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ABSTRACT

Approximate equations for rendering Fresnel reflectance abound in computer graphics. We take a fresh approach
and consider not only the approximation but the display device as well. The sRGB color standard is finally giving
way to wide color spaces such as Adobe RGB and DCI P3 which display more color. We present a preprocessing
method to use measured spectral index of refraction data and the color space specification to synthesize an RGB
complex index of refraction. Metals, in particular, generally require a spectral renderer, but we created a way to
sample the complex index of refraction and absorptive index that acts like the color filter built into the display. Our
novel contribution uses a normal distribution centered around the ideal display red, green, and blue wavelengths
derived from the CIE xy coordinates and respective white point to window sample the complex index of refraction.
We created a WebGL experimental platform that uses the Schlick inspired Lazanyi and Szirmay-Kalos (LSK)
multispectral Fresnel approximation coupled with modern physically based BRDFs to simulate the appearance of
metal. Our application can compare five different Fresnel implementations coupled with physically based Blinn-
Phong and GGX microfacet models. We demonstrate that with reasonable filter widths, we eliminate the need for a
spectral renderer for real-time rendering. Additionally, we utilize publicly available measurement data to simulate
a variety of metals ranging from silver, gold, and copper to silicon, lead, and zinc.

Keywords
Fresnel reflectance modeling, rasterization, physically based rendering, complex index of refraction, absorptive
index

1 INTRODUCTION

Fresnel reflectance is a critical component in many
microfacet based bidirectional distribution reflectance
functions (BRDF). It provides the effect that viewing
angles close to the normal provide the highest translu-
cency into a refractive surface or at grazing angles, the
highest reflectance of the environment. For conductors

or metals, it provides their natural color and reflective
properties. However, the equations are computationally
expensive, so a variety of approximations exist for high-
performance applications like real-time rendering.

The Fresnel equation is a function using the index of re-
fraction, itself dependent on wavelength. For many ma-
terials, the index of refraction is consistent for the vis-
ible electromagnetic spectrum. For some metals such

as gold and copper, there is significant absorption in the
green, blue, and violet bands. Merely using a constant
factor for the entire visible spectrum will introduce er-
rors. However, using separate refractive indices for red,
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green, and blue may introduce color errors when not
targeted for the color space of the intended display de-
vice. The state-of-the-art is to use spectral rendering,
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impractical for many real-time applications, to accu-
rately reproduce these types of materials.

Because spectral rendering is difficult for real-time ap-
plications, we propose synthesizing the complex index
of refraction using a chosen color space. Our novel
contribution is a preprocessing step that uses window
sampling using a Gaussian filter of the refractive index
data for the red, green, and blue (RGB) wavelengths.
We use the CIE Spectral Locus (or “horseshoe’) and
a line-distance function to determine the proper RGB
wavelengths. Finally, we implemented an HTMLS5 ap-
plication using TypeScript and WebGL to test a variety
of exact and approximate Fresnel equations and enable
direct comparison for the accuracy of each method. Our
results show that using our simple method enables de-
velopers to create real-time renderings of metal without
needing a spectral renderer.

2 PREVIOUS WORK

Several background ideas must be considered for the
realistic rendering of metals and other wavelength de-
pendent materials. There is the Fresnel equation and
several approximations which we review in this section.
There is also the reflection model or microfacet BRDFs
which we cover separately in the next section. Color
theory and perception are essential because our method
relies on using several color space specifications for de-
termining the appropriate RGB wavelengths. We in-
troduce mathematical equations like the Gaussian filter
and relative distance function when they are needed in
this paper.

Schlick’s approximation [Sch94],

F(64) = Fo+ (1 —Fo)(1—cos’ ),
or,
(1 —n2)2+4c055 6,m2
F(nhnzaed) = D)
(14+m2)

where Fy is the base reflectance at incidence 0° and
commonly used in rendering algorithms because it has
low computational cost. Recently, this work was been
extended to support metals [LS05] by including the ab-
sorptive index k,

(171]2) +4cos’ 9dn2+1<2
(1+m)+13

F(Ni,m,64) =

It is also common to precalculate F for red, green, and
blue in Schlick’s approximation [AMHHOS8] using the
full equation and eliminates the reddish hue that was
identified by Lazanyi and Szirmay-Kalos [LS05]. For
briefness, we refer to their method as the LSK method.
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A common approximation used by Glassner [Gla95]
and others [PH10] for the Fresnel equations is

27(”2+K2)00329d—21’]20089d+1 W
A= (N3 +K3)cos? 0 +2mpcos 0+ 1
» (M3 +K3) —2m,c08 6 + cos® 6, @
PL (172 +K2)+ M2 cos 6, +cos? 6,
pt+p?
:HT' 3)

The full form of the Fresnel equations for an absorbing
medium [Mod13, p.51-53] can be written as

(p—sin6 tan 6;)* + ¢
pH zpla
(p+s1n61tan61) +q
_ (cos B — )+
 (cosB +p)+¢?
where
2
P’ :%\/(nz2 K2 —n?sin®0;)” +4nik3
+%(n22 171251n2 61)7
2
q2 z%\/(nzz—lcz nl sin 91) +4n22K22
— %(nzzf K’z *771 sin 91)
If we let

2 2 22
a:nz_Kz—nlsln 9]7

then we can shorten the definition for p? and ¢ to
1 2 L 4n252
5 ac+4an, k5 +aj ,
2 _1 2 1 4n2x2
q =3 as+4n, Ky —aj .

Lastly, the angle of refraction is given by the General-
ized Snell’s Law equation

p2

ptan6, = n;sin 6 .

Color space theory [JG78, MG80] provides insight into
the perception of color and how displays are designed
to display color. For example HP and Microsoft intro-
duced the sSRGB profile [IEC99] which gives guidance
on how to design a display device such that a certain
range of colors can be accurately produced. Although
sRGB achieved widespread use, it has a limited range of
color. Wider color spaces such as Adobe RGB [Ado98]
and DCI-P3 [SMP11] are popular amongst artists and
for modern consumer devices.

These color spaces use CIE 1931 xy coordinates to de-
fine the domain of colors (shown in Figure 1). The
white point determines the wavelength of light for each
of the three primaries. The wavelengths of light are
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Figure 1: A comparison of SRGB (gray), DCI-P3 (or-
ange), and Adobe RGB (yellow) color spaces.

dependent on the white point and the red, green, and
blue coordinates. The line intersecting the spectral lo-
cus (the outer curved line representing wavelength), the
chromaticity coordinate xyY, and the white point deter-
mines the wavelength because we are moving from the
white point towards monochromaticity. This is called
the dominant wavelength or equi-hue line. Later, we
show that we can apply a relative distance function
to find the wavelength if we only have the raw CIE
horse shoe data and color space chromaticity coordi-
nates. Figure 2 compares the sSRGB and DCI P3 color
spaces and the SRGB and Adobe RGB color spaces.

3 APPLYING FRESNEL REFLECTION
The rendering equation [Kaj86] by Kajiya,

L,)(x—>wo):Le(w0—>x)+/Qf,(a),~,w,,)L,-(a);—>x) (0, 0,) day,

says that the light approaching the viewer from point
X is proportional to all the light incident from the pos-
itive hemisphere. In other words, every incoming di-
rection at x is a potential source of light. In turn, the
amount of reflected light in the direction @, is deter-
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Figure 2: The CIE 1931 xy color space horse
shoe [Com16] comparing the Rec 2020 and Rec 709
standards for UHDTV and HDTV.

mined by the bidirectional reflectance distribution func-

tion (BRDF) [Nic65]

_ ALy (@)
dE,'((D[)

For glossy surfaces using microfacet models, the

widely used Cook-Torrance model [CT81] is

D(oy,) F(64) G2 (0, @,)
4cos 6;cos 6,

_ dLy(a)
L,’((D,') cos 6; d w; '

fr(wia (J)(,)

fr(wiawo) =

)

where D(w,) is the microfacet distribution, F(6y)
is the Fresnel factor, and G, (w;, @,) is the masking-
shadowing function. The five critical vectors necessary
to evaluate this function is the incoming vector
®;, outgoing vector @,, geometric normal ®,, half
angle vector w, = @; + @,, and difference angle
vector wy; = w; + w,. We use the difference angle
0, = arccos w; - wy, is used for Fresnel. To be physically
based, it must obey the laws of conservation of energy,
Helmholtz reciprocity, and positivity. A thorough
analysis of the BRDF and masking-shadowing function
is shown by Heitz [Heil4]. Diffuse reflection models,
such as the Disney BRDF, also incorporate a Fresnel
term [BS12]. This is especially helpful for rendering
soft materials like felt or velvet.

We used both the Blinn-Phong and generalized GGX
microfacet distributions for testing purposes. The
roughness of the surface is given by o. The normalized
Blinn-Phong microfacet model is
1 2 (2+¢)
D(a)g7a)h> = m(@g - Q) 0P te
where € is a small offset to eliminate division by zero

when the roughness is zero. The GGX microfacet dis-
tribution [BS12, WMLTO07] is

1 1 4
peronon) = (o )
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Figure 3: Monochromatic choice of Fresnel sampling
can result in deviations. Compare blue wavelengths of
445nm (left) and 500nm (right)

Figure 4: A comparison of gold when rendered with
sRGB (left) and Adobe RGB (right) showing that color
space is important for rendering.

where ¥ is an adjustable parameter that closely matches
the Beckmann distribution at 10 and the Trowbridge-
Reitz at 2.

The masking-shadowing functions use the G, version
(see Heitz [Heil4] for more information) which take
into account both incoming and outgoing directions.
The Smith function

1
G (W, @,y, ;) =
20, @, @) 1+A(w) +Aw,)
and the GGX Smith function is
(0g-0)?
1+ e, 0m
Aw) = 5

The Blinn-Phong masking-shadowing function [Bli77]

}

o (g @) (Wg-0)  (0-w) (g @)
G (0, @, ) —mln{l, o0, ) wz-wh

4 THE APPEARANCE OF METAL

The appearance of metal is directly related to the effect
of the Fresnel equation. If we have a spectral measure-
ment of the index of refraction 1 and its absorptive in-
dex Kk, we can reconstruct its color. So the problem we
wish to solve is to choose which wavelength of light to
use for display. It might seem implausible, at least ini-
tially, to synthesize the index of refraction, but that is
exactly what we must do. And therefore we must un-
derstand how the display works.

Any modern LCD display is a composition of white
light, liquid crystals, and color filters. The liquid crys-
tals control how much light gets to the color filters. We
understand that the backlight is not perfectly pure, but
it must be good enough for accurate reproduction of
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Figure 5: Comparison of index of refraction for materi-
als Ag, Au, Cu, Pt, PbS, and Zn. Dark grey is used for
1 and light gray for k. Wavelengths go from 390nm to
830nm.
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Figure 6: Comparison of Fresnel using irradiance only.
Clockwise from top left: Silver, Gold, Platinum, Zinc,
Lead, and Copper.

Figure 7: Comparison of Fresnel with reflections
added. Clockwise from top left: Silver, Gold, Platinum,
Zinc, Lead, and Copper.

color. The backlight and filters may affect the quality of
color reproduction and many professionals choose cal-
ibrated monitors for this reason. Calibrated monitors
usually have a lookup table so they can target several
color spaces. Each designer of any display will choose
a light source, liquid crystal display, and color filters de-
pending on factors such as intended audience and target
price. Our insight is that the color filters act like Gaus-
sian filters for a given wavelength, rather than just band
pass a single wavelength.

So the quality of the display is a function of how good
the white light is and the effectiveness of the color
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filters. The best display systems are calibrated and
measured against standards of gamma correction, and
matched against the color space specification such as
sRGB, DCI P3, and Adobe RGB. Figure 4 shows that
each color space needs to be handled specially if there
is a significant change in white point or red, green, and
blue xy coordinates.

Let us consider the effect of the color filters on the in-
dex of refraction. Consider that instead of the white
light and the LCD that we only have a source of light,
the metal, and the color filter. The color filter will at-
tenuate the reflection of light from the metal according
to its filter shape. A red filter may be a band-pass or
low pass filter, the green filter a band-pass filter, and the
blue filter either a band-pass or high-pass filter. Let us
consider only band-pass filtering as our eyes effectively
constrain the lower and upper wavelengths of visible
light.

It would be very easy to ignore the color filter design
of the display and choose wavelengths based on a set of
coordinates. For example, the CIE RGB space defines
red as 700nm, green as 546.1nm, and blue as 435.8nm.
But sRGB is 612nm, 542nm, and 455nm and Adobe
RGB is 612nm, 527nm, and 455nm.

The BRDF in the rendering equation relates how much
light is reflected for each of the red, green, and blue
wavelengths. The color filter will have the effect of in-
creasingly attenuating how much reflected light is seen
as A moves away from the peak reflection wavelength
Afiter-  Spectral rendering, which considers the entire
visible spectrum, would be the natural choice in ensur-
ing an accurate rendering. To produce a spectral ren-
derer, numerous wavelengths of light are used to eval-
uate the rendering equation. (As a nod to Newton, we
would not be rendering with RGB, we would be ren-
dering with ROYGBIV.) Path tracing is the obvious ap-
proach for spectral rendering because it is easy to incor-
porate into the design. Then once all the samples have
been created for the pixel, it is sampled to construct
an RGB value. A Gaussian filter is a natural choice to
sample the spectral values. More advanced techniques
could even pair a tristimulus model to take into account
human color perception.

Let us say that A, represents the color we want to sam-
ple, where c is red, green, or blue. A spectral evaluation
for the Fresnel equations for a given wavelength A, us-
ing the normal Gaussian filter [Bul79] is

1
2n

A—2Ac)?
Fy.(0) = A2 dn

/ F(A,0)exp—
o o0

where o is the standard deviation of the Gaussian filter.
Our filter width is approximately 60 which is 99.7%
of all the area under the Gaussian curve. According to
probability theory, 68.27% of the area is between +o0,
95.45% is between £20, and 99.73% is between £30.
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If we set o to be small, only wavelengths around the
center wavelength have significant contribution to the
final result. This can be seen in Figure 5 where o is set
to 25nm.

We now have two paths we can approach. We can pick
three wavelengths and evaluate the Fresnel equations
or we can use all wavelengths and spectrally evaluate
the Fresnel equations. We propose that instead of eval-
uating the Fresnel equation at all wavelengths or only
choosing three wavelength values, that we instead sam-
ple the index of refraction around the wavelengths of
the intended display color specification.

The reason for proposing this is twofold. The first rea-
son is that spectral rendering is impractical for many
realtime applications, such as mobile devices. And sec-
ond, for some materials, such as gold or copper, the
choice of wavelength for red, green, and blue causes
significant changes in appearance. Figure 3 shows that
changing blue causes the reflection of the sky to change
color.

Before we get into the implementation details, let us
quickly describe how our method would be applied.
First, you would get access to wavelength dependent in-
dex of refraction measurements. Second you would re-
sample the data so that it is in even steps (we used steps
of %nm). Third, you would determine the wavelengths
of red, green, and blue that are used for the display by
using the color specification. Fourth, you would use a
Gaussian distribution to sample the index of refraction.
Lastly, you could calculate Fp and use an approxima-
tion, like specular color or Schlick’s approximation, or
you could use a higher precision formula (as we men-
tioned in section 2). And now let us look at our imple-
mentation.

S IMPLEMENTATION

We implemented a TypeScript and WebGL based ren-
derer in a HTMLS single page application' to use all the
rendering techniques except for the spectral renderer.
We can index an environment map to test both reflec-
tions and irradiance. As with most realtime rendering
techniques, only a subset of light paths are considered.
There is no performance penalty in using our method
since it is a preprocessing step for the material. The
performance is directly related to the Fresnel equation
or approximation chosen.

We use three light paths. First we use the Sun as the
primary light source using astronomical calculations to
determine a realistic position in the sky. We also cal-
culate the position for the Moon (a simple model with-
out perturbations) for night lighting conditions. This

We extended our HTMLS web application to generate Gnu-
plot data and charts that can be copy-pasted to create the fig-
ures in this paper.
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Figure 8: Comparison of relative error of our approx-
imation to the spectral Fresnel functions for materials
Ag, Au, Cu, Pt, PbS, and Zn. Wavelengths go from
390nm to 830nm.
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Figure 9: A comparison of using a Fresnel derived
specular color k; (image left halves) and single chan-
nel Schlick’s approximation (right image halves). The
error is shown in the graphs. Gold is top and Copper is
bottom with burnished (left) and dull (right) finishes.

also allows for us to animate the motion of the sun to
observe the change in reflection. Secondly, we use an
environment map to simulate reflection and irradiance.
We calculate the reflection vector using the view vector
and the normal. We calculate irradiance by using the
geometric normal @, to index the environment map.
Figures 6 and 7 show dull (irradiance) and burnished
(reflections) imagery using the SRGB color space for a
variety of metals. Charts of their index of refraction are
shown in Figure 5.

There are publicly available spectral measurements for
a variety of materials [fil18]. Our test application has
measurements for many common metals including Sil-
ver (Ag), Aluminum (Al), Gold (Au), Chromium (cr),
Copper (Cu), Nickel (Ni), Lead Sulfide (PbS), Platinum
(Pt), Silicon (Si), Titanium (Ti), Tungsten (W), Zinc
(Zn), and Schott SF6HT (glass). We picked these be-
cause they have complete spectral profiles.

We allow the user to select from a number of color spec-
ifications including sRGB, DCI P3, and Adobe RGB.
There is a monochromatic option where the user can
set the wavelength individually for red (650 to 740nm),
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Figure 10: A comparison of Schlick’s (left) and LSK
method (right) for Gold. LSK requires error compen-
sation, and Schlick’s method using precalculated Fy is
very close to reference (right halves of images).

green (520 to 565nm), and blue (435 to 500nm) with a
custom width for the Gaussian ¢ standard deviation. At
0, we use a Dirac delta function to only use the specified
wavelength, otherwise we use the normal distribution.

Now we use the color space profile to determine the red,
green, and blue wavelengths. We can identify which
wavelength of light to use by tracing a line from the
white point coordinates wy, through the chromaticity
coordinates c,y, where c is red, green, or blue, and find
the intersection on the CIE horse shoe which is mapped
to wavelength. We can use the relative distance formula

y(VZ,y —V] ,y) - x(VZ.,x —V] ,x) + V2,le Y V2,yV] X

d—
[[v2 —vil|

to calculate the distance to each of the CIE horse shoe
points until we minimize d. This method generalizes
finding the wavelength for a given white point and chro-
maticity coordinate. We believe this is a novel contri-
bution of our method.

Next we prepare to resample the wavelengths. We cre-
ate an array with indexes 3900 to 8300 to correlate to
wavelengths 390nm to 830nm, giving 4,401 data points.
The data structure contains the wavelength, index of
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Figure 11: A comparison of Schlick’s (left) and LSK
method (right) for Copper. LSK requires error compen-
sation, and Schlick’s method using precalculated F is
very close to reference (right halves of images).

refraction, absorptive index, and RGB weight for the
normal distribution function. Our purpose for using 10
samples per nanometer of wavelength is to avoid the sit-
uation where we use too few samples statistically. For
example, If we use a standard deviation of 12nm, that’s
only 24 samples—so we increase it by a factor of 10 to
avoid that. But first we need to preprocess the input
index of refraction data.

We use linear interpolation to resample the original
measurements so that they are specified for each tenth
of a nanometer in an array. We have not analyzed
whether using nearest, linear, or higher forms of sam-
pling would make a huge difference. We think linear
is fine unless you need continuous derivatives, which
we do not. Then we create a normal distribution cal-
culation for each wavelength data point. If G(;,6?) is
the normal distribution function, we then resample the
index of refraction

| 8300
W/ZE Y nG(Ai,0?%)
i=3900
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Figure 12: A comparison of Schlick’s (left) and LSK
method (right) for Zinc. LSK requires error compen-
sation, and Schlick’s method using precalculated Fy is
very close to reference (right halves of images).

and absorptive index

1 8300 )
K/:E Y «G(A,0?%)
i=3900

for red, green, and blue. We divide by 10 in order to ac-
count for using 10 samples per each nm of wavelength.
Finally, we use these resampled values for inputs in the
Fresnel equation in the shader.

6 RESULTS

If the standard deviation for red, green, and blue is kept
reasonable (~25nm), then the error using our method
compared with the spectral rendering is acceptable.
Figure 8 and Figure 13 shows three separate error lines
for red, green, and blue. The error line is the absolute
error at each angle for the Fresnel function. Our results
show that the index of refraction can be re-synthesized
with negligible visible error.

Our method also supports comparing the different
approximations to the spectral version. We noticed
in Lazdnyi and Szirmay-Kalos (LSK) [LSO05] that
they used a multispectral approximation, noting that
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Schlick’s approximation yielded red tinted results.
We understand that this is caused by ignoring the
absorptive index which often is significantly greater
than the index of refraction. The common way of using
Schlick’s approximation is to use an accurate Fresnel
calculation at 0°, and we show that this is better than
the LSK model.

We also note that a common way to approximate
gold (i.e. cheating, hacking, or sometimes gross
approximations) is to use the specular color k5. So we
present a similar approach and set the specular color
kg = (Fo,r, Fog, Fop) to the base reflection color and
then use their approximation using either the average
n and K or even just the green index since our eyes
are most sensitive to green. We can use a Dirac-Delta
function to eliminate the integral if we are interested in
only a single angle (e.g. 8,;) and so the radiance is

F(64)D(y,)G(;, @)

L, = ksLi( @, - @;) 4cos 6;cos 6

and
F(6) = Fo+ (1~ ) (1 —cos' @)
where
F(0°) + Fy(0°) + Fp (0°)
Fy =
3
or
Fy=F4(0°).

We show in Figure 9 the copper material using the full
Fresnel equation and the specular color approximation.
This gets rid of the tinting that Schlick’s approximation
inherently had (if you mistakenly ignored the complex
index of refraction), but at the expense of either under-
estimating or overestimating reflection at grazing an-
gles. It is not very good and we would not recommend
using anything less than the LSK spectral approxima-
tion. Perhaps our specular color version may be useful
for slow GPUs where only a single channel of Fresnel
can be computed.

Schlick’s approximation, the approximate, and the ex-
act Fresnel equations look almost identical in practice.
LSK is sometimes brighter or dimmer and requires an
error compensation factor of

—ax(1—x)%

but o was not fully explained in their paper. The idea
is to compensate for materials like Zinc or Aluminum
which have a dip in their reflectance at near glancing an-
gles. We show the difference between using Schlick’s
method with Fy values calculated for red, green, and
blue separately and the LSK method in Figures 10, 11,
and 12 for gold, copper, and zinc. Their respective com-
parison with a spectral Fresnel is shown in the graphs,
while we use the full Fresnel equation in the images.
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Figure 13: A comparison of setting the filter width to
12nm, 25nm, and 50nm. The error lines show increas-
ing error as filter width increases. The material here is
copper.

We find that our method breaks down when setting
the filter too wide. Figure 13 shows how setting the
filter wide results in greater angle towards incidence.
The reason for this is that we are calculating too much
blending between red, green, and blue values. If we
were to continue widening the filter, we eventually will
get a monochromatic reflection value.

7 CONCLUSION AND FUTURE
WORK

We have shown that the display is an integral part of
getting the Fresnel equations to work correctly for mul-
tispectral materials such as metals. We have demon-
strated that the complex index of refraction can be sam-
pled so that a spectral rendering is not required for re-
altime applications. We introduced a novel method of
choosing appropriate wavelengths based on the chro-
maticity specification. We have also created a web
based graphics experiment that uses a variety of differ-
ent materials.

Our results do not have any impact on realtime frame
rate performance, but they do enhance the quality of
the image because the complex index of refraction is
appropriately calculated for RGB color displays. We
introduced a specular color method which could be suit-
able for applications with low CPU/GPU speeds. Fi-
nally, we surveyed the available Fresnel equations and
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approximations and their suitability in terms of error to
a spectral Fresnel equation implementation.

In the future, we hope to continue our work with mul-
tispectral materials. This includes work on disper-
sion and thin films. We also hope to experiment with
anisotropic microfacet distribution models. We also
plan to extend our sun and moon illumination model
to accurately simulate astronomical phenomena to cre-
ate accurate skylit illumination for both day and night
to create realistic illumination estimates for future ex-
periments (the current state of the art is daylight only).
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