunction hasbeendescribedwhich allows
to treat the visualizationof specialand generalrel-
ativistic effects on the samefooting. We have pre-
sentedan analysisof the requirementsmetric and

scenemust meet for the methodbeing applicable.
Photo-realisticsnapshotsof objectsas seenthrough
stronggravitational �elds can be generatedat ease.
Theseimagesprovide additionalinsight in theprop-
ertiesof certainspacetimesandareapplicablefor sci-
enti�c visualizationaswell asedutainment.

Furtherwork in this areawill improve the geodesic
calculatorto include information about the gravita-
tional blue-or redshift,sorelativistic effectsoncolor
andintensitycanbe taken into accountaswell. Ad-
vancedtexture-�ltering techniquesmoresuitablefor
irregularly shapedfootprints will be investigatedin
order to enhanceimagequality. An improved auto-
matedsystemto capturemultiple panoramicimages
alongapre-de�nedpathwill allow to generatephoto-
realistic generalrelativistic movies from a seriesof
snapshots.



(a) (b)

Figure6: Front view at warp speed.(a) 500percentof thespeedof light. (b) 1000percentof thespeedof
light. Anapparentlywider �eld of view is theonlyprominenteffect.

(a) (b)

Figure7: Back view at warp speed.(a) 100percentof thespeedof light. (b) 120percentof thespeedof
light. Geometricdistortionsare much more prominentthan in the front view (�gur e 6). At higherspeeds,
image informationfroma coneshapedregion to theback is no longer visible.
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