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ABSTRACT
Hatching is a shading technique in which tone is represented by a series of strokes or lines. Drawing using this
technique should follow three criteria: the lighting, the object geometry and its material. These criteria respectively
provide tone, geometric motif orientation and geometric motif style. We present a GPU real time approach of
hatching strokes over arbitrary surfaces. Our method is based on a coherent and consistent model texture mapping
and takes into account these three criteria. The triangle adjacency primitive is used to provide a coherent stylization
over the model. Our model computes hatching parameter per fragment according to the light direction and the
geometry and generates hatching rendering taking into account these parameters and a lighting model. Dedicated
textures can easily be created off-line to depict material properties for any kind of object. As our GPU model is
designed to deal with texture resolutions, consistent mapping and geometry in the object space, it provides real
time rendering while avoiding popping and shower-door effects.

Keywords
non-photorealistic rendering, hatching, stroke based texture, shading, GPU

1 INTRODUCTION
Hatching is an artistic drawing technique that consists
in drawing closely spaced lines to represent objects.
Artists depict tonal or shading effects with short lines.
Parallel lines or cross lines can be used to produce
respectively hatching or cross-hatching. Hatching is
commonly used in artistic drawing such as comics but
is also largely used in specific visualization systems
such as archeology, industry and anatomy. Hatching
can also be used as a common way to promote any
kind of products. Hatching generally refers only to
lines or strokes. We prefer the term of geometric
motifs including various possible patterns and dots,
lines or cross lines. Artists can thus provide hatching,
cross-hatching as well as stippling.

Hatching is produced by the artists following three
criteria: lighting, object geometry and object material.
These criteria provide tone, geometric motif orientation
and geometric motif style. The tone of the geometric
motif used for hatching refers to the lighting equation.

Permission to make digital or hard copies of all or part of
this work for personal or classroom use is granted without
fee provided that copies are not made or distributed for profit
or commercial advantage and that copies bear this notice and
the full citation on the first page. To copy otherwise, or re-
publish, to post on servers or to redistribute to lists, requires
prior specific permission and/or a fee.

Geometric motif orientation is provided by the object
geometry and the direction of light. Finally, depending
on the object material, different geometric motifs can
be used.

This paper presents a method for real time hatching
considering these three criteria. Our model is relevant
in all interactive applications such as games, scientific,
educational or technical illustrations. As it is often
mentioned in non-photorealistic rendering (NPR) work,
the lack of temporal coherence in stroke placements
and image-based approaches respectively produce
flickering and shower-door effect during animations.

We deal with objec-space coherence by considering
that stroke width and density should be adjusted to
camera, lighting and scene transformation. Desired
tones should be maintained even as the object moves
toward or away from the camera. We propose a
full GPU implementation able to generate hatching
strokes on 3D scene. As [Pra01], we address the
same challenges: (1) limited run-time computations,
(2) frame-to-frame coherence among strokes, and (3)
control over stroke size and density under dynamic
viewing conditions.

But by opposition to the previous work, we consider
that the stroke orientations directly depend on the light
direction and should be computed per fragment. In
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fact, as mentioned above, artists choose the geometric
motif orientation according to the geometry and the
light direction. As artists do, we provide a model able
to consider these two constraints. Rare are the previous
work in which the light direction is considered. In our
approach, we address these challenges by providing
a new texture mapping model that deals with modern
geometry stage hardware.

In this paper, we provide a hatching rendering that sat-
isfies the three criteria. This is achieved noticeably
through:

• Hatching parameter computations per fragment ac-
cording to the light direction and the triangles topol-
ogy;

• Generation of hatching renderings that take into ac-
count these parameters and a lighting model.

We first present the related work in NPR domain
dedicated to stroke based renderings. Then we present
our model and its implementation. The performance
of our model are discussed and the results demonstrate
the relevance of our solution in the hatching problem.
Finally, we conclude and propose future work.

2 PREVIOUS WORK
Hatching can be considered as a subset of drawing or
painting style in which individual strokes are produced.
Most related work have been presented as NPR papers.
For that reason, we present hereafter related work on
stroke based NPR.
Stroke based NPR can be categorized into two kinds of
methods depending on the type of treated primitives.
Some focus on pixel buffers while others deal with
geometric objects. Below, we present general stroke
based methods according to this classification, image
space or object space, and particularly focus on specific
hatching ones.

Image space methods use images in order to extract
color, depth or tone information. In this kind of
approaches the main challenge lies in geometric motif
orientation:
In [Hae90], P. Haeberli has presented a method that
creates impressionist paintings from images using
"brush-strokes". The orientation of strokes depends on
image gradient and direction fields.
In [Sal94], the proposed method aims to generate pen
and ink illustrations from images by placing stroke
textures. The orientation of these textures is computed
according to the image gradient and the user defined
directions.
In [Win96], the authors have created pen and ink

rendering from a viewpoint of 3D scenes. To achieve
this goal, the method uses controlled density hatching
and user defined directions.
The model proposed in [Sal97] produces pen and ink
style lines from images or a viewpoint of 3D models.
In this model, strokes are oriented according to the
direction fields.
In [Sai90], the authors have proposed to produce line
drawing illustration from a viewpoint of 3D scenes
according to curved hatchings and "G-Buffer". This
specific geometric buffer contains geometric surface
properties such as the depth or the normal vector of
each pixel. The curvature is extracted for each object
and indicates its topology. Hatching is then automati-
cally produced using curvature and other information
like rotations or texture coordinates.

The main drawback of these methods remains the
appearance of the shower-door effect. In fact, as the
geometry of these scenes is rarely considered, lighting,
depth and other 3D information are almost never taken
into account.
Then, we prefer approaches that focus on 3D model
information.

In object space methods, additional information such
as light position, depth and normal of each vertex can
be extracted from geometry:
In [Deu00], the proposed method generates pen and
ink illustrations using different styles such as the cross
hatching and according to the object normals and the
scene viewpoint.
The method presented in [Kap00] creates some artistic
renderings particularly "geograftals" strokes (oriented
geometric textures) according to the principal curvature
of the 3D models.
In [Lak00], Lake & al. have presented a method that
produces stylized renderings like pencil and stroke
sketch shading which orientation depends method
also allows the user to create cartoon rendering of 3D
models.
In [Her00], the authors have proposed a method to
generate line art renderings using hatch mark and
generated smooth direction fields.
In [Pra01], non-photorealistic renderings with textures
of hatching strokes called "tonal art map"(TAM) are
described. Multitexturing is used for rendering TAMs
with spatial and temporal coherence. Orientation of
textures is computed according to a curvature based on
direction fields and lapped texture parametrization (set
of parametrized patches).
In [Web02], Webb & al. have presented two real
time hatching schemes based on TAM. This method
avoids blending or aliasing artifacts using a finer TAM
resolution. We can notice that one of this scheme
supports colored hatching.
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In [Coc06], a model for pen and ink illustrations using
real time hatching shadings is proposed. This approach
is hybrid and combines image space and object space
stroke orientation methods. Stroke orientations are
computed according to a combination of dynamic
object space parameterizations and view dependent
ones. It permits a better spatial coherence than the
object-space approaches and reduces the shower-door
effect compared to image-based hatching methods but
is dedicated to specific geometries such as tree models.

The main drawback of this kind of methods is the
texture discontinuity. As texture coordinates are
independently generated for each triangle, a possible
discontinuity may be introduced and visible artifacts
may be generated.

3 OUR MODEL
We aim to produce hatchings according to the previ-
ously described three criteria. Tone, form and material
should provide a coherent and consistent hatching. As
described in [Pra01], we think that a texture based ap-
proach is suitable to achieve the hatching and different
materials can be depicted by the texture variety. Form
and tone should be the result of a lighting model but by
opposition to the related work, in our approach, the ge-
ometric motif (i.e strokes or lines for example) orienta-
tion also depends on the light direction and not only on
the model curvature. As a consequence, textures should
contain set of continuous tones.
We detail our solution realized in four steps:

1. The generation of textures representing tones: each
generated texture represents a tone composed by a
geometric motif (for example a set of lines, strokes
or points). The set of generated textures should con-
tain a set of continuous tones (see figure 1). Note
that to compute a tone per fragment, we should de-
termine a texture number and texture coordinates.

2. Texture orientation and texture coordinates gener-
ation: according to the light position and for each
triangle, textures should be oriented in order to fol-
low the light displacement. Texture coordinates gen-
eration must guarantee no texture distortion for the
three vertices of each triangle. At this step, texture
coordinates are computed for a given primitive and
for each vertex (see section 3.2 and figure 3). This
provides the first part of the paper contribution.

3. Texture continuity: we ensure the texture continuity
between each triangle and its neighbors by comput-
ing a blend factor per neighbor (see section 3.3 and
figure 8). This step permits a full computation taking
into account each triangle and its neighbors and con-
stitutes the second part of this paper contribution.

4. Tonal mapping: we compute the tone per fragment
by interpolating vertex texture coordinates (step 2)
and a light equation determining the texture number.
This last computation is realized per fragment since
the texture number is not obtained by interpolation
(see figure 9). Finally, for a triangle, we blend
results provided by neighbors according to the
blend factor computed at step 3. Note that for
a given fragment in a triangle, blend factors are
interpolated (see figure 8).
Moreover, even if we present our model with a set
of textures, in practice, we have a multi-resolution
set of textures providing mipmapping and avoiding
aliasing (see figure 2). This last step generates the
final rendering using previously computed values, a
lighting model and a multi-resolution tonal art map.

Tone

Figure 1: Tonal art map example composed by 8 differ-
ent textures.

3.1 Texture generation
In our method, we use precomputed tonal art map
introduced in [Pra01], where hatch strokes are mip-
mapped images corresponding to different tones.
Tonal art map must satisfy some consistency con-
straints:

• For a given tone, all textures must have the same
grayscale average;

• geometric motifs present in a given texture must be
present in all higher texture resolutions and superior
tones;

• geometric motifs have the same form regardless to
the texture resolution. For example, lines must have
the same width and length and points must have the
same radius.

As an example, figure 1 shows a set of continuous
tones given at a high resolution (TAM). Figure 2
presents an example of multi-resolution tonal art
map: a multi-resolution tone texture deduced from
figure 1. Note that, as all mipmapping techniques, the
multi-resolution TAM will be used to avoid aliasing by
taking into account the fragment depth. So, as it is a
well-known solution, we do not consider this problem
hereafter and use only figure 1 throughout the article
to illustrate our purpose. Once we have this texture
palette, we want to determine the texture coordinates
of each vertex of our 3D model.
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Tone

Resolution

Figure 2: Multi-resolution tonal art map example.

3.2 Hatching texture orientation
As described above, our approach matches the geomet-
ric motif orientation depending on the light direction.
Thus, as shown on figure 3 considering a given light
source and a 3D model, we have to orient and crop the
TAM according to the light source properties (position,
direction, cut-off and spot exponent).
To describe our model, we use the following nomen-
clature. L describes a light, −→Ld depicts its direction
while Lp depicts its position. Note that in the case
of directional light, Lp is not used. Tc is a triangle
of the 3D model and Vi (i ∈ {0,1,2}) are its vertices.
Each vertex Vi, represented by its 3D space coordinates
(x,y,z), is associated to a hatching parameter corre-
sponding to its 2D texture coordinates noted Hc

i (s, t).
Figure 5 illustrates this notation used hereafter in
the paper. As mentioned in the introduction of our
model description, in this section we present a hatching
parameter computation considering only one triangle
(i.e generalization considering triangle and neighbors
is detailed in the next section).
Since we want to guarantee no texture distortion in
the considered triangle, the applied transformations
should necessary be realized per primitive. This is
done by computing, for each triangle, its hatching
parameters according to the tangent space of the
triangle itself. This tangent space is the Tangent-
Binormal-Normal (

−→T ,
−→B ,
−→N ) coordinates system

with −→B representing the vector from the triangle
toward the light, projected on the triangle plane. In
the case of positional light with its position (Lp) and
direction (−→Ld), we compute the direction to the light
per triangle (−→L ) considering Gc the triangle barycenter
(i.e −→L =

−−−−→Lp−Gc). In the case of directional light, the
direction to the light (−→L ) is equal to the opposite of
the light direction (−→Ld) (i.e −→L = −−→Ld). Finally, −→B is

the normalized projected vector−→L in the triangle plane.

Then, for each vertex Vi of each triangle Tc, by apply-
ing a change of basis from the object local space to
(
−→T ,
−→B ,
−→N ) we obtain, for the corresponding −→T and −→B

coordinates, the vertex 2D texture coordinates stored in
Hc

i as shown in algorithm. 1:

−→N ← normalize ((
−−−−→V1−V0)× (

−−−−→V2−V0))
if the light source is positional then

G← (V0 +V1 +V2)/3;
−→L ←−−−−→Lp−G ;

else
−→L ←−−→Ld ;

end
−→B ← normalize(−→L −−→N · (−→L ·−→N ));
−→T ←−→B ×−→N ;
foreach i in {0,1,2} do

Hc
i .s←Vi ·

−→T ;
Hc

i .t←Vi ·
−→B ;

end
Algorithm 1: Computing hatching texture orientation
per triangle.

This step is performed in the geometry shader stage,
for each triangle Tc expressed in the local object space.
Thus, we compute and emit for each Vi its position and
texture coordinates.

We obtain, as shown in figure 4-(a), hatchings that take
into account triangle orientations. The four triangles
presented on this figure have different normals. Remark
that hatchings on the common edges between triangles
produce stroke discontinuities. These discontinuities
are naturally due to the difference of orientation (−→T )
computed at this level but also to the difference of shad-
ing (which determines tones of the art map) computed
at the last level (fragment shader stage). To avoid this
discontinuity we propose to use the triangle adjacency
information to compute multi-texturing coordinates and
blend the result as shown on figure 4-(b). This process
is explained hereafter.

3.3 Adjacency blending
In order to ensure a continuity of textures between two
neighboring triangles we determine the contribution of
adjacent triangles in the rendering of Tc.
As shown in figure 5, triangle adjacency is a ge-
ometric primitive composed by six vertices Vi
(i ∈ {0,1,2,α,β ,γ}) describing four triangles where Tc
is the current processed triangle and Tα , Tβ and Tγ its
adjacents. This primitive is accessible in the geometry
shader stage where data of adjacent triangles (as vertex
position) are accessible during Tc processing but are
not emitted during this same process.
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Lp

T

B

Gc

V0

V1

V2

Figure 3: Texture orientation on a given triangle accord-
ing to the projection of the light position.

(a) (b)
Figure 4: Hatching results on 4 adjacent triangles with
different normal vectors. (a): without blend, (b): with
blend.

We keep the main calculations of subsection 3.2 by
integrating data adjacency, calculating four different
texture coordinates per vertex of Tc. In fact, for
each vertex Vi (i ∈ {0,1,2}) we need to compute the
hatching parameters corresponding to each triangle
of the adjacency primitive. Thus, we obtain a 3D
component Ht

i with t ∈ {c,α,β ,γ} composed by
2D texture coordinates (s, t) and a blend factor f .
Ht

i depicts, for the vertex Vi, the contribution of the
triangle t in the current triangle hatching. Thus, the
triangle is textured according to the orientation of its
neighbors to the light. These coordinates are used to
mix the results by blending. For each adjacent triangle,
we compute its corresponding (

−→T ,
−→B ,
−→N ) coordinates

system which we use to compute the corresponding
hatching parameters.
Figure 6 illustrates the calculation of hatching param-
eters where Tc is a triangle being processed and Tγ an
adjacent triangle. In this case, −→B is given by −−−→Gγ Lp and
−→T is calculated according to the Nγ (i.e the normal of
Tγ ) and −→B .
V1, the opposite vertex to the adjacent side is projected

in the plane of Tγ . We obtain V
′
1 and use it to compute

texture coordinates of the hatching parameters Hγ

1
(hatching parameters of V1 for Tγ ). This projection is
applied to all vertices of Tc and all triangles Tα , Tβ and
Tγ .

As a first approach, we propose to blend the results
given by these different texture coordinates producing
a rendering whose aspect is continuous at the junction
of triangles. Thus, we calculate a blending factor f for
each vertex per adjacent triangle. This first approach is
a compromise producing grayscale strokes (see on fig-
ure 4(b)). In practice, these artifacts are hardly visible
on a 3D model as demonstrated in the figure 10 and in
the addtional video (i.e the results section). Note that
complete approach is palnned in future work.

As shown in figures 7 and 8, for each vertex Vi, we
compute a contribution value that gradually decreases
along the triangle. Depending on the dot product be-
tween two adjacency triangle normals we ensure that
when two triangles have an angle less than π

2 radian,
there is no contribution between them. For example in
a cube, triangles of different faces should not influence
each other. So, finally we obtain four hatching parame-
ters per vertex of Tc.
We present below the algorithm 2 in which we com-
pute for each emitted vertex Vi (i.e i ∈ {0,1,2}) of Tc
its direction to the light −→ViL, the triangle normals −→Nt
(i.e t ∈ {c,α,β ,γ}) and its hatching parameters Ht

i .
These values will be used in the final step to render the
model according to a lighting model.

V0

V

V1

V

V2

V

Tc

T

TT

α

α

β

βγ

γ

Figure 5: Triangle adjacency topology. The main trian-
gle is Tc. Neighbor ones are indexed α , β , γ .

3.4 Tonal mapping
Our model is inspired both by the toon shading tech-
nique introduced in [Lak00] where the light intensity is
given by a 1D texture and a Phong shading where con-
tribution is computed per fragment.
This approach can be extended to 2D textures com-
bining lighting to a palette of textures. In the frag-
ment shader stage, by computing the dot product be-
tween fragment-light vector −→FL and the fragment nor-
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foreach triangle t in {c,α,β ,γ} do
Compute normal and record it in −→Nt ;
Compute projected light direction in Tt plane
as previously described;

end
foreach vertex i in {0,1,2} do

foreach triangle t in {c,α,β ,γ} do
Compute Vi-light vector and record it in−→ViL;
if (t = c) then

Compute texture coordinates of Vi as
described in the previous subsection
and record them in Hc

i .st;
Hc

i . f ← 1.0;
full contribution of Tc;

else if Vi does not belong to Tt then
V
′
i is Vi projected in the Tt plane;

Compute texture coordinates of V
′
i in

Tt and record them in Ht
i .st;

Ht
i . f ←−1.0;

no contribution of Tt ;
else

Compute texture coordinates of Vi and
record them in Ht

i .st;
Ht

i . f ←
−→Nc ·
−→Nt ;

contribution depending on angle
between Tc and Tt ;

end
end

end
Algorithm 2: Compute Hatching parameters per Ver-
tex according to adjacent triangles.
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G
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L
p

V’
1

V
γ
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γ

V
1

V
2T

γ

V

Figure 6: Texture coordinates obtained by adjacent tri-
angle: used light direction and opposite vertex projec-
tion computation for continuity.

mal −→Nt , we obtain, as shown in figure 9 the Lamber-
tian term used to find the texture number in the TAM
named Tone. Then, fragment information is automati-
cally provided by linear interpolations in the GPU and
according to each vertex information. Depending on the
blending values Ht . f , the texture coordinates Ht .st, and
the texture numbers Tone, we can compute, per frag-
ment, the final color following the algorithm 3.

dot = cos(θ) > 0

dot

dot

limit

value

0

0

limit

value

Front view Front view

Up view Up view

dot = cos(θ) <= 0

θ
θ

limit

value

limit

value

Figure 7: The blending value according to the angle be-
tween two adjacency triangles. Top of figure presents
two front views of two triangles. On the left we study
the case of cosθ > 0 and on the right we have the oppo-
site case. Bottom of figure presents the blending factor
computed per vertex and its interpolation along each tri-
angle.

Figure 8: First column: contribution value between ad-
jacent triangles. Second column: contribution applied
to textures. Last column: result without blending, result
of blending in Tc, result of blending in all triangles.

Note that, in our implementation, the level in the multi-
resolution TAM is chosen according to the fragment
depth.

4 RESULTS
We present different results obtained with our model
and discuss about performance, temporal and spatial
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foreach triangle t in {c,α,β ,γ} do
Compute Tone according to −→Nt and −→FL;
Compute Colort determined by Ht .st and Tone;

end
FinalColor← ∑(Colort ×Ht . f )/∑(Ht . f ) ;

Algorithm 3: Compute the fragment color

A

B
C

A

B C

A

B
C

LIGHT POSITION

Phong ShadingGouraud shading

LIGHT POSITION

A

C
B

Front viewpoint

Up viewpoint

Figure 9: Example of texture number determining per
fragment with different lighting techniques

coherence during scene animations.

Figure 10 presents an overview of possible results us-
ing our hatching model. The hatching parameters Ht

i of
each vertex Vi can be globally modified on the fly, ac-
cording to a matrix that provides the three basic trans-
formations. Indeed, considering the (

−→T ,
−→B ,
−→N ) coor-

dinates system, we can shift Ht
i (s, t) by adding a value

in [0;1] corresponding to a translation on −→T and/or −→B
axis. We can scale each Ht

i (s, t) using any scale value
that modifies the texture repetition (see figure 10 second
line). We can also modify Ht

i (s, t) by making a rotation
on the −→N axis to change the global texture orientation
(see figure 10 first line and figure 14).

Our model provides a coherent lighting that follows
the light and, as one can see on figure 11, reflects the
fineness of the mesh.
Otherwise, our model gives the ability to represent
different materials using different TAMs (see figure
12). TAMs can be used in addition to color materials
(see figure 13 and figure 10).

Considering the performance aspect, our model is real
time even for detailed geometry. Figure 15 illustrates
our implementation performance expressed in number
of frame per second considering different models. As
one can see, for a 3D object composed by more than
500 000 triangles, our model produces renderings in 30
frames per second (NVIDIA Quadro FX 3800). As a
comparison, we provide results both for our hatching
model and for a basic fragment lighting model: a Phong
shading. Note that, for both of them, we send the same
geometry to the GPU including adjacency data. We ob-
tain a ratio around 50% between these two renderings:

Figure 10: Results on 3D face model showing all dif-
ferent effects. First line: texture rotation along N axis
for each triangle. Second line: different scale values
are used. Third line: renderings using different light
positions. Last line: model rotation for a fixed light.

Figure 11: Results on the hand model with different
light positions. Note that geometric details are always
visible.
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Figure 12: Results on the Stanford dragon model with
different light positions and TAMs representing differ-
ent materials.

Figure 13: Results on a chair model with different light
positions and TAMs + colorization representing distinct
materials. First column shows results without adja-
cency blending.

Figure 14: Results on the Stanford bunny model with
different texture orientations. On the left, strokes are
oriented toward the light. On the right, strokes are tan-
gent to the light direction.

for a given geometry, our hatching rendering is twice
slower than the Phong shading.

Concerning the spatial and temporal coherence of our
model, a video showing our real time results is avail-
able at the following url:
http://www.ai.univ-paris8.fr/~suarez

We can notice that, between two consecutive frames,
when lighting changes, variation of the selected TAM
remains progressive while highlighting the object ge-
ometry.
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Figure 15: Graph showing performance of our render-
ing pipeline on different 3D models at a 1024x1024 ren-
dering resolution (the used GPU is a Nvidia Quadro FX
3800). Results are expressed in FPS according to the
number of triangles.

5 CONCLUSION
We have presented a model to produce hatching in 3D
scene taking into account the brightness due to light-
ing, the orientation linked to the object geometry and
the materials related to its texture. Our implementa-
tion is fully GPU and provides real time hatching on
large scenes. Our model can be applied to any 3D mod-
els where the topology is constant. It provides hatch-
ing on static 3D models, animated 3D models and sup-
ports deformations. Triangle adjacency can be easily
deduced from any 3D models at the loading step by in-
dexing the model vertices. Moreover, no modeling en-
gine modifications are needed. The model is also spa-
cially and temporaly coherent since it gives continuous
hatching during object animations and/or light displace-
ments avoiding popping effects.

As future work, it will be interesting to have the abil-
ity to produce C1-continuous strokes through adjacent
faces. A procedural generation of TAMs constitutes an
interesting way to adress this kind of problem. More-
over, the continuous aspect will be obtained automat-
ically and dynamically without grayscale strokes. We
also aim to manage multiple light sources in a sin-
gle rendering pass by choosing a way that changes the
hatching orientations (not simply blend them) accord-
ing to these multiple sources. Finally, we plan to inte-
grate drop and/or soft shadows and self-shadowing cal-
culations to the model and then produce hatchings by
disrupting orientations of faces affected by such shades.
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ABSTRACT
This paper presents a novel method for deforming the skin of 3D characters in real-time using an underlying set
of muscles. We use a geometric model based on parametric curves to generate the various shapes of the muscles.
Our new model includes tension under isometric and isotonic contractions, a volume preservation approximation
as well as a visually accurate sliding movement of the skin over the muscles. The deformation of the skin is
done in two steps: first, a skeleton subspace deformation is computed due to the bones movement; then, vertices
displacements are added due to the deformation of the underlying muscles.
We have tested our algorithm with a GPU implementation. The basis of the parametric primitives that serve for the
muscle shape definition is stored in a cache. For a given frame, the shape of each muscle as well as its associated
skin displacement are defined by only the splines control points and the muscle’s new length. The data structure
to be sent to the GPU is thus small, avoiding the data transfer bottleneck between the CPU and the GPU. Our
technique is suitable for applications where accurate skin deformation is desired as well as video games or virtual
environments where fast computation is necessary.

Keywords
Muscle, Skinning, Character Animation, Real-Time, GPU

1 INTRODUCTION
While the rendering of static scenes can now be so re-
alistic that it is very often difficult to distinguish vir-
tual images from real photographs, the same isn’t true
for animation, especially for characters. Despite the
tremendous progress that has been made, anybody can
tell the difference between a video of a real person
in movement and a 3D character animation. This is
because a character is a complex object composed of
many different parts in interaction and a character is
familiar to human beings which leaves little room for
inaccuracy.

It is common practice to decompose the animation of a
character into two problems: the animation of the skele-
ton and the animation of what’s around it. In this paper,
we address the second one. By describing the individ-
ual layers composing an object rather than just its sur-
face, we believe that it is possible to generate more ac-
curate deformations of the outside skin layer.

Permission to make digital or hard copies of all or part of
this work for personal or classroom use is granted without
fee provided that copies are not made or distributed for profit
or commercial advantage and that copies bear this notice and
the full citation on the first page. To copy otherwise, or re-
publish, to post on servers or to redistribute to lists, requires
prior specific permission and/or a fee.

Figure 1: Various muscle shapes generated with our
Maya plugin. From left to right: original template
shape; non-linear sweeping spline; flat muscle; arbi-
trary muscles. The white line shows the position of the
muscle belly center C.

Anatomically based models have first been intro-
duced to Computer Graphics in 1992 by Chen and
Zeltzer [Che92a] who modeled an accurate frog’s
muscle using finite elements. Subsequent simpler
models have then been used with the sole goal of
enhancing 3D characters’ skin deformation through the
animation of individual muscles. In contrary to what
happens in real life, they deform as a response to bone
deformation and their only purpose is to obtain visually
more appealing deformations. Although that approach
has been used for movie production (Shrek, Lord of
the Rings [Gra]) and is included in recent versions of
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Autodesk Maya Software [May13a] it has remained
computationally too expensive and too difficult to set
up for a wider use including video games or virtual
environments. We propose a new muscle model that
addresses both problems.

We do not intend to model dynamic effects or wrinkles
that can be added as additional layers [Cap02a, Lar04a].
We do however provide a tension parameter that may
be used to control a soft tissues dynamics simulation
such as [Jam02a, Lar05a]. These additional layers are
outside the scope of this paper that aims at presenting
the muscle model and it’s GPU implementation.

Our muscle model is defined by a few parameters
that allow artists to express complicated shapes (see
figure 1). Although it is best suited for fusiform and
multipennate (broad origins and insertions) muscle
shapes, multi-belly muscles such as the pectoralis
mayor or the trapezius can be generated by grouping
several fusiform shapes like in [Sch97a].

Animating muscle deformation as a response to bone
movement has the advantage that it resembles the way
artists work, but this implies that skin deformation due
to the tension of the underlying muscles is not taken
into account. To overcome this problem, we intro-
duce a muscle tension parameter allowing the muscle
to change the shape of its cross-section while preserv-
ing its overall volume. In addition, we achieve a slid-
ing behavior of the skin over the muscles by restrict-
ing the displacement of each skin vertex to directions
perpendicular to the muscles’ fibers which visually im-
proves the results obtained by previous geometric mod-
els where the skin vertices were rigidly attached to the
muscles primitives.

To address the challenges of accurately animating
anatomically based character models in real-time, we
introduce (1) a new parametric fusiform muscle model
capable of both isometric and isotonic contraction
that preserves its overall volume (section 3), (2) a
new geometric algorithm for skin deformation that
achieves skin sliding behavior without the high cost of
a physically based simulation (section 4), and (3) a
GPU implementation of our model including normal
correction that is suitable for use in video games
(section 5). We achieve frame rates of 25 Hz on a dual
core 3.0 GHz Pentium 4 PC equipped with a GeForce
8800 GTX graphics board for 25 instances of a mesh
composed of 82000 triangles and 56 muscles, which
represents a computational overhead of 20 − 25%
compared to a smooth skinning only.

2 RELATED WORK
The modeling and animation of individual muscles has
been an extensive topic of research for a few decades.
For a comprehensive state-of-the-art, the reader may re-
fer to [Lee12a].

Previous work range from anatomically accurate
models to models only vaguely faithful to the real
anatomy. On the one hand, we find the muscle
models that serve as a mean to move the bones of the
skeleton. Because they are difficult to control in their
actual state, those models are still marginal although
they continue to receive some attention [Lee06a]. A
complete biomechanical model of the upper body can
be found in [Lee09a]. On the other hand, we find
techniques that try to mimic some muscle deformation
of the skin although either no individual muscle is de-
fined [Wan02a, Moh03a, Cap07a] or the muscles do not
correspond to real ones [Pra05a]. The skinning based
techniques give nice results provided the user designs
accurate input shapes [Wan02a]. However, with only
anisotropic scaling [Cha89a, Wan02a, Moh03a] along
X, Y and Z-axis, it is very difficult to obtain realistic
muscle deformations. [Wan07a, Web07a, San08a]
present data driven techniques for synthesizing skin
deformations from skeletal motion. While the results
produced are definitely more accurate, those techniques
require a set of examples and thus cannot be applied to
characters that need exaggerated deformations or for
movements the actor did not perform or the animator
did not create.

The alternative is to define individual muscles that serve
as a mean to deform the outer skin layer but do not con-
trol the bones and the skeleton movement like in reality.
Our work fits into this paradigm. In 1997, Wilhelms
and Scheepers et al. [Wil97a, Sch97a] both proposed a
first generic muscle model based on ellipsoids. While
the results were visually appealing at that time, there
were several limitations to the model. Firstly, the shape
of the muscle belly and of the tendons was constrained
to elliptical ones which made it hard to cover all of the
body muscles, and even the biceps and triceps of the
arm could not be correctly approximated. Subsequent
parametric models [Wil97b, Lee07a] tried to solve the
setup problem. Parametric muscles that have been de-
signed for one character are easy to re-use onto another
character as only a few scalings need to be done. Our
muscle model is also based on the idea that only a small
set of parameters is sufficient to create a wide variety of
shapes. Moreover, unlike [Lee07a], our parameteriza-
tion is suitable for a GPU implementation.

More recently, physically based models of muscles
have been investigated. Whether they are based
on mass-spring systems [Ned00a, Aub00a], finite
elements methods [Zhu98a] or finite volume meth-
ods [Ter03a, Ter05a] they are difficult to set up and
several orders of magnitude slower than the model we
propose. In addition, the muscle shape is defined by
either a polygonal mesh or a volumetric decomposition
in tetrahedra which is totally unsuitable for the modern
GPU pipelines.

Journal of WSCG

Volume 21, 2013 108 ISSN 1213-6972



To deform the skin and obtain a sliding effect of the skin
over the muscles, [Wil97b] uses masses and springs to
model the skin as well as to anchor the skin to the under-
lying muscles and bones. While this gives pleasing re-
sults, this step is very heavy in terms of setup (stiffness
and damping coefficients) and computation. Turner et
al. [Tur93a] use a physically based simulation of elas-
ticity to deform an elastic skin. We avoid the heavy
cost of a physically based simulation by proposing a
new geometric algorithm to displace the vertices of the
skin as a response to the muscles deformation, which al-
lows sliding effects. This is an improvement compared
to other geometric models where the skin is rigidly an-
chored to underlying components [Wil97b, Lee07a].

3 OUR MUSCLE MODEL
Similar to previous models [Wil97b, Ned00a, Aub00a,
Lee07a], we make the assumption that the force exerted
by the muscle follows a fictive action line A(t) that lies
on the main axis of the muscle shape. This action line is
anchored to the bones at the origin and insertion points,
thus elongating and shortening as the skeleton moves.
The muscle belly is attached through deformable ten-
dons at both ends.
Overview The general shape of our muscle model is a
modified generalized cylinder defined by the sweep of
a thickness curve CT (t) along a sweeping curve CS(t).
CS(t) is a three-dimensional spline representing the pro-
file of the muscle. It is defined by two 3D points: the
origin O and insertion I. CT (t) is a one-dimensional
function representing the muscle’s thickness as a func-
tion of t. The muscle’s cross-section at t is thus de-
fined as an ellipse placed along CS(t) whose thickness
is given by CT (t) and a scaling factor sf. sf is applied in
a user-chosen direction

−→
Sd perpendicular to the action

line. This scaling is only applied to the sections, not to
the spline curves. See figure 2 for a sketch.
To avoid intersections between sections and to simplify
the volume conservation computation detailed in sec-
tion 3.2.1, the sections do not follow the curvature of
CS(t) but are always perpendicular to the action line
A(t).
Modeling We have implemented a Maya plugin that
allows the user to modify the curves control points, the
scaling factor sf as well as the scaling direction

−→
Sd. As

we will see in section 3.1, the control points are con-
strained and cannot be freely moved, which reduces the
number of variables to control. In addition, the muscle
belly center C can be displaced along the segment OI.
It is thus possible to obtain a wide variety of asymmet-
rical shapes. See figure 1 for examples.

3.1 Shape Computation
CS(t) and CT (t) Bézier curves defining the muscle
shape are each composed of two cubic spline segments

Figure 2: Top: thickness curve CT (t) ; center: sweep-
ing curve CS(t) ; bottom: muscle’s longitudinal section
resulting from the sweeping of CT (t) along CS(t) with
CS(t) represented in dashed line.

CO
S (t̂), CI

S(t̂) and CO
T (t̂), CI

T (t̂) respectively called origin
and insertion segments, joined with G 1 continuity.
Mapping between t and t̂ is explained later. CT (t) is a
piecewise one-dimensional function which represents
the varying thickness of the muscle at a parametric
point t ∈ [0,1] along CS(t).
Each Bézier cubic spline segment is defined by four
control points p j, j ∈ [0,3] and the cubic Bernstein
polynomials B3

j(t̂) by:

C(t̂) = ∑
3
j=0 p jB3

j(t̂)
= (1− t̂)3p0 +3t̂(1− t̂)2p1+

3t̂2(1− t̂)p2 + t̂3p3

(1)

Henceforward we will write pO
0−3 and pI

0−3 the four
control points of the origin and insertion spline seg-
ments respectively, regardless of their dimension.
G 1 continuity is obtained by merging pO

3 and pI
0 and

aligning pO
2 , pO

3 and pI
1 in the cubic spline segments for

both the thickness and the sweeping curves (see figure
2). pO

0 , pO
1 , pI

2 and pI
3 can take any arbitrary values

chosen by the user.
The action line A(t) defined by the origin O and the
insertion I of the muscle can be expressed by the fol-
lowing parametric equation:

A(t) = O+ t(I−O) t ∈ [0,1] (2)

Let
−→
S be the unit vector perpendicular to both

−→
Sd and

A(t):

−→
S =

−→
OI×

−→
Sd

‖
−→
OI×

−→
Sd‖

(3)
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The orthogonal basis B = {
−→
S ;
−→
Sd;
−→
OI} defines the sec-

tion space. Each of CS(t) control points, pO
S,0−3 and

pI
S,0−3, can be defined in section space by projecting

them onto B orthogonal vectors.

Efficient skin vertices displacement as a response to
muscles deformation such as described in section 4.2
relies on having a direct mapping of the parametric
space of the action line onto the parametric space of the
spline segments. This is simply obtained by making lo-
cal Bézier parameter t̂ linearly dependent on t. Thanks
to the linear precision property of the Bézier spline, uni-
formly distributed control points on a straight line pro-
duce that straight line:

n

∑
j=0

j
n

Bn
j(t) = t (4)

In our case n = 3. The control points pO
S,0−3 on CO

S (t)

are spaced by ‖
−→
OC‖/3 along its t coordinate and the

control points pI
S,0−3 on CI

S(t) are spaced by ‖
−→
CI‖/3. In

section space,
−→
OI coordinate is t, so pO

S,0−3 and pI
S,0−3

positions can be expressed with only two coordinates
plus t.

Let C = A(tc) be the muscle belly center such as tc =
‖
−→
OC‖/‖

−→
OI‖. The local t̂ is obtained by:

t̂ =

{
t/tc if t <= tc,
(t− tc)/(1− tc) if t > tc.

(5)

and used in CO
S (t̂), CO

T (t̂) and CI
S(t̂), CI

T (t̂) respectively
to define the shape of the muscle as a function of t along
the action line.

3.2 Muscle Deformation
Muscle is an incompressible, anisotropic, hyper-elastic
material that undergoes two types of contractions: iso-
tonic and isometric. In both cases, the overall volume
of the muscle remains roughly constant [Wil97b].

In the case of an isotonic contraction, the bones move
but the tension of the muscle remains constant. The
change in shape is thus only due to the shorten-
ing/elongation of the muscle. If it shortens, the belly of
the muscle bulges. It decreases in the other case. The
action line, anchored to the bones at O and I, changes
length as the skeleton moves. In order to preserve the
volume of the muscle, we recompute the new belly
thickness while keeping tendons thicknesses constant.
This is detailed in section 3.2.1.

In the case of an isometric contraction, the bones do not
move and the muscle length doesn’t change. However,
the shape of the muscle is modified. When the tension
increases, the muscle bulges in one direction while nar-
rowing in the perpendicular dimension. Tendons also

bulge in the same direction and become more visible.
The muscle and the tendons all relax to the rest state
when the tension decreases. Again, the overall vol-
ume of the muscle remains constant. This is achieved
through a tension parameter tension that allows the
muscle to scale in the direction

−→
Sd chosen by the artist.

The inverse of that scale is applied in the perpendicular
direction

−→
S . This is detailed in section 3.2.2.

In real life, both types of contraction happen at the same
time. First, the tension of the muscle increases. When
it reaches a certain threshold, the bones start moving
while the tension decreases until the bones reach the
new position. By moving the bones and varying the
tension parameter of our model, it is possible to achieve
this natural behavior.

3.2.1 Volume Preservation
As muscle sections are parallel to each other along the
sweeping curve, two consecutive sections form the el-
liptic bases of an oblique truncated cone of height the
distance between the two sections. The volume of the
muscle is thus equal to the sum of an infinite number of
such cones of infinitely small height. The volume of an
oblique truncated cone is the same as the one of a right
cone, therefore we can compute the volume as if CS(t)
were straight and equal to A(t).
Cone volume computation is costly and we have found
that a very coarse discretization of the muscle’s volume
in only two truncated elliptic cones was a good and very
stable approximation (see figure 3). Indeed, it is more
important to keep the differential volume error low be-
tween the different muscle states (elongated, rest, com-
pressed) rather than having an exact volume. For the
muscles we used in our demos, we have measured an er-
ror of 10% in average with respect to the exact volume
computation but only a 1% error deviation between ex-
treme muscle states (150% elongated, 50% shortened).
This means that the volume remains constant with an
error of only 1%, which is negligible.
Let (aX ,bX ) be the axes of the three ellipses defining
the two cones at the origin O, center C, and insertion I
points. The aX axes are aligned with the scaling direc-
tion
−→
Sd and their length is aX . bX axes are perpendic-

ular to the aX ones and their lengths bX are defined as
bO = pO

T,0, bC = pO
T,3 = pI

T,O and bI = pI
T,3. The ratios

aX/bX = sf.
The total volume of the muscle is computed by equa-
tion (6) which, divided by sf, results in equation (7).

V = ‖
−→
OC‖π

(
2aCbC+aCbO+aObC+2aObO

6

)
+ ‖

−→
CI‖π

(
2aCbC+aCbI+aIbC+2aIbI

6

) (6)

V = πsf
3 (‖
−→
OC‖(bC

2 +bO
2 +bCbO)

+ ‖
−→
CI‖(bC

2 +bI
2 +bCbI))

(7)
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The initial volume is computed at rest state. To keep
a constant volume as well as a constant thickness for
the tendons (desired feature for muscles deforming un-
der isotonic contraction), bC needs to be recomputed at
each timestep. From (7), we obtain a quadratic equation
AbC

2 +BbC +C = 0 with:

A = ‖
−→
OI‖

B = ‖
−→
OC‖bO +‖

−→
CI‖bI

C = ‖
−→
OC‖bO

2 +‖
−→
CI‖bI

2− 3Vinitial
πsf

(8)

It can be solved by taking its positive solution bC
′ =

−B+
√

δ

2A with δ = B2−4AC.

As mentioned in section 3.1, to keep the belly shape
continuous, pO

T,2, pO
T,3 and pI

T,1 must be kept collinear
as bC changes and the slope of segment pO

T,2pI
T,1 must

also be kept constant.

CO I

bC

bO bI

aC

aO aI Sd

Figure 3: The volume of the muscle is approximated by
the volume of two elliptic cones defined by (O,aO,bO),
(C,aC,bC) and (C,aC,bC), (I,aI ,bI).

3.2.2 Tension Parameter

From equation (7) it is straightforward that to maintain
a constant volume, the scaling factor sf should be kept
constant. As sf = aX/bX , this can be achieved by mul-
tiplying axes lengths aX by tension while dividing axes
lengths bX by the same amount at the origin, center and
insertion points.

The new axes lengths ãX and b̃X when the muscle is
under isometric contraction can thus be expressed as
follows:

ãX = aX ∗ tension
b̃X = bX/tension (9)

Figure 4 shows a muscle in isometric contraction for
different values of the tension parameter. At rest state
(left), tension = 1. The muscle is under tension for
tension > 1, and, for increasing values of tension, the
muscle bulge is more noticeable (middle and right).

At any time during animation, both types of contraction
are involved. The volume of the muscle is preserved by
first applying equation (7) that accounts for changes in
length of the action line, then equation (9) that takes the
strain into account.

Figure 4: Varying tension parameter. From left to right:
tension = 1, tension = 1.15 and tension = 1.3.

4 SKIN DEFORMATION & RENDER-
ING

The skin/clothes layer is the only visible layer on a
character. The muscles serve as an underlying tool to
help deform the skin in a more accurate way. We use
a two-steps approach. First, the skin layer is modi-
fied using a linear blend skinning as a response to the
skeleton’s movement. Note that other skinning tech-
niques [Kav05a, Kav07a, Kav08a] can be used. The
skin layer is subsequently deformed as a response to
the muscles deformation by applying a displacement to
each influenced vertex. We perform this step on the
GPU.

The way a muscle deforms the surrounding skin is cru-
cial to obtain good results. As the relationship between
the skin and the muscle can be very different depend-
ing on the part of the body affected, we introduce a
weighted deformation scheme as well as a fat layer that
allow the animator to adjust the skin deformation. The
fat layer is in charge of keeping a distance between the
skin and the underlying muscle and more or less attenu-
ates the deformation due to the muscle bulging depend-
ing on the chosen weighting system (section 4.1).

To achieve a skin sliding behavior over the muscles, we
propose a vector oriented vertices displacement (sec-
tion 4.2).

4.1 Muscle Influence
A skin vertex is influenced by a muscle if it lies in its
neighborhood. This influence together with an associ-
ated weight are evaluated at the bind pose. In exist-
ing commercial programs or muscle-dedicated plugins
the user paints the vertices influences by hand for each
muscle. We provide an automatic way to assign nor-
malized weights varying from 0 to 1 to skin vertices, a
weight of 0 meaning no influence at all, and 1 meaning
full muscle influence.

The influence computation is achieved by projecting
perpendicularly each vertex of the concerned limb Vi
onto the action line A(t) of each muscle. If the projec-
tion point lies outside OI, then this particular vertex is
not influenced by the muscle. In the other case the mus-
cle’s influence depends on a neighborhood template as-
signed by the user.
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We provide three neighborhood templates:

Radial template: all of the vertices that lie within a
given distance from the action line are influenced.

Half-space template: all of the vertices that lie on the
upper side of the plane defined by the action line and
having

−→
Sd as a normal are influenced.

Fitted template: similar to the half-space template
but with the additional restriction that the ray (Vi,−

−→
Sd)

must intersect the muscle shape for the vertex Vi to be
influenced.

The user chooses a template depending on how he
wishes the skin to be influenced by the muscle. Exam-
ples of the three templates are shown on figure 5, top
row, for a given muscle.

If the vertex Vi is influenced by the muscle, its weight
wi is obtained depending on an automatic weighting
system chosen by the user. We have implemented two
of them:

Binary weighting system: the weight wi of Vi is set
to 1 if the vertex Vi is influenced by the muscle and 0
in the other case.

Spline-based weighting system: the weight is ob-
tained by dividing the muscle thickness CT (t) at Vi by
max(pO

T,2,p
O
T,3,p

I
T,1). We obtain weights wi ∈ [0,1] that

depend on the local thickness of the muscle.

These weighting systems must be used depending on
the expected deformation of the muscle on the skin (see
figure 5, bottom row). The first one is indicated for
very fitted zones with almost no fat, so the tendons can
be seen as well as almost the whole shape of the mus-
cle. Note that the skin deformation is continuous and
smooth because the muscle shape is G 1 continuous and
the skin follows that shape. The second one attenuates
the deformation of the skin with respect to the previ-
ous one, and is indicated for fatty zones were only a
small bulge due to the muscle is expected. The com-
puted weights are also smooth, so the deformation re-
mains continuous.

Figure 5: From left to right: radial influence template,
half-space template, and fitted template. Top row shows
the corresponding binary weights while bottom row
shows the spline-based weights.

4.2 Skin Vertices Displacement
Vector oriented displacement makes the skin slide over
the muscles by preserving a distance between them

without rigidly anchoring the skin vertices to the mus-
cles’ primitives. To explain the deformation technique
we first suppose that there is no fat layer and that all ver-
tices have a weight of 1. It results in the skin being dis-
placed to fit the muscles surfaces. How the fat layer and
weights affect the vertices displacement is explained in
section 4.3.

Let Vi be the current skin vertex we want to displace
onto the muscle’s surface V′i. This vertex is displaced
in
−→
Sd direction defined by the user as the main direction

of bulging.

Figure 6: Skin vertices displacement algorithm: Vi is
displaced in order to lie on the muscle’s surface at V′i.

The algorithm works as follows (see figure 6): we first
compute Pi = CS(ti) as the central point of a muscle
section on CS(t) curve. The muscle’s section on which
we solve the intersection now contains Pi and Vi. Let
CT (ti) be the thickness of the muscle at the point Pi

and
−→
S be the unit vector perpendicular to both the ac-

tion line A(t) and the displacement vector
−→
Sd (see equa-

tion (3)).

The point Qi is defined as the projection of Vi onto
−→
S .

The distance from Pi to Qi can simply be expressed as
a =
−−→
PiVi ·

−→
S . Because a and b (see figure 6) form a

right triangle, the new position of vertex Vi is given by
the two following equations:

b =
√

CT (tc)2−a2 (10)

V′i = Qi +
−→
Sd b (11)

At this point we have found V′i for a circular muscle
section. To make the algorithm work with elliptical sec-
tions we only have to multiply b by sf and tension.

V′i = Qi +
−→
Sd ·b · sf · tension (12)

4.3 Fat Layer and Weighted Deformation
We have introduced vertex weights wi ∈ [0,1] in sec-
tion 4.1 to attenuate the effect of muscles on the de-
formation of the skin. In the case where no fat layer
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exists, those weights directly influence the vertex dis-
placement ||

−−−→
ViV′i||. The new vertex position V′′i is thus

given by:

V′′i = Vi +
−−→
ViV′i wi (13)

However, muscles can deform the skin through a fat
layer. Our implementation of the fat layer consists in
calculating a distance Lfat between the muscle and the
skin at bind pose and keeping it constant during anima-
tion. To keep distance consistency Lfat must measure
vector oriented distance to the muscle.

In that case, the weights wi are applied to the fat layer
offset Lfat and the new vertex position V′′i is given by:

V′′i = Vi +

−−→
ViV′i
||
−−→
ViV′i||

(||
−−→
ViV′i||+Lfat wi) (14)

4.4 Normal Correction
Visual appearance of 3D characters is dramatically im-
proved by using several textures for diffuse lighting,
bump mapping, and specular mapping. To apply those
algorithms, it is necessary to have the normal and bi-
normal vectors for each mesh vertex. When a muscle
displaces a vertex Vi into a new position, the normal−→
Ni obtained from the previously applied bone skinning
technique must be recomputed (see figure 7).

Figure 7: Left: displaced wireframe mesh; center: same
mesh with texture applied but no normal correction;
right: same mesh with texture and normal correction.

As the normals of the muscle shape can’t be directly
mapped to the skin due to the fat layer and influence
weighting, the ideal solution is to recompute the skin
normals from vertex adjacency data. Current GPUs
only have edge adjacency available at the input of the
pipeline, so we have used a pre-calculated buffer that
contains the adjacency information for each vertex.

The character deformation is divided into two passes:
the first pass computes the mesh deformation due to the
skinning and the muscles; and the second pass renor-
malizes the normals by looking up in the adjacency
buffer and computing regular per vertex normals. We
need to recalculate the normals for the entire mesh
as skeleton subspace transformed normals are different
(see figure 8).

Figure 8: Arm example without muscles. Left: skele-
ton subspace normals calculation for the whole mesh;
center: a discontinuity can be seen when using differ-
ent normal calculation algorithms; right: normal calcu-
lation mask used in the central picture: in black, GPU
skeleton subspace normals calculation; in grey, renor-
malization by computing normals per vertex.

5 GPU IMPLEMENTATION AND RE-
SULTS

We have implemented the vertices displacements due to
muscle deformation on a vertex program on the GPU.
Two key points make our implementation run in real-
time: the use of a parametric muscle model that needs
to send little data to the GPU per frame, and the dis-
cretization of the Bézier spline basis to avoid high com-
putational cost.

5.1 CPU-GPU data transfer
Muscle volume preserving and movement due to the
skeleton animation is calculated on the CPU while the
vertex bone skinning, muscle displacement and normal
correction are computed on the GPU. Table 1 lists the
data sent per animation timestep to the GPU for each
muscle. While some of this data is redundant for reduc-
ing the amount of computation on the GPU, the total
size is of only 10 vectors per muscle per frame.

Type Information Symbol Size
(bytes)

float3 origin O 12
float4 unit side vector

−→
S 16

center point C
float4 action line

−→
OI, 16

and its size ‖
−→
OI‖

float4 unit scale direction,
−→
Sd, 16

scale amount sf
float4 CO

T control points pO
T,0−3 16

float4 CI
T control points pI

T,0−3 16
float4 CO

S control points X pO
S,0−3 16

float4 CO
S control points Y pO

S,0−3 16
float4 CI

S control points X pI
S,0−3 16

float4 CI
S control points Y pI

S,0−3 16
Total Size 152

Table 1: Size, in bytes, of the data sent to the GPU per
muscle, per frame.

CT (t) control points are one-dimensional and can be
stored in 2 vectors. CS(t) three-dimensional control
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points need 6 vectors. By using the linear precision
property (see equation (4)) we can save memory space
by encoding pO

S,0−3 and pI
S,0−3 points in the 2D basis

B = {
−→
S ;
−→
Sd}, the missing dimension is implicitly de-

fined by keeping a constant distance between pO
S,0−3 and

pI
S,0−3 as described in section 3.1. The B basis is very

efficient as the majority of GPU calculations are done
in section space.

Data containing the index of the muscle influencing
each vertex and the associated fat offsets Lfat is sent
to the GPU only once with the rest of per-vertex data.

5.2 Bézier Spline Basis Discretization
To speed-up the computation of C(t̂) (see equation (1)),
we store the basis functions of the spline on the GPU in
an array of size n. We discretize the basis for n values
ti of t̂ and we store the results in [1× 4] vectors of the
form:

[B3
0(ti),B3

1(ti),B3
2(ti),B3

3(ti)] (15)

In practice, we have found n = 100 and ti = 1/n to pro-
duce smooth deformations. Increasing the discretiza-
tion only increases the buffer’s size but has no influence
on the computation time and doesn’t visually improve
the results.

During animation, the projection of each vertex Vi onto
the action line A(t) gives the value of t for this vertex.
We obtain t̂ from equation (5). The thickness at t̂ is the
result of the dot product of the closest ti spline basis
vector we have previously stored with vector pO

T,0−3 if
t <= tc and pI

T,0−3 otherwise. CS(t) in B basis is com-
puted in a similar way for each of the two dimensions.

Having CT (t) and CS(t) we compute V′i by applying
equation (12). The final skin deformation is calculated
with equation (13) or (14). All these computations are
performed on the GPU.

5.3 Results
All of the timings and animations presented in this sec-
tion have been computed on a dual core 3.0 GHz Pen-
tium 4 PC equipped with a GeForce 8800 GTX graphics
board under Windows Vista using the DirectX 10 API.

5.3.1 Male Gymnast
We have tested our algorithm on a male gymnast walk-
ing and jumping. The model is composed of 82000
triangles. We have attached 56 muscles to the arms,
legs, chest and neck of the character (see figure 9). It
took about a day for a non-skilled animator to shape the
muscles, attach them to the bones and choose appro-
priate skin influence templates. Note that the number
of triangles greatly exceeds the one of standard meshes
used in regular video games. This is due to the fact that

higher resolution meshes are needed to correctly appre-
ciate the muscles’ influences. We obtain real-time for
as many as 25 characters, which corresponds to a total
of 1400 muscles animated using both isometric and iso-
tonic contractions. We observe a loss of 20−25% in the
frame rate due to the use of muscles (17 fps) compared
to the use of a linear blend skinning only (26 fps).

Figure 9: From left to right: male gymnast model com-
posed of 82K polygons and 56 muscles (setup time
about 8 hours); 2 frames from the GPU real-time an-
imation.

5.3.2 Dinosaur Leg

We have also tested our algorithm on a simple dinosaur
leg. The model is composed of 7800 triangles to which
we have added 4 muscles (see figure 10).

Figure 10: Two frames of the dinosaur leg animation.
From left to right: design of 4 muscles under Maya
(setup time about 20 min); Animation on GPU without
muscles; Animation on GPU with muscles.
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5.3.3 Crowd Animation
Finally, we have tested our GPU algorithm on wider
crowds (see figure 11). Up to 200 instances for a total
of 11200 muscles could be animated in interactive time.
Note that no GPU instancing technique was used.

Figure 11: Crowd animation of 100 instances of the
male character which corresponds to 5600 muscles to-
tal. Frame rate is 4.3 fps mainly limited by the high
number of polygons: 8.2 millions.

Table 2 shows the frame rates obtained for different
numbers of instances used for the man and dinosaur leg
models.

Mesh # Total # Fps
of Instances of Muscles

Man (82K tri.) 20 1120 21
Man (82K tri.) 25 1400 17
Man (82K tri.) 50 2800 9
Man (82K tri.) 100 5600 4.3
Man (82K tri.) 200 14000 2.1
Leg (8K tri.) 100 300 32
Leg (8K tri.) 200 600 16
Leg (8K tri.) 400 1200 3.5

Table 2: Frames per second per animation for both
models and a number of instances varying from 20 to
400.

6 CONCLUSION AND FUTURE
WORK

We have presented a new parametric muscle model suit-
able for real-time character animation as well as a new
skin vertices displacement algorithm as a fast alterna-
tive to physically based simulation of elasticity. Our
model is suitable for both procedural animation and
GPU animation. The user is provided with 2 spline
curves that allow them to design a wide range of pos-
sible muscles shapes. We have thus reached our goals
of accuracy, efficiency and user’s usability. Compared

to previous muscles models, our model is complete in
the sense that all kinds of skeletal muscles can be gen-
erated (fusiform and flat); the skin layer is not rigidly
attached to the muscles but slides over them without re-
quiring the heavy cost of a physically based simulation;
both isometric and isotonic contractions can be simu-
lated thanks to our tension parameter; when deform-
ing, the muscle preserves its volume; we offer a normal
correction; our algorithm is suitable for Graphics Hard-
ware.

Currently, there are two limitations to our work. The
first one is that there is no muscle-muscle or muscle-
bone interaction. While it may seem incorrect from an
anatomical point of view, it may easily be overcome by
the fact that the anchor points of our muscles do not
need to be onto the bone. It is thus possible to keep
the anchor points, hence the action line, from a certain
distance to a bone or a muscle, which acts as if there
were interactions. The important muscles to be mod-
eled are the ones on the surface because they influence
the outside appearance of the skin.

The second shortcoming is the modeling time. While
adding muscles following an anatomy book is achiev-
able by most users, it still takes some time to shape
the muscles. One of our future work is to use medical
data [Ter05a] to compute the initial shape of our mus-
cles and provide retargetting, especially for characters
of the same species.

In addition, we plan on combining our model with a
model for dynamics of soft tissues whose behavior will
be controlled though our tension parameter (when mus-
cles are tense, the surrounding tissues jiggle less and
vice-versa). We believe it should not be directly part of
the muscle model because dynamics is not only due to
the muscles, but also to fatty tissues. Last but not least,
we would like to address the problem of automatically
computing the tension of all of the muscles of a charac-
ter given its animation through inverse dynamics.

7 REFERENCES
[Aub00a] A. Aubel and D. Thalmann. Realistic defor-

mation of human body shapes. In Proceedings of
Computer Animation and Simulation 2000, pages
125–135.

[Cap02a] S. Capell, S. Green, B. Curless, T. Duchamp,
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Left: Natural lakes form on uneven terrain. Center, right: Examples of bodies blocking flow.

ABSTRACT
Water is an important part of nature. Interactively simulating large areas of flowing water would be a welcome
addition to many virtual worlds, but the simulation is computationally demanding. Another problem is combining
the simulation with rigid bodies, which are the most common interaction solution in virtual worlds. Heightfield
water simulation is fast, but is especially hard to couple with rigid bodies: Usually water simply flows through
the bodies. We propose a method that generalizes the extremely fast virtual pipe method to handle large, dynamic
bodies. Our method diverts water around the objects. This enables us, for example, to dynamically build and
destroy dams on rivers in a large virtual world.

Keywords
computer animation, games, rigid bodies, virtual worlds, water simulation

1 INTRODUCTION

Water is a fascinating element because it exhibits such
complex behaviour. It is also always present in many
forms in our daily lives. In video games and other real-
time virtual worlds, rivers, lakes, and oceans are often
implemented as static geometry with a variety of pro-
cedural techniques to improve the visual quality. As
hardware improves, the trend is towards large and inter-
active worlds, where everything is allowed to change.
The traditional approach is not always versatile enough
in these situations. In many applications, the water flow
will need to be simulated to see how streams behave and
where lakes form.

There are several approaches to water simulation. Full
3D engineering methods can be extremely accurate and
can capture the complex behavior of water down to the
smallest detail. However, they are also extremely tax-
ing on computational resources and often very complex.
Unfortunately, they rarely run in real-time unless the
simulation resolution is very small.

Luckily, virtual environments often only need to be
convincing instead of realistic. Many of the details can
be filled in using visual tricks. On the other hand, real-
time performance is needed, and often even more, be-
cause the limited computational resources need to be
split between several competing subsystems. Besides
just the near-photorealistic graphics with a plethora of
effects, also artificial intelligence and other such tasks
need their share. If a water simulation system is to be-
come popular in these applications, it needs to run in
real-time with only a few percent of the available re-
sources and be extremely easy to adopt.

There are many ways to simplify the traditional meth-
ods. One of the most common is to resort to height-
fields, which reduce the number of cells needed from
O(n3) to O(n2), wheren is the number of cells per di-
mension (which determines the resolution). This means
that even if hardware and algorithms progress to a
point where full 3D large-scale simulation is viable in
real time, heightfield methods will be able to simulate
even larger areas (or with better resolution, whichever
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is needed). Heightfield methods are unable to repre-
sent many interesting water phenomena, such as wa-
terfalls or splashes. However, some of the shortcom-
ings can be compensated by adding a particle sys-
tem [OH95, HW04, CM10].

Our motivation is that, in our experience, even the sim-
plest methods seem to be too much of a burden on re-
sources for large-scale adoption, but the lack of realism
does not pose such a problem. Therefore, we have cho-
sen to build on the simplest possible model, based on
virtual pipes.

The dynamics of virtual worlds is nowadays routinely
based on off-the-shelf physics engines, which typically
simulate rigid bodies. The bodies should naturally also
interact with any simulated water that is present in the
scene. The two simulations need to be coupled in two
ways: Water affects the bodies via buoyancy, advection,
and drag. On the other hand, the bodies affect the water,
since water cannot enter them. This gives rise to waves
and redirects the flow around the bodies.

Heightfield water simulation methods often implement
an uneven terrain as another heightfield. Interaction
with the terrain is well-established and easily imple-
mented in many methods [MDH07, TMFSG07, CM10,
Kel12]. However, two-way coupling with general, dy-
namic rigid bodies is more difficult. Water effects on
objects are often easily handled, but object-to-water
coupling causes problems. In all implementations we
have seen, water enters the bodies and flows through
them. Usually loosely physically based waves are gen-
erated around the object. This approach works when
a small object is floating on a calm water surface, but
makes no sense if the objects are large or the water
flow is very dynamic (imagine floodwater from a dam
break).

We present a novel coupling method that redirects the
flow to avoid obstacles naturally. Water never enters the
bodies. The method enables, e.g., building dams out of
dynamic bodies. We focus on interaction with large and
heavy objects that can block the flow. Therefore, we
currently only implement the object to water coupling.
That is, the objects do not float and are not pushed by
the water. We do have plans to extend the model to
cover these effects.

There is no perfect solution for the coupling, if the wa-
ter is represented as a single heightfield. The objects
may divide the water to arbitrarily many layers in the
vertical direction and cause air pockets. We chose to
simplify the situation by assuming that the bodies occu-
pying each cell are vertically continuous and that there
are no air pockets below the water surface. We ignore
bodies that are above the water and do therefore not in-
teract with it.

Our method is a generalization of the fast virtual pipe
method, and runs easily in real-time for large grids us-
ing parallel computation enabled by the modern GPUs.

This paper is structured as follows. Section 2 recaps
the relevant previous literature. The pipe method is de-
scribed in Section 3. Our novel coupling algorithm is
presented in Section 4. Section 5 evaluates the present
work and establishes directions for future work.

2 RELATED WORK
In real-time animation, more or less procedural meth-
ods are often used to create waves on water. Examples
of these methods are those based on the Fourier Trans-
formation [Tes99]. These methods often create visually
spectacular results for very large areas. However, they
are mostly limited to visual effects on static areas of
water. Dynamic flow over uneven terrain or rich inter-
action with moving rigid bodies does not fit naturally to
these approaches.

Fluid simulation, on the other hand, has long traditions
in the engineering discipline and is most often based
on solving theNavier–Stokes equations(NSE) numeri-
cally. While this approach yields realistic results, such
methods are very computation-intensive. These solvers
can be divided into two categories. Eulerian methods
subdivide the domain into a grid where the fluid prop-
erties are observed. Lagrangian methods track discrete
particles as they are advected along the flow.

Since the full 3D methods are out of scope for
this work, we refer the interested reader to Brid-
son [BMF07] on Eulerian methods and Solenthaler and
Pajarola [SP09] on Lagrangian methods.

One hybrid method that is relevant to us is the tall-cell
method, where a 3D simulation is employed near the
surface, but a 2D simulation is used for deeper parts.
An impressive recent example using an adaptive grid is
presented in [CM11]. We especially find this method
very promising for the future, since it only needsO(n2)
cells just as heightfields, but still has many of the ad-
vantages of full 3D methods. However, the algorithms
are very complex and the performance is still orders of
magnitude slower than some of the 2D methods for a
given horizontal resolution [Kel12].

2.1 Heightfield Methods
Almost all practical solutions still resort to heightfields,
and the rest of this paper concentrates on those. They
are naturally suited for large masses of water, such as
rivers and oceans, where most of the water is relatively
calm, since only the water surface is simulated.

Additional requirements for a heightfield water simula-
tion method are dynamic free surfaces and interaction
with a heightfield terrain. Free surfaces are needed if

Journal of WSCG

Volume 21, 2013 118 ISSN 1213-6972



the part of the domain that is occupied by water is al-
lowed to change. Heightfield terrains are widely used
in applications and allow for much more interesting sit-
uations than mere open-water simulations.

TheShallow Water Equations(SWE) are a simplifica-
tion of the NSE, and can be solved to create a fast,
yet realistic heightfield water simulation [LvdP02]. Re-
cently, Chentanez and Müller added breaking waves
and made many other improvements, yielding a fast
method suitable for large areas [CM10].

An approach based on wave particles was proposed
in [YHK07], and some researchers use Lattice Boltz-
mann methods [LWK03, GCTW10]. Both of these
methods are well suited for open waters, but to our
knowledge, have not been extended to cope with un-
even terrain and dynamic free surfaces.

The simplest heightfield method is based on modeling
virtual pipesbetween columns. This method was pio-
neered by Kass and Miller [KM90], who simplified the
SWE further to reach the 2D wave equation on the wa-
ter surface. They already note that the results are not
realistic enough for engineering, but are promising for
visualization purposes. O’Brien and Hodgins [OH95]
extended the method by adding particles to overcome
the limits of heightfields and used an intuitively simple
virtual pipe formulation, which we adopt in this paper.

The model has then been developed further. Mould and
Yang [MY97] added a heightfield terrain below the wa-
ter and generalized the pipe model to consist of several
layers per column, which adds realism by removing the
assumption of vertical isotropy. Holmberg and Wün-
sche [HW04] combined the model with particles to sim-
ulate natural phenomena such as rivers and waterfalls.
Maeset al. [MFC06] implemented the method on the
GPU.

The pipe method is naturally parallel and therefore
straightforward to implement efficiently on the GPU.
The method is extremely fast and simple, yet captures
the main dynamics of water flowing on irregular ter-
rains. The most obvious downside is the lack of vor-
tices, which create much of the interesting behavior of
water. However, even this simple method would be a
huge improvement to many current virtual worlds that
completely lack dynamic water.

Even more interesting scenarios can be simulated if the
heightfield terrain is allowed to be dynamic. All of
these problems have been solved for the pipe method
(e.g. [MDH07]) and SWE (e.g. [CM10]. For an impres-
sive example of these techniques, see the Augmented
Reality Sandbox1. However, since the terrain is still
always a heightfield, even more dynamic situations can
be achieved using generic rigid bodies.

1 http://idav.ucdavis.edu/~okreylos/ResDev/
SARndbox/ (cited March 8, 2013)

2.2 Coupling with Rigid Bodies

There exists a large literature of sophisticated solid-
fluid coupling methods for full 3D methods. See,
e.g., [AIA+12] for a recent solution in the Lagrangian
framework and [RMEF09] for an Eulerian approach.
However, the 3D methods are still rarely real-time, so
they typically aim for much more realistic solutions
than is affordable in our context of large-scale real-time
simulation. Therefore, we concentrate on solutions
applicable to heightfield-based fluids.

The effects of water on rigid bodies are typically easy
to model in all of the heightfield methods and many
publications include some kind of a solution [YHK07,
CM10, OH95, MY97, TMFSG07]. The body-to-water
effect is more difficult, since even a single, convex body
violates the heightfield assumption when submerged. It
is obvious that there can be no physically based solu-
tion without generalising the heightfield somehow, e.g.,
to consist of more than one layer.

Previous solutions concentrate on small, floating ob-
jects or objects that are dropped into the water. Various
methods are used to generate waves. In practically all
methods we are aware of, water is allowed to enter the
bodies. This does solve the problem of objects breaking
the heightfield assumption, but is not believable unless
the object is very small.

O’Brien and Hodgins [OH95] discuss the case of an ob-
ject hitting the surface. A force is estimated so that the
entering mass is situated nearly on the surface. This
causes an external pressure to the water, causing it to
flow to the neighboring columns. The model is physi-
cally based only for an object with no volume. A simi-
lar model is adopted by Mould and Yang [MY97].

Thürey et al. [TMFSG07] recognize the problem of
the previous methods not taking volume into account.
They first mention pushing the water columns down
until overlaps are removed and redistributing the re-
moved water in the neighborhood. As they state, this
method would run into problems if the object is fully
submerged, because the water does not close the gap
above the object.

Thürey et al. citeThurey therefore propose a method
where the volume of displaced water is tracked in each
cell. The change in this volume is distributed to neigh-
boring cells and can be negative, closing up the gaps
caused by submerged objects. This corresponds closely
to our virtual volume described in Section . In their
method, water still enters the volume of the body and
flows through it.

To our knowledge, our approach is the first heightfield-
based method where water does not enter the bodies.
We see this as a compulsory first step towards more
physically based coupling with rigid bodies.
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3 THE PIPE MODEL
Our version of the pipe model is mostly the same as
in Mei et al. [MDH07], but the model is briefly re-
peated here to help the reader. We have made only mi-
nor changes and additions.

The scene is divided to a uniform grid of square cells.
The variables that are tracked at each cell center(x,y)
are terrain heighth(x,y) and depth of waterd(x,y).
We denote the total water level byH(x,y) = h(x,y)+
d(x,y). We will often omit the cell coordinates when-
ever there is no danger of confusion.

Each cell is connected to its four direct neighbors (the
von Neumann neighborhood) by a virtual pipe. Some
versions use the Moore neighborhood, but since we are
aiming for an extremely lightweight method, we do not
find doubling the calculations worth the added quality.

The pipes store current outflowfo(x,y, i), where
i ∈ {L,R,U,D} is the direction from the cell
(x,y). The outflows from a cell form the vector
fo = [ fo(L), fo(R), fo(U), fo(D)].

To update from timet to t + 1, any water from exter-
nal sources is first added to the depth. Then, the new
flow is created by the pressure difference at the heads
of each pipe. The created flow is also proportional to
the cross-section of the pipe, but neither O’Brien and
Hodgins [OH95] or Meiet al [MDH07] explicitly men-
tion how they calculate it: Is it just an assumed constant
or is the geometry of the situation taken into account?

Our solution, inspired by the cross-sections
used in [MY97], is to calculate the height of
the interval I(x,y, i) where the water column
at (x,y) touches air in the directioni, e.g.,
|I(x,y,L)| = max(h(x,y),H(x − 1,y)) − H(x,y).
The result is proportional to the pressure difference,
but takes into account the case where the water level at
the target cell is lower than the terrain at the source. In
addition, we use a constant pipe areaA that can be set
by the user to change water behavior. Now, new flow
is created in proportion to the height of the water–air
interval in all four directions:

f t+1
o (x,y, i) :=max(0,µ f t

o(x,y, i)+

∆t ·A
g|I(x,y, i)|

ℓ
),

(1)

wherei ∈ {L,R,U,D} is the direction,µ is an artificial
friction coefficient as in [MY97],∆t is the time step,A
is the pipe area (constant for all pipes),g is the acceler-
ation due to gravity, andℓ is the pipe length.|I(x,y, i)|
is the interval height as discussed above.

To prevent negative water levels from occurring, a fac-
tor K is calculated in each cell. It is chosen so that scal-
ing by it limits the total outflow to the amount of water
in the cell, as in [MDH07]:

K = min(1,
d

∆t ∑ fo
), (2)

where the sum is over the four elements offo and thus
equals the total outflow.

Finally, the water depth is updated. For this, an in-
flow vector fi(x,y) analogous to the outflow vector is
gathered from the scaled outflows at the corresponding
neighbors. For example,fi(x,y,L) =K(x−1,y) · fo(x−
1,y,R). Now, the final change of depth is calculated
simply as follows:

∆d =
∆t · (∑ fi −K ·∑ fo)

ℓ2 . (3)

The horizontal velocity fieldv(x,y) is needed for visual
effects (and possibly water-to-object coupling in the fu-
ture) and is calculated almost as in [MDH07]. For the
left-right direction

vx =
fi(L)− fo(L)+ fo(R)− fi(R)

2ℓd
. (4)

The calculation is similar for the up-down direction.

We handle the domain boundaries by not running the
simulation on the border cells. The border cell depths
are initialized to zero and never updated. This is not a
realistic solution, but in the pipe method this is enough
to make the borders drain water with little reflection.
Other conditions could be used if needed, but this sim-
ple solution suits our purposes.

To achieve stability, a smaller timestep is required as
ℓ is decreased [MDH07]. With some parameter bal-
ancing, we did not encounter any stability problems
with timesteps up to∆t = 25 ms andℓ = 1 m. See,
e.g., [MDH07] for further discussion.

4 COUPLING WITH RIGID BODIES
We now present our novel coupling method. It is a gen-
eralization of the pipe method described above in the
sense that if no bodies are present, everything reduces
to the basic method.

We aim for a situation where the bodies block flow,
which creates most of the coupling physically. There-
fore, the basic invariant in our model is that water can
never exist inside a rigid body (to the precision of the
simulation grid). We take that this is a necessary as-
sumption for rich and believable water–body interac-
tion, but it has been neglected in the previous height-
field methods.

Our method assumes that each cell is blocked by a
single contiguous vertical interval of bodies,[b−,b+],
whereb− is the lower limit of the interval andb+ the
upper. It is also useful to ignore bodies that are com-
pletely above the water. We assume thatb− = ∞ and
b+ =−∞ if no body is present in a cell.
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Figure 1: The layers in a single cell. Left: no wa-
ter above the object (object is floating if2© is empty).
Right: water above the object. In this case, water level
H is calculated as terrain level + amount of water +
height of body.

The method could be extended to have a number of lay-
ers similarly to what Mould and Yang [MY97] use to
get rid of vertical velocity isotropy. However, the per-
formance cost would probably outweigh the benefits for
most applications. Storing several layers would make it
necessary to store and update multiple depth and flow
values per cell or pipe even in areas without bodies.
Also drawing the result would become more complex.
We therefore stay with a single-layer model.

There are two fundamentally different situations,
which are differentiated by whether there is water
above the blocking body. To simplify the terminology,
we call these ”floating” (no water on the body) and
”submerged”, even if the floating state also includes
situations where the body is not touching the water or
has just hit the surface but is sinking rapidly (which is
always the case in the current version of the method,
since there is no buoyancy yet).

The layers in a single cell are presented in Fig. 1, where
the contents are divided into six disjoint and possibly
empty intervals in the vertical direction. The intervals
are from bottom up:0© terrain, 1© lower water layer,2©
air below body,3© body, 4© upper water layer and5©
air above the body. Terrain continues to−∞ and air to
∞. If no body is present, intervals3©– 5© are empty (so
of the two air layers,2© is chosen to exist).| · | denotes
the height of an interval.

To reduce the storage and processing needs, we make
another assumption. If there is water above a body,
there is no air below it. The body in each cell is al-
ways either completely above the water, touching the
water, or submerged. This means that either2© or 4©
must be empty. This way we only need to store a single
value for the amount of water per cell, and a single flow
value per pipe. More importantly, blocking the water
from entering the body becomes easier. Another ben-
efit is that drawing the water remains simple, since a

a) b) c) cell border

Figure 2: Some situations with multiple bodies. In a),
the upper body is ignored since it does not touch water.
In b), the area between bodies is erroneously blocked
because of our assumption of contiguous blockers in the
vertical direction. In c), two bodies are in neighboring
cells and water should flow between them, but another
assumption blocks this (see 4.3 for discussion).

single heightfield is easy to build. On the other hand,
our method erroneously blocks flow in situations such
as b) in Fig. 2.

We modify the depths described previously so thatd
describes the total amount of water in the cell. Some
of it might be below the bodies and some above (d =
| 1©|+ | 4©|). We generalizeH to mean the water surface
level, taking possible bodies in the cell into account:

H = h+d+

{

0 if h+d ≤ b−,

b+−b− otherwise.
(5)

It is essential to understand that we only storeh andd
directly. The water levelH is calculated when needed.
If a body is floating,H = h+d, but for submerged bod-
ies the two differ. This is demonstrated by the dashed
line in Fig. 3.

For each time step, our method consists of the following
phases: (a) simulate rigid bodies, (b) calculate blocked
interval, (c) fix invariant and conserve volume, (d) cal-
culate flow, (e) update depth, (f) prepare heightfield,
and finally, (g) draw. The phases are described in de-
tail below.

Phases b–f are implemented as OpenGL fragment
shader passes, so each cell is processed in parallel. The
method is crafted to make the cells independent and to
only use information from the previous phases.

4.1 Finding Blocked Intervals (Phase b)

To find the blocked intervalb= [b−,b+] at each cell, the
rigid body geometry is rendered from above and below
into a texture using orthographic projection. The tex-
ture has the size of our simulation domain. Thus each
texel corresponds to a single cell. The first pass writes
the upper limitsb+ to a single channel of the texture us-
ing the depth buffer. The second pass inverts the depth
test and writes the lower limitsb− to a second channel.
The bodies that are completely above water level are
not drawn.
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Figure 3: Comparing methods in different situations.
Left: traditional solution, where water penetrates the
body. Right: our method. Above: floating body, be-
low: submerged body. Dots represent values in the cell
centers. The dashed line shows calculatedH, which
is different fromh+d for submerged bodies (U is the
height of water above the body). Dotted line shows the
visual treatment for dents near floating bodies (see Sub-
section 4.4 and Fig. 7).

4.2 Invariant Update and Volume Con-
servation (Phase c)

After rigid bodies have moved, water may be located
inside the bodies, which breaks our invariant. We need
to fix this while conserving volume. This proves more
difficult than one would imagine, since the blocked ver-
tical interval can vary greatly due to aliasing caused by
the grid as the body rotates. A straightforward idea
would be to simply hold the amount of water above the
object constant, but we found this solution unworkable
because of the instability it causes. Instead, we solve
this phase in a novel way that evades the instability. We
first remove the old body and then add the new one.
For this, we need the blocked interval at previous and
current timesteps,bt andbt+1.

In this phase, we often need to add or remove water.
To hold volume constant, each cell tracksvirtual vol-
ume V: positive if water was removed and needs to be
reinserted in the vicinity; negative if water was added
and needs to be removed. A constant fractionτ of this
volume is spread at the beginning of this step to each
of the four neighbouring cells. Some volume loss could
be caused if negative virtual volume ends up in areas
where no water exists.

First the old body is removed. Ifbt is non-empty and
bt
+ < h+ d, the body in this cell was submerged and

the volume underwater wasU1 = bt
+−bt

−. In this case
we addU1 to the depth, holding the water surfaceH
constant. Volume is conserved in the long run by sub-
tractingU1 from V, possibly causing negative virtual
volume. If the body was floating,U1 = 0 and nothing
needs to be done.

We then insert the new body, removing any water from
the interval it occupies. Ifbt+1

− < h+d, the new body
is underwater and the submerged volumeU2 =min(h+
d−bt+1

− , |bt+1|). U2 is removed from depthd and corre-

U

H

h+d

t

U
2 H=h+d

t

t
V   − U

U1

1

U  − U1 2

2

Added water

Virtual volume 1 V   − (U  − U )

+1time

t
1

Figure 4: An example of enforcing the invariant. The
submerged body at timet is removed and water amount-
ing to U1 is added so thatH stays unchanged. In this
case, the body at timet + 1 is floating (originalH is
inside it), soH needs to be pushed down byU2. The
volume changes are subtracted from the original virtual
volumeVt to conserve water volume.

spondingly added toV, again conserving volume. If the
new body is floating, this pushesH down tob−. Other-
wise, the body is above the water,U2 = 0 andH stays
constant.

Finally, if there is currently no body in the cell, a portion
α ∈ (0,1] of the virtual volume is converted to actual
water. If the virtual water is negative, water is removed,
but naturally only until there is no water in the cell.

An example of removing and adding a body in this step
is seen in Fig. 4. In this case,U1 > U2 so more water
is added than removed. This causes some negative vir-
tual volume, which will spread to the nearby cells and
destroy a corresponding amount of water.

Virtual volume is inspired by Thüreyet al. [TMFSG07].
They use a functionally very similar idea to remove
some water from inside the bodies and propagate it to
the neighboring cells, which is the core of their object-
to-water coupling. However, we found that in both
their and our method, the constantα needs to be rather
small in order to keep the long time steps stable (we
use α = 0.01 for δ t = 20ms). This means that the
waves caused by the objects are also small and some-
thing more is needed.

4.3 Calculating Blocked Flow (Phase d)
Flow is governed by Eq. 1. We need to block two parts
that are represented by the two terms on the right side of
the equation: the existing flow (µ f t

o) and the new flow.

Let us first tackle the new flow, which is proportional
to |I |, the height of the air–water interval. Consider the
outflow from cell i to its neighborj. The outflow can
be caused by the water either above or below the object
in cell i, i.e., intervals1©i or 4©i . The air part could be
either of the two air intervals of cellj, i.e., 2© j or 5© j .
The intersections of these intervals are what cause new
flow. The total length of water–air interface fromi to j
is therefore

|I ′|= | 1©i ∩ ( 2© j ∪ 5© j)|+ | 4©i ∩ ( 2© j ∪ 5© j)|. (6)
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Figure 5: Limiting the existing flow below a body.Ib
is the unlimited interval that is about to flow out dur-
ing a time step. Limiting it by the lower border of the
body in the neighbor,b−, results inI ′b. But the binding
limit here is caused by requiring that2© j is not over-
filled (|I ′b| ≤ | 2© j |/4, since flows come from four direc-
tions).

Recall that if no bodies are present, intervals4© and 5©
are empty and the formula reduces to that of the basic
method.

The result of Eq. 6 is used in Eq. 1 instead of|I | to
calculate the new outflow vectorfo. This takes care of
blocking the new flow.

Let us now handle the existing flow. We find the interval
I from where water is leaving. The amount of water
in the cell is nowdt and would bedt+1 = dt −∆t ∑ fo
after the outflow. Fromdt anddt+1 we calculateI using
Eq. 5 with both valuesdt anddt+1. I is divided to parts
leaving from above and below the body,Ia andIb. If a
body is present, one of them is almost always zero. If
no body is present, we setIa = Ib = I .

First of all, we only take into account flows from above
to above and from below to below. In practice, the other
flows are very rare: They can only happen when two
distinct objects are right next to each other as in case
c) of Fig. 2. A small change in positions would reduce
this to case b) where no flow occurs anyway. Therefore
this extra assumption is rarely relevant.

Now, Ia is limited from below byb+ in the target neigh-
bor andIb similarly from above byb−. The existing
flows are limited in proportion to the intervals (i.e.,
if half of the interval is blocked, only half of the un-
blocked flow is allowed). Note that if no body is present
in the neighbor,b+ = −∞ andb− = ∞, and the flow is
not limited in that case.

However, there is a complication. The interval2© j at
the target cell must not be overfilled, because that would
cause water to enter the body. But we cannot know

the inflows from the other directions without breaking
the parallel structure or adding an additional iterative
phase to the process. We overcome this problem with
the following approximate solution.

Sum of the inflows below any body at the target cell
j must be limited to| 2© j |. Since there are four neigh-
bours, we set a maximum of| 2© j/4| to eachIb going
to cell j and limit the flow accordingly. This prevents
2© j from overfilling, but it is still filled eventually. This
solution could cause artifacts in some situations, e.g.,
when water is flowing fast just below a bridge. How-
ever, in our experience it is an essential addition, since
the lack of this limitation is easily visible, but the prob-
lems caused by it are not. The process of limitingIb is
visualized in Fig. 5.

The limited outflow from the cell is now max(Ia, Ib)/∆t,
i.e., we take the larger of the two intervals and convert it
back to flow. This works both when no body is present
and when eitherIa or Ib is zero. The flow is further lim-
ited byK according to Equation 2, just as in the basic
simulation.

A somewhat problematic situation that is unaddressed
by this method happens when water flows from above
a body but there is room for it below the body in the
neighborj, i.e.,|Ia|> 0 and| 2© j |> 0. In this case, wa-
ter is transferred through the body from above to below.
However, we have not noticed this visually in our tests.

4.4 Updating Depth and Constructing the
Heightfield (Phases e and f)

Now that the flows have been limited, depth can be up-
dated as in the basic method using Eq. 3. The velocity
field is also calculated just as before using Eq. 4.

Before drawing the water, we need an extra phase to
build the heightfield. The simplest implementation is
to calculateH from the stored variablesh, d, b−, and
b+ using Eq. 5, which is indicated by the dashed line in
Fig. 3. This approach causes visual dents near floating
objects, because the object pushes water down below
itself and thus the water mesh seems to curve down al-
ready outside the object.

We treat the denting problem by finding the cells where
the object has probably pushed water down (b− is
within someε of H). We adjust the values at these
cells to be the maximum ofH values in their Moore
neighborhood. This value will most probably be the
level from outside the body and takes care of most of
the visual problems. This is demonstrated by the dotted
line in Fig. 3.

Some problems still remain, however. Objects that
are nearly submerged sometimes cause flicker, because
small changes ind can cause large variations inH. The
water-object borders are not always as clean as they
could be.
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Figure 6: A dam is built on a river.

Luckily, many of these problems could be masked by
adding foam and particle effects to places where rapid
change is happening, since the problems occur exactly
where the foam would normally appear. This is an im-
portant task for future work.

5 EVALUATION AND FUTURE WORK
We have implemented the proposed method using
OpenGL and GLSL shaders. The implementation
uses relatively basic rendering techniques. One of the
most important visual feature is visualizing the flow by
using two bump textures with alternating weights. The
velocity field generated by the method is used to advect
these textures. The textures are reset when their weight
is zero to prevent excess stretching. This method is
used in many current games, e.g., [Vla10].

The rigid bodies are simulated using the open source
Bullet physics engine2. The engine handles body dy-
namics and collisions. Currently the physics simulation
is done on the CPU. The bounding boxes of the bod-
ies are needed when eliminating bodies that are above
water level in Section 4.3. We read back theH val-
ues and do the elimination on the CPU. This is a major
performance problem that can be avoided in the future
by simulating the bodies on the GPU and sharing data
between the two simulations.

Our method prevents water from entering and flowing
through the bodies. Water also visually seems to flow
around the objects due to the calculated velocity field.

2 http://bulletphysics.com/

Figure 7: An example of our fix for visual dents near
objects. Left: unfixed heighfield curves down already
outside the object. Right: fixed border.

In addition, our method enables building dams out of
dynamic rigid bodies. None of these come naturally
with the previous methods that allow water to enter the
bodies.

For comparison, we have implemented the rigid
body coupling method suggested in Thüreyet
al. [TMFSG07]. Their method is best suited for
floating objects, but also supports submerged bodies
and is the state of the art in heightfield water physics
coupling as far as we know. The accompanying video
contains a scene where a wave reaches a large and
heavy dynamic object, either passing through it almost
unaffected (Thüreyet al.) or actually going around it
(our method). The video also demonstrates how our
method creates a correct velocity field, which flows
around the body instead of into it.

Our simulation takes approximately 18 ms on a grid of
1024× 1024 on our test laptop with NVIDIA Quadro
1000M. Since our time step is 25 ms, about 1.4M cells
can be simulated in real-time. More relevant results for
applications are 4.7 ms on a 512×512 grid (5.3 times
real-time) and 1.6 ms on a 256× 256 grid (16 times
real-time). Performance is currently limited by texture
bandwidth, because several of the phases need a lot of
information about their neighbors.

In a recent study, Kellomäki [Kel12] compares the per-
formance of some methods. Although these perfor-
mance comparisons are very rough, we can conclude
that our generalized pipe method is a few times slower
than the original pipe method, but still roughly an order
of magnitude faster than the other methods surveyed.

The performance of our implementation greatly suffers
from the fact that we have currently implemented only a
single version of the simulation shaders, which are rel-
atively complex. An obvious optimization would be to
first simulate the whole scene using the simple and fast
basic method, and then recalculate the comparatively
small areas that are covered by the bounding boxes of
rigid bodies, using the complex shaders. This would
probably reduce the time used tremendously at the cost
of a few extra draw calls and pipeline state changes. On
the other hand, our current implementation is not much
slowed by additional bodies.

One of the largest problems in our current implemen-
tation is caused by the fact that the water surface does
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Figure 8: A box is dropped into a calm lake.

not just pass through the objects anymore. This causes
visual problems like dents around the bodies and flick-
ering, some of which we have already addressed, but
some of which still remain. The visual problems are
apparent in the accompanying video, especially when
compared to the clean borders achieved by the tradi-
tional method. However, we believe further work can
solve these problems.

Traditional methods for calculating water-to-body cou-
pling cannot be used with our solution. For example,
buoyancy is traditionally proportional to the difference
of water level and the lower limit of the body. In our
method that information is not available, because wa-
ter is pushed down by the object. Further work is
needed here, e.g., to enable combining the physically
based approach of O’Brien and Hodgins [OH95] with
our method.

We also made some restrictive assumptions and some-
times resorted to ad hoc solutions to keep performance
and stability good. Mainly, the bodies overlapping each
cell need to be contiguous. Violating the assumptions
becomes a problem less often than one might imagine,
since most practical situations only have a single body
per cell, and many objects are convex in the vertical di-
rection. The assumptions need not be fully obeyed to
achieve visually acceptable results.

One of the relevant problematic cases is a small hole in
a dam. This could conceivably be overcome by treat-
ing bodies that are touching the terrain in each cell as
temporary parts of the terrain itself. This should be con-
trasted to the previous methods, which only work cor-
rectly for objects with no volume and where no dams
could be built at all (except from the terrain itself). An-
other limitation is that no air pockets are allowed under
submerged bodies, but those would typically not be vis-
ible to the user anyway.

One of the possible next steps is to learn from the more
sophisticated methods used in the 3D water simulation
literature. Those methods need to be adapted to work
in the heightfield context and also severely simplified,
since they are still much too slow for application in ac-
tual real-time virtual environments. Another possibility
is using the layered model of Mould and Yang [MY97]
to separate the water above and below the objects.

Several other improvements are certainly possible.
Most obviously, many additional visual techniques
could be added to mask the simple simulation model
used. We are currently not using any particle system
to create splashes and other phenomena that cannot be
represented by heightfields. We are also investigating
the possibility of seamlessly converting all water to
particles near the bodies and using full 3D simulation
in those areas.

6 CONCLUSION
This work has described a novel method for handling
object-to-water coupling in the context of heightfield
water simulation. Although we elected to use the pipe
method, the often-used shallow water simulations could
also benefit from an approach where no flow is allowed
through bodies.

We have built a prototype implementation that allows
completely new kind of interaction in heightfield water
simulation, such as dynamically building and breaking
dams using rigid bodies. The result is very fast and,
despite several assumptions, works acceptably in many
practical situations.

We think that even an ad hoc method is better than the
current situation, where there is simply no coupling so-
lution at all available for large objects in large-scale
heightfield water simulations. Furthermore, there is no
fundamental reason why further work could not extend
our flow blocking based method to also handle water-
to-object coupling. On the other hand, all other exist-
ing water-to-object coupling methods are inherently not
physically based because of their approach where water
is allowed inside the bodies.

The problem field is becoming important since many,
if not most, virtual environments rely heavily on rigid
body physics for interaction and dynamics. Water that
passes right through large dynamic objects is simply not
believable enough in this context.

Furthermore, hardware has finally improved far enough
to make the fastest water simulation methods viable in
actual use cases, instead of being limited to mere re-
search prototypes. We are on our way to having inter-
active water as just another easily added component in
video games and other virtual environments.
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ABSTRACT
We propose a framework that captures multiple high dynamic range environment maps and decomposes them
into sets of directional light sources in real-time. The environment maps, captured and processed on stand-alone
devices (e.g. Nokia N900 smartphone), are available to rendering engines via a server that provides wireless access.
We compare three different importance sampling techniques in terms of the quality of sampling pattern, temporal
coherence, and performance. Furthermore, we propose a novel idea of merging the directional light sources from
multiple cameras by interpolation. We then discuss the pros and cons when using multiple cameras.

Keywords
Image-based lighting, environment map sampling, augmented reality

1 INTRODUCTION
The augmented reality (AR) allows us to merge real-
world images with computer generated content. AR
applications have gained increasing attention over past
years. We aim to enhance the believability of rendered
images in AR by novel methods for real-time consis-
tent illumination computation. We focus on methods
for live acquisition of high dynamic range (HDR) en-
vironment maps in indoor environments. We compare
three methods for their decomposition into sets of direc-
tional light sources by means of importance sampling.

There are three interconnected ideas discussed in this
paper. Firstly, we propose a framework for live cap-
turing of HDR environment maps and their importance
sampling. Secondly, we compare three existing im-
portance sampling techniques in terms of the quality
of sampling pattern, temporal coherence, and perfor-
mance. Thirdly, we introduce a novel idea of using mul-
tiple cameras to allow for the interpolation of acquired
environment maps.

For efficient illumination of the scene with the acquired
environment map, we approximate them by a set of
directional light sources [19] with the use of impor-
tance sampling algorithms. Most of these algorithms
published in the past targeted static environment maps.
When dealing with dynamic environment sequences, it

Permission to make digital or hard copies of all or part of
this work for personal or classroom use is granted without
fee provided that copies are not made or distributed for profit
or commercial advantage and that copies bear this notice and
the full citation on the first page. To copy otherwise, or re-
publish, to post on servers or to redistribute to lists, requires
prior specific permission and/or a fee.

is important to maintain a temporal coherence of the
sampling pattern to avoid visually disturbing frame-to-
frame flickering. Apart from that, if the algorithm is
to be used in an interactive application, the processing
must run at interactive frame rates.
One of our design goals is to provide a low-cost hard-
ware platform. Therefore we use already available mo-
bile smart phone on the market, Nokia N900. It has a
programmable camera [1] and provides sufficient com-
putational resources to do all the processing on-chip.
Thanks to the mass production of smartphones their use
is cost effective compared to custom hardware. Fur-
thermore, modern smartphones provide a broad range
of connectivity (e.g.WiFi), and have a built-in camera
of reasonable resolution, frame rate and quality. These
features make them a suitable piece of hardware for
online environment map acquisition and processing in
mobile AR settings. Processing the captured images
on-chip reduces the bandwidth required to transfer the
data to a computer running the rendering engine. At-
taching a fish-eye lens to the build-in camera provides
nearly 180-degrees field of view. The smartphone can
be programmed to capture a burst of varying exposure
images that are fused into a single HDR image.
The framework has been proposed to be used for il-
lumination computation in AR applications. Existing
AR systems include e.g. the Studierstube [20] and
Spinnstube [24]. Ideally, the virtual objects should be
merged seamlessly into the real scene (see [14] for an
overview of common illumination techniques). The
ability to illuminate virtual objects based on the light-
ing conditions of the surrounding environment adds re-
alism to the augmented scene and enhances the user ex-
perience. For a detailed discussion of existing AR for
example in virtual television studios, see [9, 3].
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The paper is further structured as follows. In the next
section we recall the related work. In Section 3 we de-
scribe the used importance sampling algorithms in de-
tail. The selected algorithms are then extended in Sec-
tion 4 by novel techniques that allow to merge data from
multiple cameras. After describing some implementa-
tion details in Section 5 we present an evaluation of the
selected algorithms and their extensions in Section 6.
The last section 7 concludes the paper.

2 RELATED WORK
In this section, we review existing methods for envi-
ronment map sampling and discuss their suitability for
sampling of live video environment maps.

Structured importance sampling proposed by Agarwal
et al. [2] combines stratified and importance sampling.
The proposed importance metric takes into account
both surface area and integrated illumination of a
hemispherical region. The number of samples can be
controlled. For dynamic sequences, temporal coher-
ence of sampling pattern is poor [12]. The computation
time (tens of seconds) is far from interactive.

The algorithm based on Lloyd’s relaxation, proposed by
Kollig et al. [15], yields good results for static environ-
ment maps. The number of samples can be easily con-
trolled. The time to process single environment map is
dozens of seconds, too high for real-time applications.
Also, the algorithm exhibits very poor temporal coher-
ence as even local changes can cause global changes in
the sampling pattern of the entire environment map.

The hierarchical importance sampling algorithm pro-
posed by Ostromoukhov et al. [17], based on Penrose
tiling, can operate at interactive frame rates. Further-
more, the sampling pattern produced by this algorithm
exhibits relatively good temporal coherence. However,
it is difficult to control the number of samples as it de-
pends on the environment map being sampled.

The median cut sampling algorithm proposed by De-
bevec [7] is fast enough to be used in interactive sys-
tems. However, it exhibits poor temporal coherence
of sampling pattern. Localized changes in illumination
affect the entire sampling pattern. Another drawback
of this algorithm is that the control over the number of
samples is limited.

The probability density function (PDF) based impor-
tance sampling method, proposed by Havran et al. [12],
targets dynamic environment maps specifically. The
sampling algorithm uses an inverse transform method
for hemispheres proposed by Havran et al. [11]. It is
similar to the standard inversion procedure, used for im-
portance sampling of static environment maps by Pharr
and Humphreys [18] and Burke et al. [5]. However,
the inverse transform method proposed by Havran et
al. [12] exhibits better continuity and uniformity, which

leads to better stratification of the resulting sample po-
sitions. To handle dynamic environments, the method
uses two low pass filters to improve on temporal coher-
ence. The first filter normalizes the intensity of light
sources to preserve total energy of the system. The sec-
ond filter suppresses high frequency movements of light
sources. Invisible light source elimination and light
source clustering methods are used to improve render-
ing performance. The method exhibits good temporal
coherence, real-time performance and the number of
light sources can be chosen. However, the temporal fil-
tering causes a temporal lag for abrupt lighting changes.

The importance sampling method for dynamic envi-
ronment maps, proposed by Wan et al. [23], is based
on quadrilateral subdivision of a sphere. Firstly, the
sphere is mapped into 2-dimensional space using the
HEALPix mapping [13, 10]. A quad tree is adap-
tively constructed over the quadrilaterals (referred to
as quads). At every step, the region with highest im-
portance is further subdivided into four quads. This
process is repeated until required number of samples
is reached. The number of samples can be adaptively
changed. The method is fast and the results for static
scenes are comparable with methods such as structured
sampling [2] and Penrose-based sampling [17]. It ex-
hibits very good temporal coherence, which makes this
method well suited for dynamic scene lighting.

Spatio-temporal sampling proposed by Wan et al. [22],
based on Q2-Tree sampling [23], further exploits tem-
poral and spatial coherence of environment sequences.
Their method treats an environment map sequence as a
volume constructed by stacking up all the frames in the
chronological order. The proposed method produces a
temporally coherent sampling pattern with slightly bet-
ter characteristics than the original Q2-Tree sampling
algorithm. A limitation of this method is that the entire
environment sequence needs to be known in advance.
For this reason, the method cannot be adopted for on-
line processing of video frames in real-time.

A mobile system using environment map illumination
was presented by Son et al. [21]. It uses a custom based
camera. Processing of the environment maps and ren-
dering images runs on an iPhone. The proposed system
also uses markers for position tracking.

3 ENVIRONMENT MAP SAMPLING
Our framework builds up on three existing environment
map sampling algorithms. In this section, we provide
details of the three algorithms. We then discuss our ex-
tension of these algorithms in Section 4.

Throughout this paper, we will use the following termi-
nology. We will refer to the re-implementation of the
PDF-based sampling algorithm for static environment
maps [18] as Pharr. The extension of this algorithm for
dynamic environment sequences [12], we will refer to
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as Hemigon. The re-implementation of the algorithm
based on Spherical Q2-Tree for sampling dynamic en-
vironment sequences [23], we will refer to as Q2-Tree.

3.1 Importance Sampling Methods based
on Probability Distribution Function

Several environment map sampling algorithms based
on the probability distribution function have been
proposed in the past [18, 5, 12]. PDF-based importance
sampling of dynamic environment maps suffers poor
temporal coherence. Even if the same quaisi-random
sequence is used for consecutive frames, localized
changes in the environment map largely affect the
global sampling pattern. As has been shown by Havran
et al. [12], low pass filtering in the time domain can
decrease the flickering artifacts. In this section, we
recall inverse transform methods (e.g. described in [8])
based on the PDF and its application to environment
maps.
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Figure 1: Sampling of a 1-dimensional function via
standard inversion method. (a) A probability distribu-
tion function (PDF), (c) corresponding cumulative dis-
tribution function (CDF). (b) and (d) are the two func-
tions with drawn (the same) samples.

In Figure 1, we illustrate the inverse transform method
on a 1-dimensional function. Firstly, a cumulative dis-
tribution function (CDF) is constructed from PDF. The
construction of a CDF is computed in linear time using
an iterative formulation. Then, a sequence of random
numbers is drawn with uniform probability. Each of
these numbers is projected via the CDF. Figure 1(d) il-
lustrates the inversion of CDF in form x = CDF−1(y)
that generates samples in x.

Sampling of an environment map is in principle im-
portance sampling of a 2-dimensional discrete function,
defined over hemisphere. A 2-dimensional PDF is con-
structed from the luminance of the pixels of the envi-
ronment map. Supposing the environment map is in
a latitude-longitude format, the intensity of each pixel

needs to be multiplied by sin(θ) to account for smaller
angular extent near the poles, where θ is the altitude an-
gle. In practice, quasi-random number generators with
uniform distribution, such as Halton sequence [8], are
often used. These 2-dimensional quasi-random number
vectors are then mapped via the CDFs to an altitude an-
gle θ and an azimuth angle φ . This method has been
successfully applied for importance sampling of static
environment maps by Burke et al. [5], and Pharr and
Humphreys [18].

Havran et al. [12] proposed an extension of this method
to improve the temporal coherence for dynamic envi-
ronment mapping. They use a mapping of PDF over
hemisphere proposed by Havran et al. [11]. It avoids
discontinuity for north pole and for φ = 0. To decrease
temporal flickering during the sampling of a dynamic
environment sequence, a history of the sampling pat-
terns for a few past frames is kept, and two low pass
filters are applied, operating in the time domain.

The first low pass filter operates on the total energy of
the light sources. It suppresses flickering caused by
high frequency light sources, such as fluorescent tubes.
The second low pass filter operates on the trajectories of
the samples, suppressing high frequency movements.

3.2 Importance Sampling Methods based
on Subdivision

As opposed to PDF-based sampling methods, this class
of importance sampling methods constructs a hierar-
chical data structure by adaptively subdividing the en-
vironment map into spherical regions [17, 23, 7, 22].
There are two approaches to the construction of such
subdivisions. The first one, which we will refer to as
median split, splits a region into two or more subre-
gions of equal importance [7]. The second approach,
referred to as uniform split, decides whether to fur-
ther split the region or not, depending on its impor-
tance [17, 23, 22]. By region splitting two or more
equally sized subregions are created. The importance
metric typically takes into account the luminance of the
region and its angular extent (see Equation 1). Usually
one sample is placed inside each created region at the
bottom of the hierarchy (leaf nodes).

Sampling patterns produced by median split can exhibit
poor temporal coherence. This is because even local
changes in the illumination affect the size or shape of
subregions at the top of the hierarchy, so the sampling
pattern differs dramatically. Thus, their use in dynamic
environment sampling is limited. On the other hand,
sampling patterns produced by uniform split usually ex-
hibit good temporal coherence. This is due to the local
nature of this class of subdivision methods. The size
and shape of a subregion at a particular level of the
hierarchy is independent of the environment map be-
ing sampled. The sampling pattern for each subregion
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is not affected by illumination changes in other subre-
gions, which stabilizes the sampling temporally.

In particular, the Q2-Tree sampling algorithm [23] is
suitable for sampling of live video environment maps.
It is fast, produces sampling patterns that exhibit strong
temporal coherence and the number of samples can be
adaptively changed without the impact on the temporal
coherence for consecutive frames. The Q2-Tree algo-
rithm is described in the rest of this section.

(a) Subdivided environment
map

0 1 2 3 4 5 6 7 8 9 10 11

16 17 18 19

12 13 14 15 20 21 22 23

R

(b) Corresponding Q2-Tree
representation

Figure 2: Visualization of the Q2-Tree sampling algo-
rithm.

Firstly, the sphere is mapped into 12 quadrilaterals
(quads for short) using the HEALPix mapping [13, 10].
Then, a quad tree is iteratively constructed on the base
quads. At every iteration, the quad of the highest impor-
tance is subdivided into four equally-sized subquads.
All quads at the same level of subdivision have always
the same surface area. The construction is complete
when the required number of leaf nodes has been cre-
ated. The construction is illustrated in Figure 2, show-
ing a subdivided environment map in HEALPix map-
ping and a corresponding Q2-Tree.

The pseudo-code for Q2-Tree construction is given in
Algorithm 1. It maintains an importance-sorted list of
interior and leaf nodes. At every iteration, the left-most
leaf node (highest importance) is subdivided into four
quads, until the needed number of leaf nodes is created.

Algorithm 1 Sampling dynamic environment map with
a Q2-Tree.

Input:
EnvironmentMap: Spherical light probe of the environment
RequiredNumberOfSamples: Integer

Output:
LightSources: List of directional light sources

Algorithm:
Q2TREE = HEALPixMappingTo12Quads( EnvironmentMap )
EvaluateImportance( Q2TREE.Nodes )
while(Q2TREE.NumberOfNodes < RequiredNumberOfSamples)
NewNodes = Subdivide( Q2TREE.LeafNodes[0] )
EvaluateImportance( NewNodes )
Q2TREE.MoveToInterior( Q2TREE.LeafNodes[0] )
Q2TREE.AddLeafNodes( NewNodes )

LightSources = CreateLightSources ( Q2TREE.LeafNodes )
return LightSources

During the sampling process, it is desirable to sample
more densely the bright regions and less densely the
dark regions. On the other hand, oversampling small

bright regions should be avoided as they can be well ap-
proximated with fewer samples due to their small solid
angle. The Q2-Tree sampling algorithm uses impor-
tance metric proposed by Agarwal et al. [2]. It com-
bines good stratification of samples and higher density
of samples in bright regions. The importance is given
by the following equation.

p = (L)a · (∆ω)b, (1)

where L is the total illumination of the region and ∆ω

is the solid angle. Parameters a and b are non-negative
constants that are used to favor illumination (large value
of a) or solid angle (large value of b) component. The
result, p in the above equation, is the importance of the
region. In their work, Wan et al. use constants of a = 1
and b = 1

4 [23].
The equal solid angle property of the subdivision pro-
posed by Wan et al. allows for computation of both
terms of the importance metric in constant time. The
solid angle of a quad at level i can be directly computed
as ∆ω = π

3·4i . The illumination term is computed us-
ing a technique commonly used for texture prefiltering,
known as summed area tables [6].
When the Q2-Tree is constructed, a single directional
light source is positioned inside each of the leaf quads.
The color and intensity of the light source is given by
summed illumination of corresponding pixels. Wan et
al. propose that the light source should be jittered deter-
ministically around the centroid of the region to avoid
regularity but maintain determinism.
For dynamic sequences of environment maps, the Q2-
Tree need not be rebuilt from scratch for every frame.
First, the importance of each region is re-evaluated, cre-
ating inconsistency in the importance-sorted list. A se-
ries of merge-and-split operations is then performed un-
til the sorted order of the list is recovered.

4 MERGING OF SAMPLING DATA
FROM MULTIPLE CAMERAS

As we have already mentioned, the acquisition and pro-
cessing of the environment maps run on a smartphone.
We use a wireless connection between the smartphone
and the computer that runs the rendering engine (re-
ferred to as client). Such a design makes it possible
to place the camera (i.e. smartphone) anywhere in the
room where the lighting is to be measured. Further-
more, it is possible to place several cameras at differ-
ent places. As the processing is done on-chip and the
amount of data to be sent per frame is low, the num-
ber of cameras is not limited by the computational re-
sources nor the bandwidth of the client computer. We
investigated the advantages and limitations of such use
of multiple cameras. We propose algorithms for merg-
ing of sampling data from multiple cameras and de-
scribe them in this section. We present the results in
Section 6.
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In order to compute consistent common illumination
between the real and virtual objects, the illumination
should be recorded at the spot where the virtual object
is to be placed. This is often impractical as for exam-
ple the virtual objects move in virtual television studios
and it would require to move the camera together with
the virtual object. Second, in AR display systems, the
presence of a device inside the workspace would be
disruptive for the user. It is thus inviting to approxi-
mate the illumination inside the workspace by placing
several cameras around it. Furthermore, using multi-
ple cameras could be used to improve the frame rate,
temporal coherence and robustness of the system.

Before the data from multiple cameras can be merged
correctly, it is necessary to perform geometric and pho-
tometric calibration. The photometric calibration re-
quires a lux meter and is performed once for each cam-
era. The geometric calibration needs to be repeated
when the lens of the camera is repositioned. We have
used external software tools based on OpenCV [4].
Multiple views of a checkerboard are taken, and the
camera calibration is computed from detected corners
of the checkerboard. The complete calibration of one
device takes about 10 minutes to perform and does not
have to be repeated unless the lens are replaced. Be-
cause of lack of space we do not discuss details in the
paper.

4.1 Merging for PDF-based Methods
For the sampling algorithms based on probability dis-
tribution function (Pharr and Hemigon), the merging is
straightforward. Given that the number of samples is
the same for all cameras and that the samples were gen-
erated using the same sequence of quasi-random vec-
tors, the direction, color, and intensity of each sample
can be computed by linearly interpolating the direction,
color, and intensity of the corresponding samples from
each of the cameras.

In order for the linear interpolation of directions to be
applicable, it is essential that each set of samples to
be interpolated was generated from the same quasi-
random vector. Typically, probability distribution func-
tion based sampling algorithms use low-discrepancy se-
quences, such as Halton sequence [8]. By using the
same quasi-random sequence for each of the cameras,
the correspondence between samples can be determined
trivially from their index, supposing azimuth alignment
of the cameras. Obviously, the result of such interpo-
lation is only approximate of the real ground truth data
measured in the spot, for which the interpolation was
computed.

4.2 Merging for Subdivision Methods
For the Q2-Tree sampling algorithm, merging of data
from multiple cameras is more complicated. The depth

of subdivision of a particular branch can be different for
each camera. Merging the Q2-Trees naively would pro-
duce non-deterministic number of samples, dependent
on the environment maps. Also, the luminance of the
merged tree needs to be normalized in order to preserve
the total power.

+ => =>

Tree A
(13 samples)

Tree B
(16 samples)

Merged
(22 samples)

Reduced
(16 samples)

Figure 3: Visualization of the Q2-Tree merging algo-
rithm. The two trees A and B are first merged together
and later simplified to the number of samples needed.

Below, we present our Q2-Tree merging algorithm,
given in pseudo-code in Algorithm 2. Since the orig-
inal Q2-Tree construction algorithm uses a list-based
representation of the tree, we first need to build a hi-
erarchical structure for each of the trees to be merged.
We then perform a parallel traversal of the input trees,
producing a merged tree. The input trees are traversed
to the maximum depth and for each node, we compute
the sum of luminance of the corresponding input nodes
that are available. Since the depth of a subtree can be
different in each of the inputs, this step produces a tree
of potentially more nodes than any of the inputs. Given
camera i produced Ni samples, the merged tree can
have anything between mink

i=1(Ni) samples to ∑
k
i=1 Ni

samples. See figure 3 for illustration.

Algorithm 2 Merging of multiple Q2-Trees

Input:
N: Required number of samples
Q2[k]: List of Q2-Tree nodes for each of k cameras

Output:
Samples[N]: List of samples

(direction, luminance, color)

Algorithm:
// Step 1: Tree reconstruction
Q2Trees[] = ReconstructTrees(Q2)
// Step 2: Merging (parallel traversal)
MergedTree = Merge(Q2Trees)
// Step 3: Normalization of luminance
NormalizeLuminance(MergedTree)
// Step 4: Importance re-evaluation (I = L^a * W^b)
EvaluateImportance(MergedTree)
// Step 5: Reduction to N leaves (sort-and-merge)
FinalTree = Reduce(MergedTree, N)
// Step 6: Sampling (Inverse HEALPix mapping)
Samples = PlaceSamples(FinalTree)
// Return list of samples
return Samples[]

Also, the property that the luminance of an interior node
equals the sum of luminances of its children no longer
holds. This property is restored by the next step of our
algorithm. First, the luminance of the root node is com-
puted by averaging the luminance of the root nodes of
the input trees (i.e. total luminance of the environment
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map). Then, the merged tree is traversed and for each
interior node, the luminance is recomputed using the
following formula: L′i = Li · LP

∑
4
k=1 Lk

, where Li is lumi-

nance of child i, LP is luminance of the parent, and
∑

4
k=1 Lk is the sum of luminances of the four children

of P (including node i). Since the tree is traversed top-
down and the root is already normalized, the correct
value LP is computed for each interior node before the
node is visited.

We then re-evaluate the importance of each interior
node, using the formula p = (L)a · (∆ω)b proposed by
Agarwal et al. [2]. The same values of the constants
a and b are used as in the Q2-Tree construction (a = 1
and b = 1

4 ). The list of interior nodes is then sorted in
order of importance.

The next step reduces the number of leaf nodes to a
user defined constant, using the importance-sorted list.
At each iteration, we take the interior node of the low-
est importance and cut off its subtree. As each interior
node has four immediate children, this operation usu-
ally reduces the number of leaves by three (although a
higher number is possible if the input trees differ sig-
nificantly). This operation is repeated until the number
of leaves drops below a user defined constant.

Now that the merged tree has approximately N leaf
nodes and their luminance is correctly normalized, one
sample is placed inside each leaf. The leaf nodes
correspond to quadrilaterals in the HEALPix mapping
[13, 10], so we use the inverse HEALPix mapping to
project the sample positions back into the world coor-
dinate system. The number of samples can be chosen
with the precision of three samples, as four leaves can
be always collapsed to a single leaf. The asymptotic
time complexity of the proposed merging algorithm is
limited by sorting of the interior nodes, O(n · logn). The
space complexity is linear in the number of samples.

5 IMPLEMENTATION
In this section, we present the architecture of our frame-
work. It was one of our design goals to implement a
framework that is cost-efficient, robust, extensible and
easy to integrate into existing rendering engines.

The light probes (i.e. environment maps) are being cap-
tured on stand-alone devices that are capable of wireless
communication. Such a device has a programmable
camera and sufficient computational power to process
the light probes on a chip. The on-chip processing steps
include capturing a burst of varying exposure images,
HDR image fusion, mapping of the captured image into
the polar coordinate system, computing luminance, and
importance sampling. Also, the device runs an HTTP
server that provides an interface between the environ-
ment map acquisition and processing algorithm, run-
ning on a chip, and the rendering engine, running on

a remote computer. Compliance with the HTTP proto-
col simplifies the configuration and debugging, because
a standard web browser can be used to communicate
with the device. The conceptual diagram is illustrated
in Figure 4.

Server

Web Browser

Configuration

C++/OpenGL Application

Renderer

C++ Application

Visualization

HTTP Communication
(e.g. over WiFi)

Camera thread

Server side
(N900)

Client side
(multiple devices)

Any

other clients...

AR platform

Augmented reality

Figure 4: Conceptual diagram of our framework. The
device running the sampling algorithm as a server com-
municates possibly with multiple clients over network.

The framework allows for multiple acquisition devices
running asynchronously. The rendering engine can then
communicate with all of these devices and merge the
sampling data they provide. It is also possible for sev-
eral client applications (rendering engines, configura-
tion tools, etc.) to communicate simultaneously with a
single acquisition device.

We have used the Nokia N900 smartphone as the envi-
ronment map acquisition and processing hardware. Us-
ing a cell phone has several benefits, but also limita-
tions. First of all, the computational resources are less
powerful than those of a desktop computer. Especially
the cache size is very limited. This makes it more chal-
lenging to design an efficient implementation. In par-
ticular, the benefit of accessing memory at spatially and
temporally coherent locations is more pronounced. On
the other hand, the small size of the device that inte-
grates all the required features and is readily available
on the market makes it a good choice for mobile aug-
mented reality settings. It is easy to manipulate and
cost-efficient.

Although we use a particular model of a cell phone
(Nokia N900) in this paper, the implementation is plat-
form independent to the extent of accessing the pro-
grammable camera and could be easily adopted to other
hardware.

6 RESULTS
In this section we present the results of our work, where
the test scenario is shown in Figure 5. Firstly, we
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compare the three discussed importance sampling algo-
rithms. Then, we discuss the advantages and limitations
of merging the data from multiple cameras.

6.1 Comparison of Importance Sampling
Algorithms

Below we summarize the results briefly for all three
algorithms. Both PDF-based methods produce good
results for environment sequences where the frame-to-
frame changes of illumination are subtle. Temporal fil-
tering of sample positions and intensities improves on
temporal coherence but causes unwanted temporal lag
if the changes are abrupt. The sampling method based
on subdivision handles abrupt changes successfully, es-
pecially if the changes are local, but has problems han-
dling subtle light source movements.

Quality of Sampling Pattern

Both implemented PDF-based importance sampling al-
gorithms (Pharr and Hemigon) produce samples of
equal power (in fact the brightness as luminance is
taken as PDF). This means that the distribution of the
samples is proportional solely to the distribution of the
power in the captured environment map. While in gen-
eral such a sampling pattern makes a good approxi-
mation of the environment map, in some cases under
sampling of relatively dark regions might be a prob-
lem. Suppose we have an environment map that con-
tains one bright light source and several much dimmer
light sources. A sampling pattern that puts almost all of
the samples in the small bright region would be reason-
able for most views of the rendered scene. But when
the main light source gets obstructed and the view be-
ing rendered is in a shadow, then the dim light sources
come into play. Sampling small bright regions thor-
oughly and under sampling the rest of the environment
produces poor results in such cases. For these reasons,
it is desirable to maintain a good stratification of sam-
ples. Using such an importance metric that takes into
account both brightness and angular extent of a region
produces better results in these situations.

Due to the nature of HEALPix mapping, the Q2-Tree
algorithm requires relatively many samples to approxi-
mate an environment map well (approx. 200 or more
samples). The environment map is subdivided uni-
formly into twelve regions. An adaptive quad tree sub-
division is then constructed separately on each of the
twelve regions, placing one sampling into each of the
leaf subregions. If we take only a few dozens of sam-
ples, the directions of light sources and thus the shad-
ows cast in the renderer do not match the real envi-
ronment and cause strong artifacts. Furthermore, for
subtle movements of light sources, such as a swinging
light bulb, the sampling pattern does not change, only

the power of each sample changes. The rendered se-
quence looks unrealistic and diminishes the overall im-
pression of the virtual environment, as the human visual
system is sensitive to shadows, providing an important
cue about the environment.

Figure 6 shows the sampling patterns produced by each
of the three algorithms, and a scene renderer using
the respective set of light sources. Note that while
Pharr and Hemigon algorithms produced similar sam-
pling pattern, the Q2-Tree algorithm spreads the sam-
ples across a broader area because the importance is
weighted by angular extent as well as brightness.

Temporal Coherence
An important aspect of importance sampling algorithms
for dynamic sequences is the temporal coherence of
the sampling pattern for consecutive frames. Frame-
to-frame changes of the light source positions and their
intensities could cause disturbing temporal flickering in
the rendered animation. The images with samples from
the three algorithms are shown in Figure 7.

In the implementation of the first algorithm, Pharr, we
used a Halton generator to generate a sequence of quasi-
random vectors in two-dimensional space. Even though
we use the same sequence for every frame, positions
of samples change globally due to local changes. This
problem is caused by the global nature of cumulative
probability distribution function.

The second implemented algorithm, Hemigon, at-
tempts to solve these issues by several improvements,
described in Section 3.1. These processing steps
increase the temporal coherence, but introduce visible
temporal lag in rendered images for abrupt changes
of the illumination. Despite these issues, for a typical
scene with subtle frame-to-frame illumination changes,
this method produces reasonable results.

The Q2-Tree sampling method handles local illumina-
tion changes successfully. On the other hand, it fails to
capture subtle light source movements. Furthermore, it
requires more samples than the other methods to sam-
ple the environment map adequately.

We found that the PDF-based methods produce better
results for scenes with subtle illumination changes and
with moving light sources. The subdivision methods,
on the other hand, produce better results for scenes with
abrupt and localized illumination changes.

Performance
In this section, we analyze the time complexity and
present the results of performance measurements of the
three implemented algorithms.

The measurements were performed on a Nokia N900
smartphone. The source code was compiled in GCC
compiler, version 3.4.4, with the -O3 option enabled.
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(a) Scenario 1 (photograph) (b) Scenario 1 (screenshot) (c) Scenario 2 (photograph) (d) Scenario 2 (screenshot)

Figure 5: Photographs and rendered images from a testing setup for two scenarios, when the user moves a flashlight
around the camera. Changes of the illumination are interactively observed in the renderer; (a) and (b) flashlight on
the left, (c) and (d) flashlight on the right.

(a) Pharr (b) Hemigon (c) Q2-Tree

Figure 6: The upper row shows the sampling patterns
produced by the three algorithms for an environment
map of resolution 360× 90 pixels, using 16 samples;
the bottom row shows a render of a bunny lit by each
respective set of light sources.

Pharr Hemigon Q2-Tree
Figure 7: Snapshots of the sampling patterns produced
by the three implemented sampling algorithms for three
subsequent frames of a video sequence.

Three images of varying exposure were fused into one
HDR image. The images were captured at resolution
640× 480 pixels and mapped to a polar image of res-
olution one pixel per degree (i.e. 360× 90 for a hemi-
sphere). The Q2-Tree algorithm used a HEALPix map-
ping of resolution 12×100×100 pixels.

The overall asymptotic time complexity is O(w · h +
n · (logw + logh)) for the PDF-based algorithms and
O(w · h + n · logn) for the Q2-Tree, where w× h is

the image resolution of the environment map and n is
the number of samples. The first term, O(w · h), ac-
counts for the processing of the environment map prior
to placement of samples. This includes, for example,
the construction of the CDFs in PDF-based sampling
algorithms and construction of the summed area table
in the Q2-Tree sampling algorithm. The second term
accounts for placement of samples and depends on the
particular algorithm used. Post-processing of samples,
including color computation, takes O(n) time.

The bottleneck of the execution is the capture and pro-
cessing of the HDR light probe. For a single frame,
three varying exposure images are captured, fused into
a single HDR image [19], and mapped into polar co-
ordinate system. Using the configuration described
above, the acquisition of a single HDR environment
map takes 120 milliseconds. Table 1 shows the sam-
pling times of the three compared algorithms, exclud-
ing the environment map acquisition time.

#samples HDR acquisition
Sample generation

Pharr Hemigon Q2-Tree
200

120
10 150 30

1000 10 150 50
10000 80 170 430

Table 1: Comparison of performance of the three dis-
cussed methods. All times are in milliseconds.

6.2 Multiple Cameras
In this section, we present the results of merging of
sampling data from multiple cameras. The image ren-
derer with light sources generated by merging the data
from four displaced cameras is depicted in Figure 8
together with the reference ground truth image using
samples computed from a single camera in the center.
Principally the samples as a result of merging from spa-
tially dislocated cameras can be different to the sam-
ples computed from the reference camera in depen-
dence on the changes of indoor illumination. However,
in practice we observe these differences are very small
or zero. This is true only under the assumption, when
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the distances between cameras and hence the environ-
ment maps are not too different.

(a)

(b) (c)

Figure 8: (a) A photograph of the system in operation.
The data from the four displaced cameras are merged
and the results are compared against the reference cam-
era in the center. The four outer cameras form a square
sized 1000×1000mm. (b) Bunny lit by the illumina-
tion acquired on the reference camera in the center. (c)
Bunny lit by the illumination computed from the four
displaced cameras for Pharr algorithm.

The results of merging for the algorithm Pharr and Q2-
tree are shown in Figure 9. For the Q2-Tree sampling
our merging algorithm produces the same results as av-
eraging of the calibrated HDR light probes per pixel and
building a Q2-Tree from scratch on the resulting image.

In order to test this hypothesis empirically, we imple-
mented a simple testing application - it downloads the
HDR light probe in .hdr format from each of the cam-
eras, computes an average per pixel and runs the Q2-
Tree sampling algorithm [23] on the final HDR environ-
ment map. We obtained exactly the same set of sam-
ples as produced by our Q2-Tree merging algorithm.
Clearly, the advantage of merging Q2-Trees instead of
averaging light probes is reduced bandwidth. The Q2-
Tree representation of a light probe is very compact,
typically not exceeding several KBytes for a reason-
able number of samples, as opposed to the substantially
higher memory requirements consumed by the repre-
sentation of a complete HDR light probe.

In addition, the system with multiple cameras increases
on robustness - it is capable of providing reasonable
data to the rendering engine even if one or more of the
cameras fail or has data dropout (for example, due to
network problems) as long as the failure is detected.
Also, the use of multiple asynchronously running cam-
eras increases the frequency of light sources update and
the data can be used to create a temporal blur, improv-
ing the temporal coherence.

(a) Pharr

(b) Q2-Tree

Figure 9: Results of merging for (a) Pharr and (b) Q2-
Tree algorithm. The four windows on the right show
sampling patterns and environment maps captured by
four displaced cameras. The windows on the left show
the resulting sampling pattern and a scene illuminated
by the resulting set of directional light sources.

7 CONCLUSIONS
We presented a framework for live capturing of HDR
light probes and their decomposition into sets of direc-
tional light sources. We implemented three importance
sampling algorithms and compared them in terms of
the quality of the sampling pattern, temporal coherence,
and performance. We extended the existing techniques
by merging data from multiple cameras to better ap-
proximate the lighting of the real environment, and dis-
cussed the associated advantages and limitations. We
have shown a proof of concept implementation of our
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ideas. Our framework with multiple cameras is useful
for example in mobile setting of virtual television stu-
dios and augmented reality display systems.
As future work we want to further examine the possibil-
ities of using multiple cameras. Existing image-based
lighting methods assume only distant lighting, repre-
sented by directional light sources. This assumption
is not valid, especially for indoor scenes, and causes
artifacts in mixed reality applications, where the light
source position is required for shadow detection and
generation. By using two or more displaced cameras,
it would be possible to estimate the position of point
light sources and thus even improve the results of con-
sistent illumination computation similar to the outdoor
scenarios [16].
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ABSTRACT
A motion capture method is used to capture facial motion to create 3D animations and for recognizing facial
expressions. Since the facial motion consists of non-rigid deformations of a skin, it is difficult to track a transition
of a point on the face over time. Therefore, a number of methods based on markers have been proposed to solve
this problem. However, since it is difficult to place the markers on a face or on an actual texture of the face, it is
difficult to apply the marker-based capture methods. To overcome this problem, we propose a marker-less motion
capture method for facial motions. Since the thickness of a skin varies in each facial part, the features of the
motion of the each parts also vary. These features make the non-rigid tracking problem more difficult. To prevent
the problem, we recognize five types of facial parts (nose, mouth, eye, cheek and obstacle) from 3D points of a face
by using Random Forest algorithm. After the recognition of the facial parts, we track the motion of the each part
by using a non-rigid registration algorithm based on the Gaussian Mixture Model. Since the motions of the each
part are independently detected, we integrate the motions of the each part as 3D shape deformations for tracking
the motions of the points on the whole face. We adopt a Free-Form Deformation technique which is based on the
Radial Basis Function for the integration. This deformation method deforms 3D shapes seamlessly with pairs of
key points: several numbers of points of a source face and the corresponding points of a target shape which are
detected by the non-rigid registration algorithm. Finally, we represent the motion of the face as the deformation
from the face of the initial frame to the others. In our results, we show that the proposed method enables us to
detect the motion of the face more accurately.

Keywords
Facial animation, Motion tracking, Non-rigid registration, Deformation, Random Forest

1 INTRODUCTION

The facial animation and capturing motions are one of
the important topics in the area of computer graphics
and vision[1, 2, 3, 4]. The most important point for

Permission to make digital or hard copies of all or part of
this work for personal or classroom use is granted without
fee provided that copies are not made or distributed for profit
or commercial advantage and that copies bear this notice and
the full citation on the first page. To copy otherwise, or re-
publish, to post on servers or to redistribute to lists, requires
prior specific permission and/or a fee.

capturing motions is that the capturing method can cor-
rectly track the movement of all points (vertexes) from a
frame to another frame of the motion. In case of a facial
motion capture, since the movement of a skin on a face
is mainly caused by a movement of muscles, it has more
flexibility than that of a body movement caused by a
movement of a bone and an axis. To detect the move-
ment of a face between frames, a number of methods
have been proposed. The method which tracks artificial
markers on a face is the well-known approach to cap-
ture the motion of a face[3, 5]. By using the artificial
markers, a capturing method can track the movement
of the point robustly, even if a point on a face has fewer
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features for tracking. In other cases, when it is diffi-
cult to place the artificial markers on a face or when we
want to capture the texture at the same time, marker-
less capturing methods are used. Some of the marker-
less methods detect corresponding points between the
frames based on the features of the shape[6, 7]. These
feature based approaches enable us to track a movement
of a mouth, nose and eyes which have strong features of
its shape. However, it is difficult to track a movement
of a cheek and a forehead which have a few features by
the feature based approaches. In this case, the non-rigid
registration algorithms[8, 9] can be a solution to track
the movement of a face. If we apply the non-rigid regis-
tration algorithm for tracking, the algorithm detects the
transformation from a face in one frame to that of an-
other frame smoothly. However, since the thickness of a
skin varies in each part of a face, a movement of a face
also varies in each part. This feature of the non-rigid
registration algorithm erases the feature of the move-
ment of a face.

To solve this problem, we propose a motion capture
method that independently tracks movements of each
part of a face. For this method, we define five parts of
a face: nose, mouth, eye, cheek and obstacle. To recog-
nize the facial parts from a face, we utilize a Random
Forest[10]. After the recognition of the facial parts, we
detect the movement of the each facial parts with the
non-rigid registration algorithm[8, 9]. Finally, we in-
tegrate the movement of each part into a single one to
represent a movement of the whole shape of a face.

2 RELATED WORK
In this section, we describe the related works about the
facial motion capture and the registration of 3D objects.

2.1 Facial Motion Capture
Since it is difficult to create the facial animations man-
ually, a number of methods are proposed to capture the
facial motion automatically. There are two types of ap-
proaches to capture the facial motion: a marker-based
approach and a marker-less approach.

The marker-based approach has the advantage that it
can more robustly detect the movement of the markers
than the marker-less approaches. Huanget al. proposed
the method to capture a high-fidelity facial movement
by using one hundred markers[3]. This method can
capture realistic and dynamic wrinkles and fine-scale
facial details. However, the marker-based approach re-
quires time to set up the marker and it is difficult to use
to capture the scene, since the object has to be in con-
tact with the face. Bickelet al. proposed the method
that uses painting markers to capture the detailed defor-
mation of the face such as the wrinkles[11][5]. These
marker-based approaches have a common problem that
it is laborious to put the markers and it is difficult to

capture the natural texture at the same time with the
motion.

On the other hand, the marker-less approaches are pro-
posed to solve the problems of markers. Sibbinget
al. uses the feature tracker like the KLT tracker[12]
to detect the movement of a face[4]. They proposed
the Surfel Fitting method to fit the deformed face to the
scanned 3D points of the face. Weiseet al. constructs
the facial performance database of a person to detect the
motion of the face from 2D image and 3D point set[13].
This method finds the similar poses from the database
and reconstructs the facial expression by combining the
similar poses. This kind of method uses 2D texture in-
formation. Therefore, the motion capture method based
only on the 3D point is required and the following ap-
proaches are conducted.

2.2 Registration of 3D objects
The registration algorithm is commonly used to inte-
grate two point sets that are scanned from different po-
sitions and angles. It is also useful to detect the move-
ment of an object. Therefore, there are a number of
approaches to capture the motion of the object by using
the registration algorithms.

2.2.1 Rigid Registration
The rigid registration algorithms detect the translation
and rotation of an object from two point sets. The ICP
algorithm[14] is one of the well-known approaches. In
this paper, we try to detect the non-rigid movement
of a face. Although, the scanned data of a face is al-
most non-rigid, it still contains a rigid transformation.
Therefore, we use the Normal Distributions Transform
(NDT) algorithm[2] to estimate the rigid transformation
of a face. The NDT is robustly estimating the transfor-
mation by using a mixture of a Gaussian distribution to
represent the distribution of the points[15][16].

2.2.2 Non-Rigid Registration
The non-rigid registration algorithms become one of the
most important topics in computer vision and graphic
fields and it is useful to detect the movement of the
point sets[7, 8, 6, 17]. Myronenko et al. proposed
the Coherent Point Drift(CPD) algorithm[9] that re-
gards the distribution of the point set as Gaussian Mix-
ture Models and minimizes the distance of the Gaus-
sian centroids. The method proposed Chuiet al. is
a similar approach that uses Expectation-Maximization
(EM) algorithm with the basis function as the thin-plate
spline (EM+TPS)[18]. Jianet al. advanced this kind
of approach by using the L2 distance between Gaus-
sian mixtures representing two point sets[8]. They com-
pare the performance of four types of approaches: L2
distance and TPS based approach (L2+TPS), L2 dis-
tance and the Gaussian based RBF (GRBF) based ap-
proach (L2+GBRF), TPS and CPD. Since these algo-
rithms have the acceptable robustness and accuracy, we
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use the L2+TPS algorithm to detect the movement of
facial parts.

Tevs et al. proposed a novel method which is called
an Animation Cartography[7]. This method detects the
correspondence of all points from a frame to the next
frame by using the graph matching algorithm. This
method detects the holes to interpolate them by con-
sidering the global correspondences. Liet al. proposed
a robust reconstruction method for a moving object[6].
This method uses the template model which is made
from the shape of the first frame and key points of the
template. To detect the movement, they deform the
template model to fit the shape of the next frame[19].

2.3 Recognition of a human body

In our approach, we recognize the facial parts from an
input point data. In terms of studies on the recognition
of a human body, various methods have been proposed.
Shotton et al. proposed an efficient method to quickly
and accurately predict 3D positions of body joints from
a depth image[20]. They use the Random Forest[10] to
recognize the body parts. Dantone also uses the Ran-
dom Forest based approach to recognize the facial parts
in real-time[21]. One of the advantages of the Random
Forest is that it quickly decides the class of the input,
even when the input data is huge and the feature vector
is composed of large dimensions.

3 OVERVIEW

Our method is composed of four steps as shown in
the Figure 1. In step (a), we create surfaces of a face
from a set of point cloud generated by the 3D scanning
method[22]. We use a 3D shape feature which is called
First Point Feature Histogram (FPFH) [23] as a feature
vector for a Random Forest to recognize the facial parts.
At this time, we also create a height map (the height is
equal to the depth from the camera) which is used for
the step (d).

In step (b), we train the Random Forest to recognize
the facial parts. Then, we classify the facial parts into
five types: nose, mouth, eye, cheek and obstacle. The
feature vector of each point of the face is defined by
using the FPFH and a normalized position. To calculate
the normalized position, we define the origin point at
the tip of the nose and normalize positions of all points
into -1.0 to 1.0. We create the training set by selecting
the each part manually. We will describe the details of
this step in Sec. 4.

In step (c), by using the results from the step (b), we de-
tect the movement of the each facial part independently.
We calculate the transformation of the each point from
the point set belongs to first frame to it belongs to other
frames by using the L2-TPS algorithm.

In step (d), we integrate the transformation of the each
point that is estimated in the step (c) into the small num-
ber of the key points to represent the deformation of the
face. We use a deformation method which is based on
the Radial Basis Function (RBF)[24, 1]. Finally, the
motions of the face are represented by the deformations
that deform the face shape from the first frame to other
frames. We will describe the details both the step (c)
and (d) in Sec. 5.

4 FACIAL PARTS RECOGNITION
In this section, we describe how to recognize the fa-
cial parts from 3D points of a face (the step (b) in Fig-
ure 1). Since the number of 3D points included in the
motion of a face is usually huge, it is required that the
recognition algorithm has an acceptable performance to
process over 100,000 points. The Random Forest algo-
rithm (RF) has the advantage in speed to process the
huge data. On the other hand, RF has a problem called
"over fitting". This is when RF has a tendency to recog-
nize an unknown object as one category (it is difficult
to reject the data) in case of a generic object recogni-
tion. In case of a facial parts recognition for motion
tracking, there are a few numbers of unknown objects
like outliers and obstacles. To overcome the problem,
we add the obstacles into one class of the facial parts.
Finally, we define the five classifications of the facial
parts: "nose", "mouth", "eye", "cheek" and "obstacle".
The reason why we don’t differ the left and right parts
is that if the number of the parts is large, each possibil-
ity value of the parts of a point is more widely spread.
Then, the points which are not determined any facial
parts are increased. To prevent this, we select the five
classifications of the facial parts. In the following sec-
tions, we will discuss about a feature vector for recog-
nizing the facial parts and training process of the RF.

4.1 Feature Vector for Recognizing the
Facial Parts

It is important to define the feature vector for the Ran-
dom Forest to recognize the facial parts exactly. A
feature vector which has enough information about the
3D shape of a face is suitable for recognizing the face.
Therefore, we utilize the FPFH method[23] to compose
the feature vector because the FPFH efficiently repre-
sents the feature of the local shape of an object. FPFH
is a feature descriptor for point clouds that consists of a
histogram of the mean curvature between a point and
neighboring points. Because each facial part has its
own features in the curvature, we select FPFH as the
feature vector. In our preliminary experiment, there are
some errors when we recognize the facial parts form a
face with only FPFH as a feature vector. Then, we add a
normalized position of a point to the feature vector. To
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Figure 2: Flow diagram of the recognition of the facial
parts.

denote the normalized position, we define the center of
the face as the tip of the nose and normalize the size of
the face into the range of−1.0 to 1.0. This additional
feature makes each decision tree of the Random For-
est simpler. The feature values of the FPFH are usually
similar between left eye and right eye. However those
of the normalized position are different. This strong
feature is useful to make the decision process of facial
parts simpler. Hence, the feature vector has the 33 di-
mensions information from the FPFH and three dimen-
sions from the normalized position for representing the
feature of a point.

4.2 Training Process
We train the RF by using the classification of the facial
parts and the feature vector. To make training sets, we
choose 6 frames from the input motion and specify the
area of the facial parts manually. In this approach, users
have to make the training sets for every input data set.
This is the limitation of our method, however this ap-
proach has the benefits that it enables us to reject scan-
ning noises and an obstacle. Then, we also select the tip
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Figure 3: Flow diagram of the motion tracking and de-
formation of a face.

of the nose for creating the feature vector. The trained
RF is used in the motion tracking process.

5 MOTION TRACKING FOR THE FA-
CIAL PARTS

In this section, we explain about the motion tracing pro-
cess of a face (step (c) in Figure 1). Figure 3 is the de-
tailed flow diagram of the step (c) to (d) in Figure 1. We
describe a set of points representing a face int th frame
asF t = (vt

0, · · · ,vt
i , · · · ,vt

N)
T. And a facial partc of the

face is described asPt
c = (vt

x,v
t
y, · · ·)T.

Before the tracking process, we recognize the facial
partsPt

c by using the Random ForestRF(x). TheRF(x)
gives the value of the possibility of each facial part for
each point. We accept the point which has the possibil-
ity of over 90% as the partPt

c(Eq. 1).

RD(F t)(the possibility o f c is over90%)→ Pt
c (1)

In the following sections, we describe the details of the
motion tracking process.

5.1 Sampling of tracking points
Our method tracks movements of each partPt

c on the
Non-rigid Registration method named "L2+TPS" (de-
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scribed in section 2.2.2). Since the L2+TPS is designed
to deal with less than a thousand points, it is difficult
to apply our face model (it contains hundreds of thou-
sands of points.) However, since L2+TPS is useful way
to track a deformation of a non-rigid object, we re-
duce the number of the points for tracking (Figure 3
(a)). We apply the down sampling technique which is
called approximate voxel grid filtering [25] to reduce
the number of the points within 800 to 1500. We de-
scribe the reduced point set ofPt

c as P̂t
c. Then, since

most of points ofPt
c are not tracked by L2+TPS by the

reduction of points, we will calculate movements of the
reduced points by interpolating the movement ofP̂t

c in
section 6.

5.2 Discussion about the target frame of
the tracking

When we track the movement of a face from a multi-
frame data, there are two types of approaches for track-
ing the movement. One is the approach which tracks
the movement between the neighboring frames (from

Pt
c to P(t+1)

c ). The other is that it tracks the movement
from the initial frame to other ones (fromP0

c to Pt
c).

The former approach has an advantage that since the

difference betweenPt
c and P(t+1)

c is usually small, it

is easy to fitPt
c to P(t+1)

c by using non-rigid registra-
tion algorithms. However, if the number of frames is
large, errors that are caused by each tracking step are
accumulated in large amounts. The latter approach has
an advantage that even if a tracking result fromP0

c to
Pt

c contains error, the result does not affect the other
tracking results. And if the shapes of a face around the
end of the motion are similar to the shape of the initial
frame, the tracking results will be better than the former
approach. In case of facial motions, since differences
from the initial shape to the other ones are smaller than
those of body motions, L2+TPS can directly track the
movement formP0

c to Pt
c. Therefor we adopt the latter

approach for tracking.

5.3 Motion Tracking based on the Parts
Recognition

Equation 2 represents the tracking procedural fromP̂0
c

to P̂t
c by using L2+TPS.

L2+TPŜP0
c →P̂t

c
(P̂0

c ) = Qt
c (2)

WhereQt
c represents registered positions fromP̂0

c to fit
to P̂t

c. Qt
c and P̂1

c has same number of points and the
each point ofQt

c is related to the each point of̂Pt
c. In

the following chapter, we will describe an integration
process of tracking resultsQt

c to detect the movements
of all points of a faceF0.

  Control Vector 

   Surface of     

Radial Basis 
Function    Surface of         0F

tF

tC

0

1T
0

0T

tT0

tT1

Figure 4: RBF based deformation.

6 INTEGRATION OF TRACKING RE-
SULTS OF THE FACIAL PARTS

The tracking resultsQt
c are the sparse information about

movements of each facial partc. We calculate move-
ments fromF0 to other frames by applying a shape de-
formation method. In this process, since we don’t con-
sider the difference of the facial parts, we describe a
tracking result of the entire face asQt

c = ∪cQt
c. Now,

L2+TPS registration method gives the positions of all
pointsQt on the faceF t . When a shape deformation
method deformsF0 to fit to F t , Q0 should be able to
deform toQt by the method. Therefore, we utilize the
shape deformation method described in the following
section.

6.1 Shape deformation method based on
Radial Basis Function

We introduce the shape deformation method based on
RBF which deforms an object by interpolating moving
points[1]. The basic idea of the shape deformation is as
follows (Figure 4). Now, we put a pointT0

0 on a sur-
faceF0 = (v0

0, · · · ,v0
i , · · · ,v0

N)
T and give a deformation

target pointTt
0. When only the pointT0

0 moves toTt
0, a

deformed surfacêF t is easy to determine by the follow-
ing equation.

vt
i = v0

i +RBF(||T0
0 −v0

i ||)(Tt
0 −T0

0 ) (3)

By using the equation 3,T0
0 is correctly moved toTt

0.
However, if we add another pair of pointT0

1 andTt
1, the

deformed surface doesn’t pass theTt
0 and Tt

1 because
of the movement vectors(T0

0 −v0
i ) and(T0

0 −v0
i ) affect

each other by RBF. To solve this problem, the shape de-
formation method detects vectors which are called the
"control vector"Ct . By considering the effect of mov-
ing points, theCt is detected to makêF t passingTt

0 and
Tt

0. In this study, we have the pairs of moving pointsQ0

andQt . Then, we describe the movement of the points
asMt = Qt −Q0 and the distance between the points of
Q0 is given by the following matrixD.

D(Q1,Q1) =





||Q1
0−Q1

0|| · · · ||Q1
0−Q1

m||
...

. . .
...

||Q1
m−Q1

0|| · · · ||Q1
m−Q1

m||



 . (4)
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Table 1: Size of frames and points of input data.

Data set Slap Smile Stretch Grip
No. of frames 46 55 48 48
No. of points 115169 190599 321142 161517

Then, the relationship of the control vectorCt and the
movement of the pointsMt is as following equation.

Tt = RBF(D(Q1,Q1))Ct (5)

SinceMt andQ1 are the known values, we can detect
Ct by using the invert matrix ofD (equation 6).

RBF(D(Q1,Q1))
−1

Tt =Ct (6)

Finally, by using the control vectorCt , an arbitrary
point v0

i of the faceF0 is deformed to theF̂ t by the
following equation.

vt
i = RBF(D(v0

i ,Q
1))Ct (7)

Through this process, the movement fromF0 to F̂ t is
detected.

6.2 kernel function
We discuss a kernel function of RBF which defines the
feature of the interpolation between points. Since we
track the movement of the facial parts independently,
it has a feature that there are a few points ofQt be-
tween the boundaries of the parts. If we use a Gaussian
like function as a kernel function of RBF, the movement
of the area where the density of the points is sparse is
smaller than the other area. Thus making an unnatural
movement of the face. Therefore, we select a kernel
function as Euclid distanceRBF(x) = ||x|| which af-
fects the movement to the wider area. This kernel func-
tion is also used in the research of facial deformation by
Nohet al. [24].

7 RESULTS AND DISCUSSIONS
In this chapter, we show tracking results of four types
of motions and discuss the accuracy of the results. The
four types of motions are as follows: slapping a face
(Slap), make a smile (Smile), vertically shrunk face turn
to expand (Stretch) and it is an example of general ob-
ject that a hand grips two rubber balls (figure 5). Table
1 shows numbers of points consists of the initial frame
and frames of each motion.

7.1 Accuracy of the captured motion
For evaluating the accuracy of the proposed method and
previous Non-rigid registration methods (L2+TPS[8],
L2+GRBF[8], EM+TPS[18], CPD[9]), we calculate the

Figure 5: Examples of the input motions and tracked
ones (upper row:input, bottom row:tracked). (a)Slap.
(b)Smile (c)Stretch (d)Grip

Table 2: Conversion of the mean distances between the
input point clouds and the captured faces of the each
algorithm.

Mean distances (mm)
Data set Our L2+TPS L2+GBRF EM+TPS CPD

Slap 1.70 2.23 2.37 2.38 2.35
Smile 0.56 0.78 0.54 0.55 0.79
Stretch 1.27 1.55 1.46 1.55 1.63
Grip 0.84 1.55 1.52 1.85 1.55

mean distance between the tracked faceF̂ t and the in-
put facesF t as errors of tracking. Table 2 shows the
conversion of the mean distances of each method.

This result shows that the proposed method method
succeeds to reduce the errors of the motion "Slap",
"Stretch" and "Grip". Especially in the motion "Slap",
even though this motion includes a hand contacted to
the face, we can reduce the errors. Figure 6 visualizes
the errors of some frames of the motion. In this result,
the errors on the nose and the cheek are reduced. This
result shows that by dividing the facial parts for trac-
ing, we can reduce making wrong correspondences of
the tracking.

7.2 Evaluation of identity between the ini-
tial face and the tracked face

In the section 7.1, we evaluated the distances between
the initial face and the tracked one. Although it has
a meaning to evaluate the fitness of both the faces, it
is not clear that a point of the initial face correctly
moves to the identical point of other ones. Then, to
evaluate the identity between the initial face and other
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Figure 6: Visualization of errors on the face. (a)Input
motion. (b)Results tracked by proposed method.
(c)L2+TPS. (d)L2+GBRF. (e)EM+TPS.

Figure 7: Accuracy of the motion. (a)Grand-truth
(b)Proposed method (c)L2-TPS

ones, we manually made the ground truth of the move-
ment around the mouth by giving same positions of five
key points in each frame (the top row of the figure 7).
Figure 8 shows the mean distance between the tracked
points and the ground truth data. These results show
that the proposed method can detect the movement of
the face more accurately than other methods. However,
our method has several errors in the positions of the sev-
eral key points. This will be our next challenging task
to improve in our method.

8 CONCLUSION
The conclusion of this paper is as follows:
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Figure 8: Conversions of the tracking error of the key
points around the mouth.

• The proposed method succeeded to detect the move-
ment of a face as the deformation from the initial
shape to the other shapes.

• The recognition of the facial parts provides the effi-
cient constraint to detect the correct transformation
of the key points.

• We show that the proposed method enables us to de-
tect the motion of the face more accurately than the
other non-rigid registration algorithms.

The proposed method still has several errors to detect
the shape of the facial parts. In the future, we will uti-
lize the texture information of a face to capture more
accurate motions.
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ABSTRACT
We present a device for detection of hail dents in passenger cars. For this purpose we have constructed a new
multi-camera deflectometric setup for large specular objects. Deflectometric measurements have strict constraints
how cameras can be placed – for instance: angular restrictions and distance limitations. An important trait of our
system is the static setup – we use a single setup for camera configuration for all objects to be scanned.
We render the camera images and analyze them for the deflectometric needs to optimize the camera placement
w.r. t. multiple parameters. Important ones are the positions of the cameras – reflections of the patterns should be
clearly visible. Camera parameters are computed using a global optimization procedure for which we efficiently
generate a good starting configuration. We introduce an empiric quality measure of a particular camera configuration
and present both visual and quantitative results for the generated camera placement. This configuration was then
used to build the actual device.

Keywords
deflectometry, ray tracing, quantum annealing

Figure 1: We optimize the camera positions for optimal inspection of specular surfaces using reflections of projected
patterns. From left to right: an overview of the setup with color coding to show different projection screens; view
through one of the cameras where the borders between screens are clearly visible; a picture of the actual device; hail
damage on a (white) car where the dents are clearly visible as distortions of the reflected pattern.

1 INTRODUCTION

One of the most problematic events for car insurance
companies are hailstorms as numerous claims need to be
processed in the shortest possible time. Currently, each
car needs to be assessed and documented by a human
expert using a camera and a pattern that is reflected by
the damaged surface. As this process is very time con-
suming, insurance companies are highly interested in
automating assessment and documentation. The main
challenge is reducing the recording time to process all
damaged cars shortly after the event. Analysis and as-

Permission to make digital or hard copies of all or part of
this work for personal or classroom use is granted without fee
provided that copies are not made or distributed for profit or
commercial advantage and that copies bear this notice and the
full citation on the first page. To copy otherwise, or republish,
to post on servers or to redistribute to lists, requires prior
specific permission and/or a fee.

sessment may take longer since the claims settlement –
i.e., repair – is the limiting factor anyways.

Traditional methods like laser measurement can only
reconstruct an object if it consists of a diffuse material
(see, e.g., [19]). For the inspection of specular surfaces,
these methods are not applicable. One possible solution
to this problem deflectometry. Cameras record reflec-
tions from a specific pattern on the surface. Once the
pattern and the positions of the camera and the pattern
generator (e.g., a fixed pattern or a display) are known,
the surface normals can be calculated by comparing the
distorted pattern reflection with the expected one.

In this joint project with i-Lumica AG, PHIcom GmbH,
OGP Messtechnik GmbH, ALTRAN Group, AXA
Auto Competence Center and ExactVision Bildver-
abeitungssysteme GmbH, we developed a specific
deflectometric measurement system. The goal was
to detect hail damage in cars, shown in the rightmost
image in Figure 1. The whole measurement procedure,
including driving the car in and out should take no more
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than three minutes. Our setup significantly differs from
the traditional approach where a human expert uses a
single camera and pattern to document the hail damage:

• We consider complete large objects: passenger cars.

• A large variety of different objects – any car, not a
particular brand and model – should be measured
with a completely static setup.

• We do not move a single camera and pattern projector
above the surface, but use a multi-camera setup with
multiple projectors.

In Figure 1 the third image shows the actual mea-
surement device. It is built using 13 back projection
screens, in between cameras can be mounted on alu-
minum beams.

For objects with a complex form, one camera alone can
not measure the complete surface. However, setting up
more than one camera can mitigate this problem and lead
to an almost complete coverage – we will show this fact
practically. Positioning the cameras and maximizing the
coverage is performed using global optimization. An
important issue in our setting is the optimality of camera
positioning for a broad set of scanned objects. We do
not optimize the setup for a single particular target, but
for a set of different targets.

In this paper we address the optimization of the cam-
era placement. We use optimization metaheuristics to
maximize the coverage, i.e., the amount of the surface
that the cameras can inspect. Car insurance companies
require at most 3% tolerance in the number of hail dents.
If we reach a sufficient coverage, we can presume that
the remaining area has the same density of hail dents or
less. This assumption is feasible as the uncovered area
is both visually and physically less accessible and thus a
lower density of hail dents can be assumed. If we obtain
a coverage of 94% and estimate ∼ 3.2% more hail dents
than found, we have 3% too many if there are none and
3% too few if the density is the same as on the covered
area.

The main contributions of this paper are:

• We present and discuss our novel setup and its opti-
mization.

• Using ray tracing we obtain qualitative measures for
the coverage of a given camera configuration.

• We propose an algorithm for the initial camera place-
ment that produces good starting values, essential for
the subsequent optimization.

• Using quantum annealing for further optimization,
we have achieved almost complete coverage (≥ 94%
of the visible surface).

• We verified our method on a broad set of car models,
including a car that was not used during optimization.

• We use a static setup, i.e. a single configuration is
used for all models.

2 RELATED WORK
There are many applications for which it is necessary
to reconstruct the surface of an arbitrary object. Often,
only contactless measurement methods are possible [2].
Existing approaches that measure the quality and char-
acteristics of a surface mainly depend on diffuse materi-
als. Highly specular materials and objects with complex
form are harder to measure. Two different methods form
the so called traditional techniques. These include, but
are not limited to, stereoscopic vision and triangulation.

Stereoscopic vision uses two images that are recorded
from different positions to create a 3D representation
of a given object [9]. The two images can be matched
by a set of feature points or by dense matching. The
distance to the camera can then be estimated for each
pixel based on the parallax. This is also used by almost
all primates for spatial vision [26]. Stereoscopic vision
fails in case of specular surfaces because the points can
not be matched in the exact surface plane, but only in
the mirror plane, which lies behind the actual surface.

The second approach is the triangulation of incident
light on a surface [19]. A laser scanline is projected
onto the surface and recorded by a camera above the
laser. Then the distance to the surface can be calculated
from the vertical displacement using triangulation. This
process depends on diffuse or partially diffuse surfaces
and does not work for highly specular objects. If the
diffuse reflection is too dim, the surface needs to be
coated, which is not possible for all types of objects.
These techniques can be used as a fallback for surfaces
that are not specular enough and therefore not suitable
for deflectometry.

2.1 Deflectometry
The deflectometric inspection of specular surfaces [15,
27] simulates the way how humans recognize the shape
of such surfaces: we look at the distortion of the reflected
patterns and infer the shape of the surface from the
reflection and the original form of the pattern. A stereo
setup makes it possible to infer the point cloud of the
surface from a set of specular reflections [2, 20]. The
reflected patterns are projected on a back light screen
using a pattern generator. A camera records the reflected
image of the pattern on the surface. Because the pattern
has a known structure and can additionally be modified
when taking several consecutive images, it clearly shows
the distortions induced by the shape of the surface.

Although deflectometry has been known for 25 years,
practical methods became feasible only recently [7, 14,
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16, 18]. Our method differs from these in several aspects,
although others also compare with a reference [2, 16].

multiple cameras Most approaches use a single cam-
era and move it along the object. We use many fixed
cameras.

static setup Our setup is not repeatedly optimized for
each particular model, but the camera positions and
orientations remain fixed in productive use.

multiple objects Our system scans multiple different
cars without modifications of the setup in-between.

optimization We optimize the camera positions, which
is not considered in most papers on deflectometry.
We discuss related work for optimal camera place-
ment below.

stereo We could also use deflectometric stereo, i.e., the
reconstruction of 3D image with multiple sensors [2,
3, 18, 28]. In an interesting alternative approach,
Zheng et al. [31] rotate their objects in order to spare
the number of cameras and projection screens.

Directly related to our work are the papers by Balzer et
al. [2] and Hong et al. [14]. The first uses a deflectomet-
ric setup to find a dent in a part of a passenger car. In
contrast to our work, a single sensor and a single projec-
tion screen are moved on a robot arm. The second utilize
two cameras and five screens for deflectometry of solder
joints. They were not concerned with the optimization
of camera positions; further we use much more cameras.

2.2 Optimization
For deflectometric measurements, the camera must be
placed in such a way that the whole surface of the object
is visible and entirely covered by the reflected pattern.
For objects with increased complexity, such as car bod-
ies, this is not feasible using a single camera and pattern
only. Multiple cameras must record the surface. The
necessary condition is that every point on the surface
can be seen by at least one camera. This is known as the
art gallery problem and has received profound research
attention. While this is necessary for any measurement,
it is not sufficient. The cameras must view the surfaces
in such an angle that every point on the surface is also
covered by a reflection of the pattern [8, 11, 23].

In mechanical measurement apparatuses, the placement
of cameras can not be arbitrary. Certain conditions must
be met, such as traverses and beams that can be fitted
with cameras and there must be a minimum distance
between two cameras. As the installation of cameras is
tedious and time-consuming, a preceding optimization
of camera positioning is crucial to build the device. Cam-
era position optimization [13] was most often researched
for a single camera. The random walk method [29] is

often used for camera positioning, while some other ap-
proaches, like genetic algorithms [24], are viable. See
also the references in Olague and Mohr [24].

Random walk. This optimization method [6, 29], ab-
breviated here with RW, is a typical approach to camera
placement [30]. It is often used in computer vision
[5, 12, 22]. The camera positions and target directions
are “jittered” a bit with random values, then the new
position is evaluated. If it is better than the previous one
it is kept and otherwise discarded. This method often
gets stuck in a local optimum if the step size is too small.

Adaptive simulated annealing. The adaptive simulated
annealing method, in short ASA, is a global optimization
metaheuristic [17]; it is adaptive because the step size is
adjusted to the current state of the problem. ASA has
an important property of being a global optimization
method. “Usual” optimization algorithms are local, i.e.,
as soon as the local optimum is found, no better solution
is reached. In contrast, the ASA can “move away” from
the local optimum in a search for a global optimum.

Quantum annealing. This method [1, 10] (abbreviated
QA) slightly differs from ASA. To achieve global maxi-
mum, ASA allows certain “setbacks”: the result might
be worse temporarily. In contrast, QA “tunnels” through
regions between local optima, which also allows QA to
find a global optimum. More formally, in QA the tun-
neling distance for the current step determines possible
candidates for the next state; in ASA this depends on the
notion of temperature in the annealing analogy. QA can
be seen as a quantum Monte-Carlo method. QA is also
similar to RW, the key difference lies in how the “jitter”
radius is defined, depending on the step count. In RW
this radius is constant. In QA the radius is chosen based
on a normal distribution. The variance of this distribu-
tion is steadily decreasing, but very large, “tunneling”
jumps are still possible, although less and less probable
with increasing number of steps.

While ASA and QA could be used in our case, the latter
has several advantages. The possible camera positions
do not form a connected manifold and thus jumps are
inevitable. While this is natural in QA, it needs to be
specially handled in ASA. In addition, QA has been
evidenced to need relatively few iterations compared to
ASA in order to find a good solution [21]; in our case
iterations are quite costly for setups with many cameras
and objects.

3 MEASUREMENT SYSTEM
Our setup includes 13 projection screens placed in a
“greenhouse” structure as shown in Figure 1. Note
the spaces between the screens. First of all, this is a
construction-induced limitation; however, we also use
these spaces to place cameras without obstructing the
projection screens. The placement of the cameras on
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the supporting beams induces some limitations to the
camera placement, as discussed below in Section 3.1.

Each camera records several images using different pat-
terns on the projection screens. Based on that data, the
hail dents are detected as shown in Figure 2. To register
the dents on the car and remove duplicate ones, we need
to determine the exact position of the car. For this pur-
pose, we mount four wide-angle cameras: to the left, to
the right, behind and above the car. Then we use back-
ground subtraction [25] to detect the car. We compare
the captured images to the views of 3D models, mini-
mizing the difference between the covered pixels. This
gives us the position and actual reference model of the
car. Note that the reference car models are segmented,
as we need to assign the hail damage to construction
parts. Projecting the images back onto the reference
model gives us the exact positions of the hail dents. Sub-
sequently, duplicates are removed. The final list per part
is the result of the deflectometric measurement.

Figure 2: Camera image showing detected hail dents. In
addition, the dents are classified into those that can be
repaired without much effort (cyan circles) and those
that cannot (red circles).

3.1 Constraints
Our approach considers a number of constraints regard-
ing the installation and then optimizes the complete
camera set. All parameters are subject to a global op-
timization procedure that will generate the parameter
values with the highest coverage possible with respect
to the specified constraints.

We change both position and orientation of the camera,
as well as the focal length of the lens. Hence, each
camera theoretically possesses 7 degrees of freedom: 6
DOFs for the camera position and orientation and one
for the focal length, which we choose from a fixed set.
The position is limited by the construction constraints:
the cameras are placed on beams between the projection
screens (see Figure 3) and the orientation is also limited
to 2 DOFs. So in total there are only 3+ 1 DOFs per
camera. A further constraint is the distance between
cameras. Due to construction limitations two cameras
need to be almost 10 cm apart. We set this distance to
exactly 10 cm in our optimization.

Summarizing, some constraints are implied by the phys-
ical properties of the cameras: focal distance, depth of
field, resolution of the sensor. Other constraints emerge

Figure 3: Camera mounted between two projections
screens. Note that while the view direction can be modi-
fied, the up vector of the camera is fixed.

from the physical construction: we place cameras not
everywhere, but only where it is mechanically feasible.

We define several criteria that need to be fulfilled for
each point on the surface of the car body in order to
be classified as covered. These include basic visibil-
ity (visible by at least one camera), extended visibility
(visible by at least two cameras if 3D reconstruction is
desired), visible reflection of pattern display, and reflec-
tion adequate for deflectometry. In the following, we
will discuss these criteria in detail.

Notably, surface parts with interreflections (e.g., con-
cave parts of the car surface) are marked as not covered.

3.2 Visibility
The most basic requirement for coverage is the visibility
of each point. This is easily determined: If a point
can be seen by at least one camera, it is visible. To
compute the visibility of a certain point, several steps
are performed. The images resulting from all of the
cameras in the scene are processed. Covered pixels are
transformed into covered patches on the surface of the
object. Any area not covered by a camera is not visible.

3.3 Reflections of pattern display
For each point, the eye vector describes the direction
from which the camera sees this point. A reflection
can occur when the reflection vector ~R belonging to the
eye vector ~V hits one of the pattern displays. Figure 4
illustrates this concept.

One problem during the optimization with respect to the
visibility of reflected patterns are the gaps between the
display segments. They result from technical and me-
chanical constraints during construction of the system.

Figure 4: Fresnel reflection angles on the surface and
display.
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Solving this problem is easy, as the affected points have
to be covered by a different camera.

The reflection quality is the most interesting and difficult
requirement. An adequate reflection is one that fulfills
the deflectometric requirements [16]. For our system,
we can reduce these requirements to the following:

• Possible reflection

• Actually visible reflection

• Reflected image must not hide details.

The possible reflection is already guaranteed by the pre-
ceding paragraph. It is necessary for any further calcula-
tions. Whether the reflection is actually visible depends
on several factors. The viewing angle influences the
strength of reflections on the surface. This is known
as the Fresnel effect. The angle between surface nor-
mal and viewing direction θ1 differs between points on
the surface. The glass panels of the projection screens
induce another limitation of the viewing angles. The
angle θ2 between the normal of the screen surface and
the view vector ~R must not be too large, otherwise the
Fresnel reflection creates an overlay on the pattern. In
our experiments, we found that up to 60◦ the reflection
does not cause measurement artifacts.

Furthermore, we want to maintain a good quality of the
reflected image. Shrinking1 the image in one direction
leads to severe loss of resolution. We do not want the
shrinking in lateral direction to exceed 1 : 2. This leads
to the second limitation: the viewing angle θ1 between
surface normal and view vector ~V must be less than
θmax, the angle where the lateral shrinking is 0.5. Any
angles larger than θmax = 60◦ are still visible, but lead to
distortions due to the extreme shrinking of the reflected
pattern. Since we want to avoid such errors, θmax is the
upper bound for the acceptable reflection angle.

The final restriction is the minimum resolution on the
surface. The projected pixel should be smaller than a
given threshold in both directions. Note that the pro-
jected size is not only distance and focus dependent, but
also changes with θ1.

4 OPTIMIZATION
The goal of our simulation approach is to optimize the
camera placement in a scene of multiple cameras and an
object. The more parts of the object’s surface are visible,
the better the placement is. Therefore the coverage, a

1 Strictly speaking, there are two kinds of lateral shrinking of the
pattern: if the surface curvature is too large and if the projected
pattern is viewed under a too sharp angle. Both are important
for our application, but in the following we discuss the one
that is actually controllable with camera placement.

measure for covered surface, is an important objective
function. We aim to optimize the input parameters (po-
sition and view direction of every camera in the setup)
leading to the best possible coverage. The simulation
data was used to determine the number of required cam-
eras and their optimal position and orientation for the
construction of the actual physical device, see Figure 1.
The coverage is the value we are maximizing, i.e., the
quality measure of the camera placement. We define it
as the relative car body surface area, which is seen by
a camera and covered with a suitable pattern reflection.
We combine the individual coverages for all cameras
to obtain the total covered area per model. Then we
combine the relative coverages of all models using

xmax = argmax
x∈D

(
min

1≤i≤N

{
Acov,i(x)
Atotal,i

}
+

λ

N

N

∑
i=1

Acov,i(x)
Atotal,i

)
,

where D is the search space, as discussed in Section 3.1,
and i iterates through the N car models. We use the
penalty weight λ to increase the convergence rate. In
this manner not only the worst case is optimized, but
also the others. We use quantum annealing to compute
xmax and thus maximize the coverage.

4.1 Computing the coverage
We use ray-tracing on commodity graphics hardware to
simulate the recorded images for a set of cameras and
then compute the covered area Acov,i of each car. During
this process, we estimate the total area of the car body
surface in which the pattern reflection is clearly visible
and which meets all constraints discussed in Section 3.1.
Basically, we add up all pixels of the specular car surface
for that the above constraints are satisfied. This value is
then divided by the total externally visible area that is
computed before starting the optimization.
Each car model is prepared in order to efficiently mea-
sure the covered area. The model is first split into reflec-
tive parts that need to be measured – i.e., the car body –
and the remaining parts that may occlude the reflective
ones or the screens. In addition to calculating per face
and per vertex normals for the reflections, a texture map
is created by unwrapping the car body using simple box
mapping [4]. The Figure 5, left, shows the generated
texture atlas of a car body. We use the texture map to
determine if a pixel is externally visible: we simply trace
several rays outward and check them for occlusion.
For each optimization pass the view of every camera is
rendered to determine which parts are visible and contain
usable reflections. Then each pixel of the camera view
is mapped into the texture atlas. As the only information
we need for this mapping is the texture coordinate of
the pixel, we simply store that in the render buffer. For
pixels that do not meet the constraints, we simply store
invalid coordinates (e.g., [−1,−1]). Figure 6 shows the
content of this render buffer for one of the cameras.
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Figure 5: Texture atlas of a sample car (left) and com-
puted coverage mapped onto the model (right). Almost
everything is green, meaning sufficient coverage.

Figure 6: Intermediate buffer storing the texture coordi-
nates of each pixel containing a suitable reflection of a
pattern. These images are generated for every camera
and mapped into the texture atlas.

4.2 Initial placement
All random-walk based methods, including QA, are lo-
cal search methods. Good start values are crucially im-
portant for the quality of the result and the runtime. The
first phase generates an initial placement of all cameras.

We place a camera, to cover the largest “hole”. These
are detected by low pass filtering the texture atlas using
a Gaussian filter of radius 0.1 of the texture size. Then
we search for the local maxima and keep the largest 10.
To place a camera, we choose randomly one of these
and determine position and normal at the closest texel
containing a part of the surface. Based on position and
normal, we first place the camera 1 m above that point.
Then we choose a random position within a distance of
1 m from that point and project the camera to the closest
free location on a beam. This process is repeated 100
times for each camera and the placement with the highest
coverage is chosen. Note that the filtering and search
are performed once for each camera, so the additional
overhead is relatively low compared to QA iterations.

Note that the initialization search phase is not required,
as QA would have found good solutions anyway, but
greatly improves the speed of the computation.

4.3 Output
To visualize the quality of the currently found solution
and build the actual device, we produce several outputs.
These are a texture depicting the current coverage, a
text output of the minimum coverage, and the camera
placement itself. Using color-coding, we can show each
point’s characteristics. Pixels that are covered are green
and the others are red. In addition, pixels that are not
visible from above or beside the car are black. The latter

100 cameras, 1000 iterations

Method RW SA QA IP+QA*

Time, s. 8344.34 7851.55 6995.35 3256.38

Table 1: Left columns: run time for three optimization
methods, right: mean run time for the performance-
tuned QA method with initial placement phase, desig-
nated “IP+QA*”. All approaches use 100 cameras, we
measure the time for 1000 iterations. Time is in seconds.

is, e.g., the case for pixels covered by the license plate,
in joints, or in the bottom-facing parts of the car. The
right image in Figure 5 shows such a visualization.

The textual output of the simulation is the list of cameras
with their position in the construction coordinates and
their look-at point. We also implemented a script to
import these in 3D-modeling/CAD software to visualize
the cameras and for the construction of the actual device.

5 RESULTS
We optimized the camera positions for twelve different
car models. These models were chosen to be as variative
as possible to ensure covering maximal shape space.2

The cameras we use have a 6.9 mm × 5.5 mm CCD
sensor with a resolution of 1280× 1024 pixels. The
cameras are capable of producing images at 100 fps.
These parameters where chosen because of the sharp
capture time limitations. The focal lengths of the lenses
are 9 mm, 12 mm, 16 mm, 25 mm, and 35 mm. As
desired resolution on the car body surface, we set a min-
imum of one pixel per mm. Relatively small resolution
of the cameras is compensated by their speed; more
cameras are added to achieve the desired resolution on
the car surface. We found the minimum number of cam-
eras required to achieve the desired coverage of 94%
to be 99 for our test set. While the minimum coverage
was 94.0006% (Chevrolet Lumina), the peak coverage
was 97.0595% (Volkswagen Golf 6). Still remaining
red spots (see Figure 7) are outliers outside the desired
coverage. The high number of cameras stems from the
desired accuracy of ∼ 0.5 mm for the detection.

The optimization was performed on an Intel Core-i7-
3770K at 3.5 GHz with 16 GB RAM and NVIDIA
GeForce GTX 680, running Windows 7. For the quan-
tum annealing we used λ = 10−3. The number of iter-
ations is 10000, disregarding heat-up. In each iteration
we either changed the position of a single camera or
moved all cameras. In the first case the distance of the
camera “jitter” ranged from 50 cm to 0.1 mm, and in the

2 The models were: Audi R8, BMW X5, Chevrolet Lumina,
Fiat Grande Punto, Ford Focus ST, Volkswagen Golf 6, Mazda
MX5, Mercedes C, Peugeot 107, Porsche Carrera GT, Renault
Clio 2, Toyota Auris.
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second case from 5 m to 1 mm. The cool-down factor
was ε− ≈ 0.99915, the heat-up factor was ε+ ≈ 1.1857.
Each time, we found a better solution, the temperature
was increased by that factor. In total, the optimization
took 25.5 hours. The optimization time is less than the
three days required to set up the rest of the device before
the cameras could be mounted.

We compared the number of required cameras for all cars
against the number required when optimizing for each
car separately. Figure 7 shows the coverage–number of
cameras relation. For all 12 cars in a static setup, the
number of cameras (99) roughly doubles the number
required for each car alone (35–67).
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Figure 7: Comparison of coverage when optimizing
for each car independently (left) vs. optimizing for all
cars together (right). The horizontal axis represents the
number of cameras, the vertical axis shows the coverage.

Figure 8 shows the coverage visualized on some of the
car models. Most important here is the top view as hail
dents are much more common on horizontal surfaces.
The rightmost image shows an experiment to test our
approach. After optimizing the cameras for the 12 cars,
we used this setup to compute the coverage of the first
generation Pontiac Firebird, which was not included in
the optimization set. We reach a coverage of 93.87%.
Hence, an acceptable coverage is also possible for cars
that were not considered during the optimization of the
camera placement. This makes it easy to use the camera
setup for cars that are newly introduced to the market,
because the shape space changes only marginally in
short time. Still, the setup needs to be revised at some
point as those chances in shape space can add up and
need to be covered. The bigger the shape space is during
optimization, the less revisions are due. This has also a
positive effect on custom car alterations, e.g., spoilers.
Surface parts occluded by these are less prone to dents.

6 CONCLUSION & FUTURE WORK
We have presented an approach to build a deflectometric
measurement system for large specular objects using
a multi-camera setup. The objects measurable by our
setup are complete cars – a quite large field of work. The
device we describe here was actually built and is now
operational at AXA, Bern. We use quantum annealing
combined with an effective initial camera placement to
determine the optimal camera placement. We consis-
tently reached high coverage rates for multiple simulated

vehicles using a single configuration – the set of cam-
era positions, orientations and focal lengths, shared for
all vehicles. Approximately 48% more cameras are re-
quired for all cars than for the most difficult one alone.
There are some issues to investigate in our future work.
Other build forms for the supportive constructions for
projection panels and camera mounting could be viable.
It could make sense to try some further optimization
methods on the whole setup, not only for the cameras.
The cameras also have further advanced parameters one
could change during the optimization, like the tilt for the
selective focus. We will further investigate the possibil-
ity to dynamically group the cameras for 3D reconstruc-
tion without reference models. It would also be possible
to use multiple camera triples for a 3D reconstruction.
We have tested this approach in our simulation, but do
not use it in the actual device due to the higher number
of cameras and availability of reference models. While
3D reconstruction is not necessary in the current system,
it could be of interest for future projects.
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ABSTRACT
Direct rendering of large point clouds has become common practice in architecture and archaeology in recent years.
Due to the high point density no mesh is reconstructed from the scanned data, but the points can be rendered directly
as primitives of a graphics API like OpenGL. However, these APIs and the hardware, which they are based on,
have been optimized to process triangle meshes. Although current API versions provide lots of control over the
hardware, e.g. by using shaders, some hardware components concerned with rasterization of primitives are still
hidden from the programmer. In this paper we show that it might be beneficial for point primitives to abandon the
standard graphics APIs and directly switch to a GPGPU API like OpenCL.

Keywords
OpenCL, GPGPU, OpenGL, Point Cloud Rendering

1 INTRODUCTION
In architecture as well as archaeology laser scanning
has become a valuable tool to capture spacious envi-
ronments for processing and inspection. The common
use cases include airborne Lidar-scanning [RD10] or
terrestrial laser scanning systems for urban reconstruc-
tion [NSZ+10], virtual inspection of caves and cata-
combs [SZW09], as well as documentation of excava-
tion sites [LNCV10]. Regardless of the particular appli-
cation, the scanning process usually produces a dense
point cloud, often consisting of several hundred million
samples. Those are comprised of a geometric locus and
are sometimes enhanced with color or normal informa-
tion. In order to work with the data in an interactive
manner it has to be visualized efficiently, which often
involves preprocessing the point clouds to cope with the
data size [Lev99, SMK07].

While some approaches aim at the reconstruction of
a mesh surface from the data [PV09], several others
content with the direct visualization of the point data,

Permission to make digital or hard copies of all or part of
this work for personal or classroom use is granted without fee
provided that copies are not made or distributed for profit or
commercial advantage and that copies bear this notice and the
full citation on the first page. To copy otherwise, or republish,
to post on servers or to redistribute to lists, requires prior
specific permission and/or a fee.

either as simple point primitives [WS06] or by using
splatting [WBB+08]. Although the latter usually pro-
duces renderings of higher quality, there are several pre-
processing steps involved, which limit the applicability
for direct on-site previews of the captured data.

Raw point primitives on the other hand suffer from the
fact that closed surfaces can only be achieved if the
sampling density, projected to the screen, exceeds the
viewport resolution. However, also in the presence of
slightly undersampled data satisfactory depictions can be
produced by filtering and post-processing the generated
rendering in screen space [KLR12, RL08].

For the actual rendering of its preferred representation
virtually every approach uses one of the standard graph-
ics APIs, like DirectX or - in the scientific community
predominantly - OpenGL. These APIs are designed to
make use of the massive parallel processing power of
todays GPUs by following a quite strict pipeline, which
all graphics primitives have to traverse before they are
displayed to the screen. Although the APIs provide dif-
ferent primitive types to render, what they are optimized
for is the primitive type that is commonly used in the
consumer market - triangle meshes, like they occur in
practically all modern 3D games.

The widespread use of this geometric structure has led
to spezialized hardware with dedicated processing units
for the different pipeline stages. Although many units
are programmable using shaders, some parts of the hard-
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ware, in particular the rasterization units, are still not
exposed to the programmer. These units, although im-
mensely useful for dealing with large numbers of trian-
gles, do not offer any benefit for direct point rendering,
where each point gets projected to exactly one fragment
during vertex processing. Unfortunately, they can not
be deactivated or circumvented in the current API im-
plementations and therefore form an unnecessary bottle-
neck for point cloud rendering by restricting the prim-
itive throughput to just a few rasterization processors
instead of thousands of shader cores.
Direct access to parallel computing hardware is provided
by OpenCL or CUDA, which leads to the question if
reimplementing a graphics pipeline specifically tailored
towards point primitives could provide significant per-
formance improvements when dealing with this kind
of data. In this paper we present such an implementa-
tion using OpenCL and show results, which show major
speedups compared to the standard OpenGL pipeline in
real world datasets.
The rest of the paper is organized as follows: After
giving a short overview over the field of point cloud ren-
dering and related work on self-implemented rendering
pipelines we describe the challenges and design consid-
erations that went into our implementation. Afterwards
we present the implementation of our pipeline and pro-
vide a detailed performance analysis on both real and
synthetic data.

2 RELATED WORK
Point based rendering is a well studied field in computer
graphics and there exists a large amount of literature on
that topic. Since this paper’s contribution does not lie
in any new rendering technique, we give only a short
overview of the two main classes of local surface re-
construction methods used in this field and refer the
reader to the survey literature [GP07, KB04] for a more
in-depth explanation.
A common problem when using point primitives is that,
unless the sampling density of the model is really high,
there can always be more or less prevalent holes in the
rendering. We divide the reconstruction techniques used
to produce a hole-free rendering into object space ap-
proaches, which require some kind of preprocessing to
work, and pure image space approaches, which operate
only on the rendering of the raw point cloud.
The most dominant object space approach has arguably
become splatting, which was initially introduced for vol-
umetric data by Westover [Wes90]. The approach was
later adapted to only use surface samples [PZvBG00,
RL00] and it has undergone several extensions and im-
provements since [GGP04, PSL05, ZPvBG01], even
making it applicable for ray tracing [LMR07, SJ00].
However, all these approaches have to compute local
surface parameters like splat size, normal direction,

curvature etc. in advance. This can take a consider-
able amount of time when processing really large point
clouds as produced by modern laser scanning systems.
On the other hand, GPU computing capabilities have
increased vastly in recent years, making it possible to
compute the splat parameters purely in image space
for only those points that are actually visible [PJW12].
When the data is dense enough to only exhibit small
holes in the rendering these holes can be filled using
interpolation [GD98, PGA11] or special morphological
filters [DRL10, RL08].

With triangle rasterization being implemented in graph-
ics cards there has not been much practical need to
reimplement the process in software. There are some
cases that benefit from a custom rasterizer, although
they are mostly limited to applications on gaming con-
soles [Val11] or to the usage of non-triangular paramet-
ric surface patches [Eis09].

Actual GPGPU implementations of triangle rasterizers
using CUDA have mainly been developed out of aca-
demic interest and as a benchmark application for the
current state of GPGPU computing [LK11, LHLW10].
These primarily have to overcome the problem of as-
signing the triangles to different threads in a way that
maximizes the amount of parallel coverage computa-
tions for them [MCEF08].

However, their results suffer heavily from the necessary
sorting and therefore still do not reach the performance
of the hard-wired hardware implementation. Since point
primitives only cover one fragment, these prior results
are not applicable to our problem. In the following chap-
ters we show that GPGPU-based software rasterization
of point clouds is not only not slower than the hardware
pipeline, but can yield a significant performance increase
with datasets common in architecture and archaeology.

3 DESIGN CONSIDERATIONS
Our goal in this work is to develop a point cloud ren-
dering pipeline that produces results true to the ones
obtained when using OpenGL rendering. For best per-
formance in OpenGL, we setup a minimalistic OpenGL
4 pipeline using the early depth test, which saves some
fragment shader instantiations under certain conditions.
In order to achieve the same results we have to rebuild
the basic OpenGL rendering pipeline in GPGPU soft-
ware. Since we are dealing with zero-dimensional prim-
itives we can omit a tessellation or geometry shader
stage (although the latter could be added on demand –
provided its output is point primitives again). Also we
did not yet include normal information for shading and
restricted our first prototype to only use geometry and
color information. However, these additions can be eas-
ily implemented when needed without major changes
in relative render times. The pipeline implemented in
our software is shown in Figure 1. We decided to use
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OpenCL in favor of CUDA to ensure platform indepen-
dence. Theoretically, our renderer would not even have
to run on a graphics card but could also be used on
any other multicore processing unit, e.g. CPUs, hybrids
of CPU and GPU like AMDs Accelerated Processing
Units [Bro10] or Intels recently introduced Xeon Phi
coprocessors [Xeo12].

mvp trans-
formation

frustum
culling

transform
to screen

space

depth test

update
color and

depth

discard

VBp

UB

D

FBc

VBc

passed

failed

passed

failed

Figure 1: The rendering pipeline implemented by our
software. After fetching the vertex coordinates from a
vertex buffer object VBp we project them from object
space to clip space via a model-view-projection matrix
from a uniform buffer object UB. In this space we can al-
ready discard many points outside the view frustum. The
remaining points are transformed to screen space using
the screen resolution from the same uniform buffer ob-
ject, where their respective positions in the depth buffer
D is known and can be used to discard occluded points.
For the remaining points, we fetch their color informa-
tion from the vertex buffer object VBc and write color
and depth to the depth buffer and color buffer FBc, re-
spectively.

To maximize parallel throughput we have to relax the
OpenGL paradigm that "Commands are always pro-
cessed in the order in which they are received. [...]
This means, for example, that one primitive must be
drawn completely before any subsequent one can af-
fect the frame buffer" [SA12]. One could argue that
we consider complete point clouds as one primitive for

which the restriction holds. Anyhow, we found that this
does not pose a serious limitation since point cloud data
from laser scanners does usually not contain transparent
points for which the ordering of draw calls would make
a difference. What can happen is a temporal flickering
of points when z-fighting (the term is used here to refer
to points that receive the same depth value after projec-
tion) occurs under a random draw order. However, this
was not noticeable in our experiments.
The central problem of parallel software rendering is to
ensure a thread-safe depth test. This test is necessary to
guarantee that for each fragment only the point closest
to the viewer gets drawn to the frame buffer. To achieve
this in a thread safe way, we have to use a global depth
buffer that is shared over all compute units of the GPU in
connection with atomic operations provided by OpenCL.
Unfortunately, as of now it is not possible to use the
actual OpenGL depth buffer as shared OpenCL buffer.
That is why we allocated our own pure OpenCL buffer
for this proof of concept. We could implement a thread-
safe depth test on an integer buffer using OpenCL atom-
ics (atomic_min). However, this would only work if
we wanted to render only to the depth buffer. When we
also want to write color or other attributes (see Algo-
rithm 1) this approach could lead to a race condition, as
depicted in Figure 2.

1: if zDepth < atomic_min(depthMap,zDepth) then
2: write color information for the current fragment

to the color buffer
3: end if

Algorithm 1: Not thread-safe depth test

To overcome this, we have to expand our critical section
(i.e. the section of code, which may not be executed
in parallel) to include all buffer reads and writes. Such
a behavior can be implemented using an atomic flag
that indicates whether any thread is currently accessing
the section and in this way assures mutual exclusion
(mutex). The following section will provide details on
the implementation of this solution.

4 IMPLEMENTATION
4.1 Basic Approach
OpenCL offers the possibility to share buffer objects
with OpenGL (except depth buffers), which makes it
possible to use nearly the same buffer layout for OpenGL
and OpenCL rendering. In particular we are using two
vertex buffer objects VBp and VBc for the point cloud’s
position (as an array of float[3]) and color (as an
array of unsigned char[3]), respectively. The ren-
dering is done into the color attachment FBc of a frame
buffer object. To transfer the necessary information
about the transformation matrices and viewport resolu-
tion, we are using a shared uniform buffer object UB
with the following layout:
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z < atomic_min(depthMap,z) {

write color
}
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Figure 2: Race condition with a naive depth buffering
approach. Assume two points P1 and P2 get processed in
parallel by the GPU and they are projected to the same
fragment. After projection P1 is closest to the viewer and
therefore its color should be written to the color buffer.
However, if the first line of Algorithm 1 is processed
first for P2 (letting P2 pass the depth test for now) and
the processing thread is stalled for some reason before
line two is reached, then the color of P1, which passed
the depth test in the meantime and was written to the
color buffer, would be overwritten without re-checking
the depth buffer.

• UBMVP the pre-multiplied model-view-projection
matrix

• UBr the viewport resolution

Additionally, we allocate our own depth buffer D that
contains the current closest depth value Dz interleaved
with a binary lock Dl for each fragment (see also Figure 1
for the usage pattern of these buffers). The points are
processed in parallel, so each work item is responsible
for exactly one point.

The thread-safe variant of our rasterization kernel is
depicted in Algorithm 2. After extending the vertex
coordinates to homogeneous coordinates, applying the
standard transformations, and discarding all points that
are not in the view frustum (lines 1 to 5), we try to
lock the fragment to which our point was projected by
using atomic_cmpxchg on the lock-component of
our depth buffer. If we are able to obtain the lock, we
can perform the depth test and write new color and depth
information if the test was successful. If we can not
acquire the lock we have to wait for it to be freed again.
This "busy waiting" is a waste of processing time, since
many points would probably not pass the depth test in
the first place.

For that reason we added an early-out mechanism by
enclosing the whole critical section into the else branch
of an upstream z-test (see Algorithm 3).

The possibility to discard points early that would not
influence the final rendering causes major speedups in
cases where there are lots of points projected to one
fragment.

1: p← VBp(i) {load one point position p per thread i,
append homogeneous 1}

2: p← UBMVP ·p {transform to clip space}
3: perform frustum culling
4: p← p · 1

pw
{transform to normalized device

coordinates}
5: p← (p+[1,1,1,1]T ) ·0.5 · [UBr.x,UBr.y,1,1]T

{transform to screen space}
6: while p not processed do
7: try to lock Dl(px, py) with atomic_cmpxchg
8: if got the lock then
9: if pz < Dz(px, py) then
10: Dz(px, py)← pz
11: FBc← VBc(i)
12: end if
13: mark as processed
14: free the lock Dl(px, py)
15: end if
16: Barrier
17: end while
Algorithm 2: The basic point rasterization algorithm
with thread-safe depth test.

1: . . .
2: while p not processed do
3: if pz ≥ Dz(px, py) then
4: mark as processed
5: else
6: [lines 7 to 16 of Algorithm 2]
7: end if
8: end while
Algorithm 3: The early-out optimization for the thread-
safe depth test of Algorithm 2.

4.2 Challenges and Solutions
During implementation we noticed several pitfalls and
shortcomings of current drivers and the OpenCL API,
which we had to find workarounds for. In this section
we will present the problems we found and explain how
we were able to solve them.

4.2.1 Implicit Compiler Optimizations

The OpenCL compiler, which is included in the ven-
dors graphics card driver, performs lots of implicit opti-
mizations on the code. It reorders the OpenCL code to
achieve the highest possible instruction level parallelism.
This is achieved by analyzing the code, especially find-
ing reads and writes to the same memory locations and
evaluating dependencies in computations. Unfortunately
for a mutex structure, the actual critical section works on
completely different memory than the lock, which can
be missed by the compiler. To ensure correct locking
behavior, we have to insert a memory barrier in our code.
This barrier ensures that the reordering does not exceed
this point during compilation and run time.
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4.2.2 Accuracy
Strict frustum culling is essential for the software ren-
dering. One has to make sure to only read or write in the
valid ranges of the depth and color buffers (otherwise
the graphics driver may freeze). Unfortunately, it seems
that unsafe internal math optimizations can lead to out-
of-bound buffer accesses when only doing the culling
in clip space. Therefore we have to add an additional
range check after transforming the coordinates to the
viewport.
In addition, the performance of our approach can receive
a huge performance boost when using the full floating
point range for depth testing. Normally, OpenGL takes
normalized real depth values in the range of [−1,1] from
the normalized device coordinates (after the division by
w) of a point, maps them to [0,1], and stretches this
interval to a 24 bit integer which is used for the depth
test. Our implementation uses a floating point buffer
with 32 bit precision. Mapping these depth values to
the [0,1] interval may introduce discretization errors in
the binary representation that can be alleviated when
omitting the division by w for the depth value.
This does not lead to inconsistent depth values as it
would when using triangles, since we do not have to
interpolate this value in image space.
The described procedure does not only lead to a signif-
icant boost in performance, due to the more efficient
early-out mechanism (see Table 1), but also eliminates
the occasional depth flickering which was noticeable
with the previous approach.

4.2.3 Depth Sharing
Sharing an OpenGL depth buffer with OpenCL is still
not supported in current drivers, although there are ef-
forts in this direction via a proposed extension [CLE12].
As of now, one has to render the depth buffer to the
OpenGL depth buffer in a consequent pass. Since the ex-
tension specification was published in November 2012,
we are confident that future drivers will support shared
depth buffers, which makes it easier to integrate OpenCL
rendering into existing engines.

4.2.4 Caching Effects
Normally the driver would cache read and write opera-
tions to buffer objects, which is generally not a problem,
since most buffers are either read-only or write-only. For
our depth buffer, however, we need reading as well as
writing in combination with atomic operations. This
pattern can lead to problems when caches of several
compute units are involved in the computation. In fact,
it can happen that one thread uses a value from its cache
while the actual depth value in the buffer has already
changed. To overcome this problem, the depth buffer
has to be declared volatile, causing the driver to
broadcast changes to every compute unit that uses the
buffer.

5 RESULTS AND DISCUSSION
To evaluate the performance of our approach, we per-
formed benchmarks on a synthetic and a real-world
dataset. The synthetic one enables us to evaluate the
two determining factors – the number of points in the
dataset and the number of z-tests in the depth buffer – in
detail. The real-world scan provides a direct comparison
between a minimalistic OpenGL 4 pipeline with early
depth test and our own OpenCL rendering pipeline.

For our experiments we used a viewport with a size of
1024×1024 pixels and designed the synthetic dataset to
align with the viewport pixels when using parallel pro-
jection. For now we focused our experiments on AMD
hardware, i.e. the Radeon HD 7970 GPU, because it
supports all modern OpenCL features and offers the
best balance between large memory – useful for exper-
iments with large amounts of data – and an affordable
price. Nevertheless we also validated our results with an
Nvidia GeForce GTX 680 graphics card.

5.1 Synthetic Data
The synthetic dataset was created as a cuboid of n planes
with 10242 points each. This facilitates direct control
over the number of z-tests during rendering. The number
of planes was chosen to be the largest possible such that
the entire dataset fitted into the 3GB of GPU memory.
To eliminate possible effects caused by the structure of
the data, all vertices were shuffled in memory to ensure a
random point distribution. Finally, smaller subsets with
k < n planes were created to be used for incremental
growth of the dataset during testing.

The left part of Figure 3 shows the rendering perfor-
mance in milliseconds per frame while we were grad-
ually increasing the number of points in the dataset.
In each step one plane of 10242 points was added to
the cuboid, effectively increasing the number of z-tests
per fragment by one. The benchmarks indicate that
our pipeline is – with a rendering speed of 4.47ms vs.
2.24ms per frame – slightly slower than the OpenGL
implementation when there are few z-tests in the image.
As the number of z-tests increases the speed of OpenCL
rendering compared to OpenGL rendering grows lin-
early until the OpenCL rendering is as fast as the one
with OpenGL at 46 z-tests per fragment.

When the full GPU memory capacity was reached with
170 planes (around 178 million points) the speed com-
pared to OpenGL reached 121%. Afterwards we had
to rearrange the dataset to increase the number of z-
tests. We decreased the base resolution until the whole
dataset lay in one single pixel. The performance results
of this step can be seen in the right part of Figure 3. The
OpenGL rendering times are still increasing while our
pipeline gets even faster with more z-tests, because large
amounts of points can be discarded early.
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Figure 3: Rendering time in milliseconds (on a logarithmic scale) for different dataset sizes. The left plot shows the
results of gradually increasing the number of planes in a 10242 cuboid, leading to increased amount of necessary
z-tests. In the right plot the overall size of the dataset stays the same, while we gradually rearranged it to cover
fewer pixels. In each step the effective resolution was halved in alternating directions, leading to a doubling of the
amount of z-tests. In the end the whole dataset is projected to one single pixel. The timings represent the median of
100 distinct measurements. The flattening in the end of the OpenCL series for the Radeon HD 7970 is probably due
to efficient caching in local memory (It begins at 32 covered fragments which corresponds to one fragment per each
of the 32 compute units).

5.2 Real World Data
To compare the real-world performance of our rendering
approach with the fixed-function one, we use a real laser
scanning dataset with 138 million points. The data was
obtained from a bridge and is composed of five single
scans registered into one dataset.

In Figure 4 we show a comparison of the rendering re-
sults using OpenGL and OpenCL for the same view of
the dataset. There are no noticable differences in render-
ing quality, but the performance of the OpenCL renderer
was more than ten times as high as the OpenGL perfor-
mance (18ms vs. 129ms or 56fps vs. 5fps, respectively).
This can be attributed to the immensely large number
of z-tests, especially in the vicinity of the scanners (see
Figure 5).

To further analyze these results, we also measure the
rendering performance of our approach from a variety
of different representative viewpoints in the scene. The
results, which can be seen in Table 1, show that the
OpenCL renderer outperforms the OpenGL one in all
given situations. Although Nvidia’s driver support for
OpenCL lacks the efficiency of their CUDA one, we
also tested the same situations on a GeForce GTX680.
Because Nvidia’s OpenCL driver does not allow for

sharing larger buffer objects, we had to downsample
the dataset to half its original size. In this test we were
able to achieve better performance in most cases, while
the complete overview with plenty of z-tests was faster
in OpenGL when using normalized depth values. We
assume that our early depth test does not perform as good
on Nvidia’s hardware as on the one by AMD. However,
when doing the depth test in clip space this is accelerated
by a factor of 5. In any case the whole pipeline is faster
in common use cases.

It can, however, only reach its full potential, when there
is a large amount of z-tests. This makes it difficult
to make any assumptions as to how OpenCL render-
ing could influence existing point cloud rendering sys-
tems [RD10, WBB+08, WS06], since they all incorpo-
rate some level-of-detail mechanism, which inherently
minimizes the amount of z-tests. What could be done in
such a case to further improve performance in our ren-
derer, is to superimpose some space partitioning struc-
ture to enable early frustum culling. We left this for
future work, since we wanted to investigate the theoreti-
cal possibilities of the brute-force method first.
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(a) (b)

Figure 4: Comparison of (a) OpenGL rendering and (b) OpenCL rendering. As one can see, rendering results
are almost identical. There are only small differences in far away parts of the scene, because we use eight bits
more depth buffer precision than OpenGL. While the OpenGL version runs at about 5 frames per second, our
implementation reaches 56 fps.

Figure 5: An overview of the amount of z-tests in the
view of Figure 4. The scale is logarithmic and ranges
from 1 (blue) to 116243 (red) points per fragment.

6 CONCLUSIONS
We have presented an implementation of a point render-
ing pipeline using OpenCL. Although the approach is
certainly not completely optimized yet, point cloud ren-
dering in OpenCL already promises huge gains in render-
ing time compared to OpenGL. We were able to achieve
speedups of one order of magnitude for typical datasets
and view parameters. Hierarchical frustum culling and
clever reordering strategies on the GPU could push the
boundaries even further.

There are several points we had to postpone for now,
because the current specifications of OpenCL do not
account for the desired behavior. If those possibilities
were to be added in the future we would like to include
them in our implementation. First of all, using a shared

depth buffer will be essential for combined OpenCL-
OpenGL rendering. Although the necessary extension
has been specified, we have to wait for hardware ven-
dors to implement it in their drivers. Also it would be
great (but is not planned at the moment) if a possibility
existed to stall waiting threads directly from the OpenCL
code. That way waiting threads could be rescheduled
for a while, letting the respective compute unit process
other points while some fragment is locked. Third, a
further investigation of register usage by the OpenCL
compiler could provide helpful insights. There seems
to be quasi-random utilization of GPU registers by the
OpenCL compiler, even when using very strict scopes
for variables. This leads to significant performance dif-
ferences when compiling nearly identical code on the
same or on different platforms. Overcoming this prob-
lem seems to be impossible with the current drivers
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