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Modeling with Subdivision Surfaces
T. Ullrich, A. Schiefer, D. W. Fellner

Institut für ComputerGraphik und WissensVisualisierung, TU Graz, Austria
Fraunhofer Austria Research, Visual Computing Devision, Graz, Austria

Fraunhofer Institute for Computer Research and Technical University of Darmstadt, Germany

ABSTRACT

Subdivision surfaces are an established modeling tool in computer graphics and computer-aided design. While the theoretical
foundations of subdivision surfaces are well studied, the correlation between a control mesh and its subdivided limit surface
still has some open-ended questions: Which topology should a control mesh have? Where should control vertices be placed?
A modeler – human or software – is confronted with these questions and has to answer them.

In this paper we analyze four characteristic situations. Each one consists of an analytical reference surface S and several
variants of control meshes Ci. In order to concentrate on the topology of the control meshes, the geometrical positions of their
control vertices have been determined and optimized automatically. As a result we identified the best topology of all Ci to
represent the given surface S. Based on these results we derived heuristics to model with subdivision surfaces. These heuristics
are beneficial for all modelers.

Keywords: Computer Graphics, Computer-Aided Design, Subdivision Surfaces, Modeling Techniques

1 INTRODUCTION
Subdivision surfaces have gained a lot of attention
within the last decades. Especially artists and designers
prefer subdivision surfaces to other free-form surface
representations. The way how to model with subdi-
vision surfaces is described in various tutorials and
courses [4]. These tutorials pursue a plan which can be
summarized by the sequence
idea→ subdivision surface model→ real 3d object,
whereas the last production step is omitted, if only the
virtual object is of interest. Within the last few years
subdivision surfaces are also used in reverse engineer-
ing at a progressive rate. Reverse engineering is the
inverse situation of the sequence above. A real 3d ob-
ject is the starting point and its corresponding subdi-
vision surface model is the desired result. During the
re-modeling phase the modeler – either human or al-
gorithm – has to tackle two problems: geometry and
topology. These are the two ingredients of a subdivi-
sion surface. While many articles are about geomet-
ric optimization, we concentrate on topological ques-
tions. Choosing the right topology to represent a given
object by a subdivision surface reduces the number of
needed control vertices significantly. The choice of a
good topology is a distinction between an experienced,
skilled modeler and a beginner. In this article we ana-
lyze some characteristic objects and test different, topo-
logical variants of control meshes. A geometrical op-
timization allows us to determine the best vertex po-
sitions automatically and to concentrate on topological
Permission to make digital or hard copies of all or part of this
work for personal or classroom use is granted without fee provided
that copies are not made or distributed for profit or commercial
advantage and that copies bear this notice and the full citation on the
first page. To copy otherwise, or republish, to post on servers or to
redistribute to lists, requires prior specific permission and/or a fee.

WSCG’2010, February 1 – February 4, 2010
Plzen, Czech Republic.

aspects. Based on these optimizations we determine the
appropriateness of each topological variant to represent
a certain object. Consequently, we derive heuristics to
model with subdivision surfaces.

2 RELATED WORK
Modeling with subdivision surfaces is the main topic of
many tutorials and courses [16], [15]. A good overview
on subdivision surfaces has been presented by WEIYIN
MA [7] whereas details on the mathematical back-
ground can be found in the book Subdivision Surfaces
by JÖRG PETERS and ULRICH REIF [11]. Furthermore
a variety of articles is about topological robustness [1]
or handling “special” situations such as filling n-sided
regions [10].

In this article we concentrate on the more general
situation from the reverse engineering point of view.
From this perspective a subdivision surface reconstruc-
tion method has to tackle two problems, a topological
problem (the layout of the control mesh) and a geo-
metrical problem (the position of the control vertices in
3D). Unfortunately, in most articles about subdivision
surface fitting [3], [2] the topological problem plays a
minor role [8]. In this article we address this topolog-
ical problem; i.e. we start with a topological setting;
then we optimize the geometry of the control mesh by
calculating the best vertex positions to approximate a
given surface. The optimization results establish a rela-
tionship between topological layout and approximation
quality, which allows to identify the best topology. In
order to concentrate on the topological aspects the ge-
ometry is optimized automatically. The optimization
uses a distance based error function [14], [12] which is
minimized by a standard approach of numerical mini-
mization [9], [5]. The minimization process is straight
forward and operates on the vector of all vertex coor-
dinates of all vertices to position. As the geometrical
optimization is not within the scope of this article we

WSCG 2010 FULL Papers 1



refer to RAINER STORN and KENNETH PRICE [13] for
the algorithmic details of the minimization routine (see
http://www.icsi.berkeley.edu/∼storn/code.html for im-
plementations).

3 MODELING
The case studies in the following section cover the
four most important situations when modeling with
Catmull-Clark subdivision surfaces:

Modeling Edges The first case examines smooth
edges. While sharp edges can be modeled easily
with special feature rules for subdivision surfaces,
smooth edges offer at least two possibilities to be
designed: with a row of control vertices along the
edge or with two rows of control vertices alongside
the edge.

Modeling Non-Quadrilateral Configurations
Almost each type of subdivision surface has a
topology for which it suits best. Loop subdivision
prefers triangles, Catmull-Clark subdivision gen-
erates quads, etc. Unfortunately, not every object
has a favorable geometric primitive to be modeled
with. Several strategies for such a configuration are
possible.

Modeling Curvature The third case inspects a surface
with different curvatures: hyperbolic, parabolic and
elliptic. It addresses the issue of quad orientation
with respect to the surface’s principle curvature di-
rections.

Modeling Inflection Points The last case analyzes a
surface which is defined by a cut curve. This is a
standard situation in CAD modeling.

Each case examines different variants of control
meshes that are adjusted by a number of parameters.
These parameters are set by a numerical optimization
routine based on differential evolution [13]. It mini-
mizes the distance [14] between the nominal surface
and the actual subdivision surface.

3.1 Smooth Edges
The first nominal surface is defined by the implicit
equation

S1 : x6 + y6 + z6 = 1. (1)

The resulting surface looks like a cube with round edges
and corners (see Figure 1). In order to analyze how to
model beveled edges two variants are inspected.
Variant 1 The first variant of possible control meshes
has a cube-like topological layout. It consists of 3× 3
quads on each side. Due to symmetries the geometry
is defined by only six parameters of three initial control
points. Three parameters are used for the three coor-
dinates (x1,y1,z1) of the first control point. The fourth
and the fifth parameter define the second control point.

Figure 1: The implicit surface x6 +y6 +z6 = 1 has a de-
gree which cannot be reached by a cubic patch. There-
fore, Catmull-Clark subdivision can only approximate
it. The best way to approximate it is analyzed by test-
ing different topologies.

In order to avoid self-intersections as well as optimiza-
tions with constraints, these parameters are defined as
positive offsets to the first control point. Consequently,
they have a fixed domain and the second control point
is calculated via (x1 + x2,y2,x1 + x2). As the second
control point defines an edge of the control mesh cube,
and as the faces of the cube are connected at/over this
edge, the x and z components have to be equal. Finally
the last parameter x3 again defines an offset from x1.
Due to symmetries this is the only value needed for the
third control point: (x1 + x3,x1 + x3,x1 + x3). As the
third control point is at the corner of the control mesh
cube, all coordinate components must be equal. Figure
2 shows the initial three control points that are gener-
ated by the six parameters.

The optimization routine minimizes the distance be-
tween the generated surface and the reference surface
(Equation 1) based on uniformly-distributed samplings.
The error function f1,1 is a sum of point-to-subdivision
surface distances. The optimum is

f1,1( 0.33633, 0.33526, 0.99830,
0.66616, 0.32615, 0.66319 ) = 7.45141.

x

y

P1 (x1, y1, z1) P2 (x1+x2, y2, x1+x 2)

P3 (x1+x3, x1+x3, x 1+x3)

x1

x2

x3

y1y2

x1+x3

Figure 2: Due to symmetries six parameters are enough
to define three different control points. The complete
subdivision control mesh is composed of rotations and
mirrorings of these points. Each of the six cube sides
consists of 3×3 faces.
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Figure 3: In comparison to each other the first variant performs better than the second one. Explicit modeling of
beveled edges increases the risk of “over-modeling” – a high frequency fluctuation which is spread out from the
beveled edge and which disturbs the low frequency parts of the surface.

The three control points, which generate the complete
subdivision control mesh by rotations and mirrorings,
have the coordinates

(0.33633,0.33526,0.99830),
(1.00249,0.32615,1.00249),
(0.99952,0.99952,0.99952).

Variant 2 Also the second variant is a cube-like con-
trol mesh derived from three initial control points but
with five parameters. This time every side of the cube
consists of four quads, the six sides of the cube are con-
nected through beveled faces at the edges and with tri-
angles at the corners. Figure 4 illustrates this control
mesh.

The first parameter, z1, is the z component of the first
control point, which is located at (0,0,z1). Due to sym-
metries the first control point is centered on each side
of the control mesh cube. The second and third pa-
rameters, x2 and z2, define the second control point at
(x2,0,x2 + z2). This time the sides of the cube are con-
nected via beveled faces, therefore the offset z2 is added
to the z component of the second control point. Using
the last two parameters, x3 and z3, the third control point

Figure 4: This variant uses a control mesh with explic-
itly beveled edges to approximate an implicit surface of
degree 6.

is (x3,x3,x3 + z3). The error of the best control mesh of
this variant – according to the optimization routine – is
7.79202:

f1,2( 0.99686, 0.83273, 0.14743,
0.74912, 0.33157) = 7.79202.

Comparison Figure 3 illustrates both variants. Each
variant is rendered with a color scheme indicating its
distance to the nominal surface which is included in
each rendering. It is visualized with a transparent, gray-
ish style. The illustration shows that the first variant
performs better than the second one. The second variant
uses beveled edges to model the reference surface. This
topology is not suitable to approximate the given sur-
face. Even its geometrically optimized version shows
“over-modeling” effects – a high frequency fluctuation
which is spread out from the over-modeled parts. In this
case the beveled edges disturb the low frequency parts
of the surface. An in-depth analysis of the distances
confirms the visualization. The average and the maxi-
mum of all distances between the nominal surface and
points on the actual surface are:

avg. distance max. distance
Variant #1 0.00079 0.00204
Variant #2 0.00130 0.00519

3.2 Modeling Non-Quadrilateral
Configurations

The second surface analysis investigates non-
quadrilateral configurations. The reference surface is a
so-called monkey saddle. It is a height field defined by

S2(x,y) =
x3−3xy2

2
. (2)

This surface is axially symmetric at a degree of 120◦;
i.e. after a 2

3 π rotation the surface is congruent to itself.
The point at the origin is a parabolic, umbilic point.
Within this analysis the parameters x and y may range
from −1.0 to 1.0.

WSCG 2010 FULL Papers 3



As the following variants have different numbers of
control vertices, the area of every control mesh is cho-
sen to be proportional to the number of its vertices. So
control meshes with more vertices have to approximate
a larger area of the reference surface.

Variant 1 The first variant has 19 vertices and seven
parameters, which define their heights (z component).
The symmetric configuration is illustrated in Figure 5
which shows the topology of the control mesh and the
parameters (height) of each vertex. All vertices with
x = 0 have a fixed height of 0.0. The best optimized

x

y

p1-p1

p2-p2

p3-p3

p4-p4

p5

p6

p7

-p5

-p6

-p7

Figure 5: The topology of this control mesh is arranged
in a 120◦ symmetric layout to adapt the subdivision sur-
face to the reference.

version of this variant has an error of 0.44914. Its pa-
rameters are

f2,1( −0.27195, −0.00007, 0.00001,
−0.27193, −0.00007, 0.27181,
−0.0001) = 0.44914.

Variant 2 For the second variant a predefined mesh
with 27 vertices is used as control mesh. The heights
of its vertices are controlled by twelve parameters. Fig-
ure 6 shows the parameters and the topology which is
(in the inner part) dual to the first variant. Again, all
vertices with x = 0 have a fixed height of 0.0.

The smallest possible error of this topological config-
uration is

f2,2( 0.00148, −0.07632, −0.25658
−0.37829, −0.07681, 0.07507,
0.00052, −0.37787, −0.25613,
0.25710, 0.37745, −0,00072)

= 0.69362.

Variant 3 The third variant for this surface does not
adapt to the reference’s axial symmetry of 2

3 π in any
way. It uses a regular quadratic grid centered on the
reference surface. There are five vertices along each
side of the grid, so 25 vertices in total. Fixing the ver-
tices at x = 0 six parameters are enough to describe all
vertices. Figure 7 illustrates this topology. The opti-
mization returns the optimum of this topology with an
error of f2,3 = 0.80376.

x

y

p1

p2

p3

p4

p5

p6

p7

p8

p9

p10

p11

p12

-p1

-p2

-p3

-p4

-p5

-p6

-p7

-p8

-p10

-p11

-p12

-p9

Figure 6: The topology of the second variant has a con-
figuration which is dual to the first one (except for the
border).

Comparison Taking the number of control vertices into
account, each surface has been normalized; i.e. the area
of every control mesh is proportional to the number of
its vertices. Therefore, all subsequent error values are
normalized and comparable to each other. In this situ-
ation the case study does not reveal a best topology but
a worst one. The regular gird does not approximate the
given surface well. The two variants whose topologies
reflect the nominal surface’s symmetry perform much
better (see Figure 8):

avg. distance max. distance
Variant 1 0.00241 0.00624
Variant 2 0.00153 0.01037
Variant 3 0.00330 0.01555

3.3 Modeling Curvature
The third modeling study inspects a torus due to its
characteristic curvatures: hyperbolic, parabolic, and el-
liptic [6]. The reference is described by the formula:

S3(u,v) =

 (a+b cos(2πv)) · cos(2πu)
(a+b cos(2πv)) · sin(2πu)

b sin(2πv)

 (3)

with major radius a = 5.0 and minor radius b = 3.0.
The parameters u and v are within the range 0.0 to 1.0.
Variant 1 For the first variant the parameter domain
is sampled at a fixed, regular grid to get the control
point positions. Two parameters, that can be set by

Figure 7: A rectangular topology leads to a very high
error. Topologies that reflect the nominal surface’s sym-
metry perform much better.
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Figure 8: The nominal surface (upper left) is invariant to 120◦ rotations. The topology of variant #1 (upper right)
and #2 (lower right) reflect this property whereas variant #3 (lower left) uses a simple rectangular grid. In this case
topologies, which reflect the main symmetries of the reference surface, perform better.

the optimization, define the major and the minor radius
of the control mesh torus. This is probably the most
commonly used parameterization of a torus in model-
ing software.

The error of this variant after the optimization is
824.82012. The two parameters defining the major and
minor radius have their optimum at 5.42375 respec-
tively 3.38278. This variant is compared to slanted
torus control mesh.
Variant 2 A slanted torus uses a slightly different
parameterization than the first one. Again, the values
u and v are a regular grid in the parameter domain, but
this time an offset depending on u is added to v each

Figure 9: A slanted torus control mesh is a “non-
standard” way to model a torus. This variant is com-
pared to the most commonly used parameterization
with a rectangular grid layout of the parameter domain.

time. For this variant, the offset is defined as 2
3 u. This

introduces a slant in the control mesh.
The optimization routine calculates a minimum error

of 1474.60738 for this variant. The parameters defin-
ing the resulting control mesh are a = 5.62499 and
b = 3.43444. Figure 9 shows the slanted control mesh
created with these parameters.

Variant 3 This variant of the torus control mesh is
basically the same as variant 2, except that the offset
defining the slant is defined as 4

3 u. Even the optimized
geometry (a = 6.24999,b = 3.56744) leads to a large
error f3,3 = 4290.40374.

Variant 4 As it is difficult to determine appropriate
slant offsets, the fourth variant also optimizes this pa-
rameter; i.e. in addition to the two parameters defining
the radii of the torus control mesh, it has a third param-
eter defining the slant offset. The optimization process
returns

f3,4(5.42399,3.38277,0.00000) = 826.65427.

Comparison The easiest way to model a torus seems
to be the best way. All variations in topology increase
the approximation error (see Figure 10). The in-depth
analysis of distances confirms this heuristic:
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Figure 10: A torus can be modeled with a slant offset and without one (upper left). With increasing slant offset
(upper right, lower left) the approximation error increases. If the optimization routine is allowed to set the slant
offset by itself, it is set to zero (lower right).

avg. distance max. distance
Variant 1 0.07806 0.12925
Variant 2 0.11145 0.19450
Variant 3 0.19887 0.35382
Variant 4 0.07806 0.12904

3.4 Modeling Inflection Points
The last case analyzes a surface which is defined by a
cut curve. Blended with a straight line the result has the
formula:

S4(x,y) =
y

10
· sin

(
2π

3
arctanx

)
(4)

The parameter x describes the cut curve in the range
from −5.0 to 5.0 whereas the parameter y blends be-
tween the straight line and the curve from 0.0 to 10.0.
The surface is plotted in Figure 11.
Variant 1 The control mesh of the first variant gets 20
parameters – 10 pairs of x position and height value z.
The range of the x values (−5.0 to 5.0) has been parti-
tioned into 10 equally-sized intervals. In each interval

Figure 11: This surface is defined by a cut curve which
is blended with a straight line. This is a standard situa-
tion in CAD modeling.

one and only one parameter pair is allowed. For each
pair pi = (xi,zi) two control points are generated: one
at (xi,10,zi) to approximate the cut curve and one at
(x1,0,0) on the straight line. The error of the optimized
variant is 6.73931:

f4,1( −4.35546, −0.30532,
−3.05017, −0.48656,
−2.93309, −0.50592,
−1.58539, −0.82026,
−0.37453, −1.29349,
0.38362, 1.32794,
1.71154, 0.78575,
2.30383, 0.65748,
3.00657, 0.48136,
4.02755, 0.35095 ) = 6.73931.

Variant 2 This variant uses a regular 10×3 grid cov-
ering the whole reference surface. All heights are spec-
ified as a parameter and the (x,y)-positions are fixed.
Consequently, this variant operates on 30 parameters.
The optimization calculates an error of 14.70749 for
the best geometry. The best parameters for the control
mesh are:

−0.00257, −0.13120, −0.27108,
0.00131, −0.17258, −0.33910,
−0,00099, −0.28033, −0.55752,
0,00048, −0.36468, −0.74336,
−0,00057, −0.72072, −1.40922,
−0,00022, 0.72074, 1.41115,
0.00191, 0.36363, 0.74169,
−0.00244, 0.28386, 0.55652
0.00267, 0.16798, 0.34212,
−0.00105, 0.13555, 0.26656.
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Figure 12: In this comparison approximations with fixed x positions are more erroneous than approximations with
x positions as free parameters. The interval spacing (upper left) of the first variant and the prominent-values-of-
the-cut-curve variant with additional offsets (lower right) are the best results, whereas the regular grid (upper right)
and the fixed prominent-values-of-the-cut-curve (lower left) are the worst results.

Variant 3 The third variant has fixed x positions
at prominent values of the cut curve: −5.00000 (end
of range), −3.31764, −1.63528 (inflection point),
−0.93159 (minimum), 0.00000 (inflection point,
root), 0.93159 (maximum), 1.63528 (inflection point),
3.31764, 5.00000 (end of range). For each x position
there is again one control point at y = 0 with height 0
and another one at y = 10 with the height value which
has to be optimized. So this variant has nine height
parameters, one for each x position. The result is

f4,3( −0.22288, −0.47240, −0.67730,
−1.37479, −0.00353, 1.37625,
0.67573, 0.47305, 0.22281)

= 11.91346.

Variant 4 The fourth variant is very similar to the
third variant. It uses the same configuration but in con-
trast to fixed x positions, the optimization routine is al-
lowed to modify these positions within an offset of± 1

3 .
Therefore, this variant takes 18 parameters, nine for the
height values at each x position and nine offsets for the
initial x positions.

For this variant, the minimum error after the opti-
mization is 6.17020. The parameters for this control
mesh are

f4,4( −0.25058, −0.46790, −0.74541,
−1.18889, −0.38835, 1.29557,
0.76445, 0.36971, 0.26533,

0.04882, 0.33053, −0.25836,
0.28352, −0.17465, −0.33332,
−0.01570, 0.32223, −0.03218)
= 6.17020.

Comparison The in-depth distance analysis reveals
the following values:

avg. distance max. distance
Variant 1 0.00264 0.01044
Variant 2 0.00718 0.04152
Variant 3 0.01826 0.09219
Variant 4 0.00323 0.01460

If the area of the approximated surface is taken into
account, the fourth variant is even slightly better then
the first one. The approximation with the highest er-
ror level is the variant which has fixed x positions at
prominent values of the cut curve (see Figure 12 (lower
left)). Consequently, the best result and the worst result
can be created with the same topology and minor dif-
ferences in geometry. The additional offsets which dis-
tinguish a good from a bad result are plotted in Figure
13. The figure shows some very important properties
when modeling with subdivision surfaces.

• At the extreme values (minimum and maximum at
±0.93159) the control points have been moved by
the optimization routine towards the direction of
higher absolute gradients.

• Having moved the control points, the control poly-
gon has fewer intersections with the nominal curve
than the fixed-x-positions version.

• All versions with a small error (also the first variant
with interval spacing) intersect the reference curve
very close to (at x = −1.63528 and at x = 0.0) or
nearby (at x = 1.63528) inflection points.
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Figure 13: The cut curve which defines the fourth nom-
inal surface is plotted in this diagram. Furthermore it
shows the positions of the control vertices of the worst
approximation (red) and the best approximation (blue).
Their differences are visualized by gradients.

4 CONCLUSION
Based on the four case studies we arrive at several con-
clusions. The first case examines smooth edges and
demonstrates the “over-modeling” effect. Modeling a
local surface feature always takes the risk to disturb
large parts of a model by spreading high-frequency fluc-
tuations from the “over-modeled” parts. This effect can
be avoided by a better topology, which does not model
rounded edges explicitly, or by barrier lines – two or
three consecutive lines of control vertices of low fre-
quency, which suppress fluctuations due to the locally
limited influence of a vertex to a subdivision surface.

While simple geometric properties – such as beveled
edges – should not be considered in the topological
layout of a control mesh, high-level geometric aspects
play an important role. The second case study shows
that global symmetries should be reflected in the con-
trol mesh. All control meshes, which did not reflect the
global symmetry of the surface to approximate, caused
higher errors than those with symmetrical layout. The
third study approves this fact.

The last case analyzes a surface on the geometrical
– not topological – level to explore the best positions
for control vertices. Besides the conclusions already
presented in the previous section the last study demon-
strates the difficulties in predicting a good subdivision
approximation without iterative optimization. All solu-
tions with partly-fixed control vertices have a high error
value. All heuristics derived from the last case reduce
the error but do not reach the quality of the automatic
optimization. As the optimization is time consuming
(up to several hours for complex configurations) this is
a problem for interactive modeling tools.

5 FUTURE WORK
Any surface can be approximated with a sufficient num-
ber of control points. Reducing this number keeps a
subdivision surface model manageable. In the future

we will concentrate on topological improvements and
address the question whether it is possible to get accu-
rate conclusions based on these case studies.
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ABSTRACT

Today, discriminative local features are widely used in different fields of computer vision. Due to their strengths, discriminative
local features were recently applied to the problem of traffic sign recognition (TSR). First of all, we discuss how discriminative
local features are applied to TSR and which problems arise in this specific domain. Since TSR has to cope with highly structured
and symmetrical objects, which are often captured at low resolution, only a small number of features can be matched correctly.
To alleviate these issues, we provide an approach for the selection of discriminative and robust features to increase the matching
performance by speed, recall, and precision. Contrary to recent techniques that solely rely on density estimation in feature space
to select highly discriminative features, we additionally address the question of features’ retrievability and positional stability
under scale changes as well as their reliability to viewpoint variations. Finally, we combine the proposed methods to obtain a
small set of robust features that have excellent matching properties.

Keywords: Discriminative Local Features, Traffic Sign Recognition, SIFT.

1 INTRODUCTION
Over the past years, local features have become the
preferred method in different fields of computer vision.
Today they are applied in many tasks like panoramic
imaging [BL07] or object recognition [Low04]. In
this work we especially focus on scale-invariant and
discriminative local features like the popular SIFT
(scale-invariant feature transform) [Low04] or SURF
(Speeded up robust features) [BTG06]. Such local
features are commonly calculated in two stages. First,
an interest point detector is used to find salient image
regions at their characteristic scale. Then, a robust
descriptor is extracted for each region.

Their ability to represent an image by the means of
local patch descriptors, might be the reason for their
success. Using local features, two images can be com-
pared very fast, since only some salient regions are con-
sidered instead of the whole images. Besides this, lo-
cal features like SIFT are more robust to various im-
age transformations than global methods are. On the
one hand, this is due to the extraction of image patches
around salient interest points using a scale-invariant de-
tector. On the other hand, the feature description is of-
ten covariant to a variety of image changes, too, includ-
ing rotation or lighting changes. In contrast to global
methods, local features can inherently cope with par-

Permission to make digital or hard copies of all or part of
this work for personal or classroom use is granted without
fee provided that copies are not made or distributed for profit
or commercial advantage and that copies bear this notice and
the full citation on the first page. To copy otherwise, or re-
publish, to post on servers or to redistribute to lists, requires
prior specific permission and/or a fee.

tial occlusions in the image. As result to their depicted
strengths, discriminative local features have found their
way into the field of traffic sign recognition (TSR), too.
In literature, TSR is often split into the problems of
traffic sign detection (TSD) and traffic sign classifica-
tion (TSC). These applications are highly relevant to
many recent advanced driver assist systems (ADAS),
since the information annotated to the streets is pri-
marily visually encoded in traffic signs. Due to the
fact, that drivers tend to trust in the information pro-
vided by ADAS [BT05], TSR has to be reliable. This
demand grows with the emergence of active ADAS-
technologies like brake-by-wire. The demand for relia-
bility leads to the application of local features for their
illustrated vantages. But local feature approaches also
involve weaknesses, like slow matching performance
on large databases or mismatches due to features with
poor saliency. In this work, we address these shortcom-
ings and propose a method able to cope with them.

In detail, our contribution is the introduction of a
novel method for the selection of a small but highly
discriminative set of local features for TSR. We do not
solely consider their discriminative power regarding a
single image, but also their saliency regarding the traffic
sign domain. In addition to their high saliency, the se-
lected features have to be positionally stable and robust
under large scale changes. Also the features’ stability
under viewpoint changes is evaluated in order to reduce
the influence of features violating the local planarity as-
sumption. Finally, a greedy algorithm is introduced to
select a small and optimal set of local features accord-
ing to their properties. Although, the feature set can be
of arbitrary size, we go for a small amount to achieve
fast feature matching.
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The remainder of this paper is structured as follows:
First, we briefly introduce how local features are ap-
plied to TSR and which specific problems arise within
the traffic sign domain. In section 3, we then discuss
research related to our work. As our main contribution,
we propose in section 4 a new selection scheme that is
able to gather a small and robust set of local features.
Based on our approach the mentioned shortcomings of
local features are alleviated, which we finally prove in
section 5 by empirical results on two different datasets.

2 DISCRIMINATIVE LOCAL FEA-
TURES FOR TRAFFIC SIGN
RECOGNITION

Traditionally, the task of TSR is divided into 3 stages:
i) TSD, the detection of traffic sign candidates, ii) TSC,
the classification of the candidate to the proper traffic
sign class (i.e. the type of the road sign, e.g. a specific
speed limit), and iii) the tracking of the candidate within
the video sequence (cf. Fig. 1(a)).

Local features can be applied to all three stages of
TSR. Since our considerations hold for every stage, we
do not focus on a single one in this paper. The same
applies to the choice of a specific local feature method.
Although, the proposed selection approach is valid for
several methods, for the evaluation of our approach we
restrict ourselves to SIFT, since we identified SIFT to
be most suitable for TSR. We make this decision based
on the evaluation of feature descriptors provided by
Mikolajczyk and Schmid [MS05]. In their evaluation,
SIFT pointed out to be the strongest local feature in
terms of recall and precision of all tested approaches.
Additionally, we tested some recent local feature ap-
proaches for their suitability to TSR, among them SIFT
[Low04], GLOH (gradient location and orientation his-
togram) [MS05] and some variants of SURF [BTG06].
The results are summarized in Table 1 and show the
matching performance of these local feature approaches
between sensed traffic sign images and traffic sign fea-
tures stored in a database. This evaluation was done
on a challenging testset (degraded traffic signs at low
resolution) of 46 images with 99 traffic signs extracted
from a 30 minute video sequence, captured while driv-
ing on a highway. Note that we do not provide a com-
plete evaluation of local feature methods also consider-
ing more discriminative color versions of the mentioned
techniques, since this is out of scope for this paper and
does not affect our selection approach.

The common fashion, discriminative local features
are used, is depicted in the 3 stages of Fig. 1(b). Ba-
sically the descriptors of both images, the sensed and
the reference image, are calculated and compared to
each other. Often the descriptors of the reference im-
age are previously extracted and stored in a database.
Note that we derive the terminology of sensed and ref-
erence image from the field of image registration. In

Recall Precision
SIFT 33.68 % 78.05 %

GLOH 22.11 % 52.50 %
SURF 7.37 % 35.00 %

USURF128 25.26 % 72.73 %
Table 1: Performance of recent local feature approaches
in the context of TSR.

the context of TSR, sensed images are the images of
the traffic scene, which are commonly gathered by a
front-view camera behind the car’s windshield, while
the term reference image refers to the image of which
the descriptors are extracted from that define the traffic
sign class.

(a) (b)
Figure 1: (a) Structure of TSR. (b) Stages of local fea-
ture matching.

As illustrated in Fig. 1(b), the matching process of
two images can be divided into 3 parts. We now have a
closer look into these parts and point out the specific is-
sues arising with the application of discriminative local
features in the domain of TSR.

First of all, an interest point detector is used to ex-
tract interest points that are likely retrievable. In the
case of SIFT, this detector searches for extrema within
the difference-of-gaussian pyramid, an approximation
of the laplacian of the 2+1D scale-space. In common,
these regions are very salient and thus likely to be re-
trieved. An issue arises with the region’s retrievabil-
ity under different image scales. For example regions
around coarse image structures can be retrieved from
images with low resolution, while others cannot. This
is due to the loss of detail caused by decreasing spa-
tial resolution or increasing distance from the captured
object (e.g. the traffic sign). Furthermore, salient re-
gions may appear at certain scales of an image due to
sampling artifacts. Feature descriptors calculated from
these regions are often ambiguous and weakly discrim-
inative and may cause false positive matches (FP) (cf.
Fig. 5(e)). Hence, robustness to the image scale is im-
portant. Besides this, the regions extracted by an inter-
est point detector have to be located at corners to be po-
sitionally stable, especially if the sensed image is cap-
tured from another perspective. In the traffic sign do-
main the positional stability is challenging, since traffic
signs often include circular symbols, so that corners are
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quite rare. This leads to unstable regions’ locations and
thus to feature descriptors that do not match with the
corresponding features of the reference sign.

The second step in Fig. 1(b) depicts the descriptor
calculation, which is performed after region detection.
In the case of SIFT, the region patch is expressed by a
128 dimensional feature vector that is calculated from
the region’s edge orientation histogram. These features
are often salient, that is rare in feature space, if they are
calculated on a textured region. Unfortunately, in the
domain of traffic sign recognition we have to deal with
highly structured objects, which means the regions only
include a few, very basic geometrical shapes. This leads
to features with weak discriminative power. These fea-
tures are unsuitable for TSR, since the following two
problems may occur. If the sensed image does not con-
tain the according object of the reference image, these
features are likely to be confused with other features,
resulting in false positive matches. The other problem
is the inhibition of correct matches depending on the
similarity measure used. Also challenging are the fea-
ture descriptions of regions that violate the planarity as-
sumption, since they are viewpoint dependent. In the
context of TSR, this issue is reduced to regions that
overlap the traffic sign border, so that their features par-
tially describe the background. This leads to features
varying with the background captured around the traf-
fic sign.

Finally, the feature descriptors of the reference im-
age are compared with those extracted from the sensed
image, as illustrated in the last stage of Fig. 1(b). This
introduces a similarity measure to distinguish the fea-
tures. Among the Mahalanobis distance, the Euclidean
distance is very popular and was used for object recog-
nition with SIFT by Lowe [Low04]. Lowe proposes a
matching scheme with distance ratio Tratio = 0.8 to the
second nearest neighbor. So, matches have to satisfy

|v−w1|
|v−w2|

< Tratio

where w1 is the nearest neighbor and w2 the second
nearest neighbor to feature vector v. We compare every
feature of the sensed image with those extracted from
the reference sign (or stored in a database). Applying
this order we receive a higher recall, than by matching
vice versa. Additionally, this matching direction can
more easily benefit from approaches for approximate
nearest neighbor retrieval like Best Bin First [BL97].

A large number of FP may occur if this matching di-
rection is used with a small number of features repre-
senting the reference image. This originates from the
sparse feature space and can be alleviated by the intro-
duction of an additional a distance threshold. We identi-
fied a distance threshold of Tdist = 0.425 to suit best the
needs of TSR. This threshold is derived as 30% of the
maximal distance (

√
2) in the normalized feature space
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Figure 2: Matching performance in TP and FP (com-
pared to TP and FP using only distance ratio matching)
with additional distance threshold.

of Rd
+ (d > 1) using the euclidean metric. Fig. 2 illus-

trates the dependency of true positive matches (TP) and
FP according to the distance threshold Tdist obtained
on a subset of the “Affine Covariant Regions Datasets”
[MTS+05]. The problems arising in the matching stage
are not restricted to the traffic sign domain only, but
are rather common for most local feature applications.
The main issue is the time spent for feature compari-
son, especially when the reference feature database is
large. This is due to the search of the nearest neighbor
for each feature vector of the sensed image. Hence, the
number of features stored in the database for each traf-
fic sign class is an important factor for the duration of
the feature comparison. This number directly depends
on the reference image’s size and the complexity of the
content as it is depicted in Fig. 3 for three different traf-
fic signs. Thus, the issue is to select the right resolution
of the reference image to receive a manageable number
of features: not too many, due to speed reasons, but also
not too few in order to safely recognize the traffic signs
of the sensed image, even if the image is captured under
severe conditions or is partially occluded.
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Figure 3: The number of features extracted from a ref-
erence image depends on the content as well as on its
resolution.

3 RELATED WORK
Now that we have depicted the problems arising with
the application of discriminative local features in the
traffic sign domain, we give an overview of the research
in this field. Recently, local features are utilized in the
context of TSR in different ways. They are applied to
the detection of traffic signs as well as to their classifi-
cation.
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In the field of TSD, weakly discriminative rectan-
gle features in combination with a boosted classifier
cascade are used to detect potential sign candidates
[BV04, ERP07, BEV+09]. In the works of Bahlmann
et al. [BZR+05] and Keller et al. [KSB+08] this tech-
nique is extended and the Haar-like features are calcu-
lated on 7 different chromatic bands to increase the dis-
criminative power of these approaches. In contrast to
the mentioned approaches, Höferlin and Zimmermann
[HZ09] apply highly discriminative SIFT features to the
problem of TSD. In their approach, a subsequent classi-
fication stage benefits from the estimation of the traffic
sign class of the preceding SIFT detector. Contrary to
this, Kus et al. [KGEU08] apply SIFT in combination
with color features to the detection as well as to the
classification of traffic signs.

Discriminative local features are adopted by Farag
and Abdel-Hakim [FAH04] to classify traffic signs.
They use SIFT features to classify the previously de-
tected candidates. Ruta et al. [RLL07] introduce a dis-
tance transform based on color and use the resulting
image representation for their local feature selection.
Their approach for TSC was inspired by the trainable
similarity measure used by Paclík et al. [PND06].

Local features are also applied to object tracking in
video sequences. This topic is covered by the survey of
Trucco and Plakas [TP06], to which we refer.

To reduce the amount of time spent in feature match-
ing two methods are possible. First: the retrieval of the
nearest neighbor can be accelerated. And second: the
number of features can be reduced. For the first option a
large number of methods already exist in literature. The
problem is known as Nearest Neighbor Search and al-
gorithms based on data structures like the kd-tree exist,
which retrieves the nearest neighbor averagely in log-
arithmic time complexity for low dimensional spaces.
But it is shown [IM98], that with the number of di-
mensions the nearest neighbor search approaches the
expense of an exhaustive search. This issue is called
the Curse of Dimensionality and can be alleviated by
easing the restrictions and by avoiding the assurance
of retrieving the exact nearest neighbor. The altered
problem is called the Approximate Nearest Neighbor
Search. There are also well-known methods to solve
this problem like Best Bin First [BL97], which in most
cases finds the nearest neighbor and otherwise retrieves
another close candidate.

The second option is covered by Joly and Buisson,
they extract Harris interest points from video data and
consider only those features for matching, that are
salient among all features in their database [JB05].
This way they speed-up the comparison process and
obtain features of high quality. Their work inspired
our method for the selection of discriminative features.
They define the saliency of a feature according to
Walker et al. [WCT98] as the likelihood of being

misclassified with another feature. This definition
leads towards density estimation in feature space to
receive the probability density function of feature
misclassification. In contrast to Joly and Buisson we
also consider the robustness and the retrievability of
features, that increases the matching performance, too.

Viewpoint invariance of local features is only little
covered by research so far, e.g. [VS06].

4 SELECTION OF FEATURES
Based on the application of local features in TSR in sec-
tion 2, we develop in this section a method for the selec-
tion of a set of robust and discriminative local features.
We choose these features optimally with respect to the
mentioned issues.

4.1 Retrievability and Localization Sta-
bility under Scale Changes

The retrievability as well as the positional stability of
scale-adapted interest regions vary with the image scale
and depend on the image structure that is covered by
the region. Interest regions that can be retrieved un-
der multiple scales are mostly located at coarse image
structures (i.e. areas of low detail or low image fre-
quency). The idea is to select those features which show
the highest robustness and retrievability under scaling.
We measure the retrievability of a feature by counting
its occurrences at several scales. For every resolution
we extract the features and match them to the features
of the previous scales. Matching is done by searching
for the nearest neighbor in a combined distance space
of the feature vector and the keypoint’s position, scale,
and orientation. The distances are euclidean and both
are separately thresholded to avoid false matches. If
coinciding features are found, the arithmetical mean is
calculated for their descriptors and positions, weighted
by the number a feature was extracted in the previous
scales (Fig. 4). The arithmetical mean centers the fea-
ture in image space and in feature space to reduce the
influence of the interest point’s localization instabilities
and the variance of the region’s descriptor.

Figure 4: Selection of a region’s descriptor that is robust
to the change of image resolution.

Further, we measure the localization stability of a in-
terest point under image scale changes. Brown et al.
show, that common interest point detectors like SIFT
lack of accuracy in repeatability of the interest point’s
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position, scale and orientation [BSW05]. They illus-
trate that such detectors extract the majority of their in-
terest points with a positional variation between 0 and 3
pixels. In our tests, we experienced in average a jitter of
about 0.4% of the interest point’s position, according to
the image resolution. This corresponds to an expecta-
tion value of about 1 pixel based on the considered res-
olution range of 20 to 500 pixels in width. There is also
a strong relation between the tapering of corners in the
image and the accuracy of interest point localization.
Hence, the average of the positional accuracy for traf-
fic signs is about three times worse than for the natural
images that we tested, although the maximal standard
deviation of the interest point’s position is quite similar
among all tested examples (about 3%). A similar effect
is observed for the accuracy of scale and orientation.
The regions’ scales calculated by SIFT are disturbed in
average by 0.2% and we observed a maximal standard
deviation of 0.5% (0.05%,2.44% for orientation).

Since the positional accuracy of interest points de-
pends on the underlying image structure and varies be-
tween interest points, we also rate their quality in or-
der to select a robust feature set. We derive the rating
score from the standard deviation of the interest point’s
position, scale, and orientation, which is calculated on
scaled instances of the reference image. Fig. 5(a) and
(b) show the 5 best and the 5 poorest features according
to their retrievability and positional stability under im-
age’s scale changes. As expected, features that are well
retrievable among different image scales do more likely
cover regions of coarse image structures. In contrast re-
gions with poor retrievability are located at structures
that show higher frequencies. Regions with high stabil-
ity of position, scale, and orientation are small in size
and generally extracted at tapering corners, while the
regions of poor stability are located at less distinct cor-
ners (see Fig. 5(b)).

4.2 Viewpoint Variant Features
Recent discriminative local feature approaches like
SIFT are invariant to rotation, scale and to some degree
to affine deformations. In contrast to this, the most
of these approaches are sensitive to the change of
viewpoint under which the image is captured. This is
especially a problem if the image patch of the detected
interest point strongly violates the local planarity
assumption, which is the case at ridges, corners, and
occluding boundaries. Vedaldi and Soatto [VS06] try
to cope with such regions by considering the scene
geometry. But since the scene geometry is not always
available or could be made available, we head for
another method.

In our approach, we avoid additional knowledge of
the scene geometry, even if it is simple like in the case
of traffic signs. Therefore, we utilize a small set of
training images that are captured from different view-

points in order to measure the variation of the feature’s
descriptor. This method yields the additional advantage
that the variation intensity is considered, too. Thus, vi-
olations to the local planarity assumption may be ne-
glected, if they marginally affect the feature vector.

We determine the robustness to viewpoint changes
of a feature by considering the spatial distribution of
the distances between instances of features within the
training set. For example, the subdivision of the feature
patch into 16 subregions represents the spatial informa-
tion of the SIFT descriptor. Thus, we measure the sub-
regions’ distance variation σdist for every instance of a
particular descriptor within the training set:

σdist =

√
r

∑
k=1

(Dk,k− Ê)2

For the 128-dimensional SIFT descriptor, the distance
of regions between two feature instances i and j is
defined by D1..r,1..r = ∗

√
(Mi−M j)T (Mi−M j), where

Mi and M j are their reshaped 8× 16 feature matrices.
The component-wise square root function is ∗√· and
Ê = tr(D)/r represents the mean distance of the r = 16
subregions. The idea behind this concept is that patches
with small distance variations are in common just jit-
tered or misaligned, whereas large distance variations
often indicate the inclusion of ridges, corners, and ob-
ject boundaries. We use the maximum standard devia-
tion max(σdist) of all instances of a single feature within
the training set as measure for the region’s stability to
viewpoint changes. In the case of traffic signs, only
occluding boundaries affect the region’s stability with
the change of viewpoint or background. Hence, stable
region patches may only inclose the traffic sign area,
while patches with poor stability to viewpoint changes
overlap the sign boundaries (c.f. Fig. 5(c)).

4.3 Analyzing the Discriminative Power
Generally, it is desirable to select a set of highly dis-
criminative features. This raises the probability for cor-
rect matches and reduces the likelihood of feature vec-
tors to constrain each other’s matching performance.
During the evaluation of interest point detectors, we no-
ticed the occurrence of features with marginal discrim-
inative power at certain image sizes, originating from
sampling artifacts. In Fig. 5(e) the matching perfor-
mance of SIFT features at different scales is visualized.
It points out that certain scales show sudden peaks of
FP. These peaks originate from highly indiscriminative
features as depicted in the bottom row of Fig. 5(e).

The discriminative power of a feature vector can be
expressed by its saliency, which is equivalent to its rar-
ity in feature space. Therefore, the probability density
function of retrieving the wrong nearest neighbor is di-
rectly correlated with the density of the feature’s neigh-
borhood. This introduces kernel density estimation as
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Figure 5: The 5 best rated features (circles, top row), the 5 poorest regions (circles, bottom row). Both depicted on
an exemplary reference sign. (a) Retrievability under scale changes, (b) positional stability, (c) descriptor stability
on viewpoint changes and (d) saliency of reference features among the features extracted from MIT-Highway set.
Further explanation in the text. (e) Features with low discriminative power. Top: occurrence of these features at
some scales. Bottom: interest point relation of these features.

appropriate measure for the discriminative power of a
feature. We estimate the density function f̂ at point v
using a Gaussian kernel by

f̂ (v) =
1
|M|

1

σ(2π)
d
2

∑
x∈ξ

e
‖v−x‖2

2σ2 (1)

The set of features is represented by ξ and d refers to
the dimensionality of the feature space which is 128
in the case of SIFT descriptors. We choose bandwith
σ = 0.3

√
2 to be equal to the distance threshold Tdist .

That corresponds to a window radius of 30% of the
maximum distance in normalized feature space. We
populate the feature space ξ with features from typical
traffic scene images, harvested from the MIT-Highway
set. The bottom row of Fig. 5(d) shows an example of
features with poor saliency. These are located along the
traffic sign border and do not contain any discrimina-
tive image structures, while the top row regions include
salient structures.

Besides feature’s domain specific saliency, there are
two other groups of features that are important in or-
der to obtain a high matching performance. First, am-
biguous features within the reference image should be
avoided, since similar descriptors tend to inhibit each
other, when nearest neighbor matching with distance ra-
tio is used. Same holds for the second case: the saliency
of features across the traffic sign classes. Obviously, a
higher recall performance and also a better distinction
between the sign classes can be achieved if features are
selected that are discriminative across all classes. For
both cases, we also apply the Parzen window approach
according to 1, but either ξ is populated with the fea-
tures of one traffic sign class or with the descriptors of
all other traffic sign classes.

4.4 Choosing the Optimal Feature Set
Now that we have introduced a variety of criteria for
robust and discriminative features, we select an optimal

set of n features to represent the traffic sign class. We
define the overall quality q of feature f by a weighted
sum of its scores achieved for each criterion ci:

q( f ,S) = ∑
i

wici( f ,S)

The feature set can be adapted to a particular problem
by adjusting the weights wi of each criterion. Since the
quality q of a feature depends on the other features se-
lected for the representation set S, we have to solve a
non-linear optimization problem. There are various ap-
proaches to approximate the solution of a non-linear op-
timization problem, e.g. evolutionary algorithms. We
use a greedy algorithm to choose in every iteration step
the feature with the highest fitness quality q, with re-
spect to the features S selected in previous steps. For
initialization, we start with an empty set S. This simple
approach is very fast and yields good results, even if the
detection of the global optimum is not ensured and thus
the set may only be locally optimal.

5 EVALUATION
For the evaluation of the proposed method we first com-
pare the feature sets obtained by several feature selec-
tion approaches for an exemplary traffic sign. Then, we
compare the performance of our approach with that of
the conventional representation of the traffic sign class
as reference image of a certain size.

Fig. 6 shows the sets of 5 features selected by three
different approaches: (a) the proposed approach, (b)
selection by choosing a proper image resolution, and
(c) selection of the most discriminative features, sim-
ilar to Joly and Buisson [JB05]. Fig. 6(a) points out
that the features retrieved by the proposed method are
located on discriminative and coarse image structures,
while the other both approaches either lack of the one
or the other property. In Fig. 6(d) the matching per-
formance of the 3 approaches is compared for the ex-
emplary traffic sign class. It points out that especially
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(a) (b) (c)

(d)
Figure 6: Exemplary feature set on a reference sign.
Only 5 features shown for clarity. (a) Proposed method,
(b) extracted for a certain reference image resolution,
(c) selected at low density in feature space and (d) per-
formance of these methods for increasing number of
features. TP (solid line), FP (dashed line).

the features retrieved by method (c) have poor matching
performance, since the most discriminative features of
the reference sign often show low retrievability under
scale changes.

We use two different testsets for further evaluation.
The first contains 12 images (640x480 px) with 9 traffic
sign classes, among them images captured under ad-
verse conditions: blur, noise, perspective deformation
and chromatic lighting. We call it the “German” test-
set, since it covers German traffic signs. The second
set includes 30 images (360x270 px) of 3 classes. It is
introduced in [GP03]. We refer to it as the “Dutch”
set for the same reason. We compare the matching
performance of the features selected with the proposed
method (a set of training images per sign class) to those
extracted from reference images of a certain size, as it
is the conventional method to limit the number of fea-
tures. That means, the selection parameter is the image
resolution. For evaluation we restrict the number of se-
lected features to 20. The results of 3 experiments for
both testsets are presented in Fig. 7. The performance
measure is provided by means of TP and FP.

The first experiment (Fig. 7(top row)) shows the
matching performance of both methods with increasing
feature count. The reference image’s size was adapted
in case of the conventional method in order to provide
the proper number of features. Obviously, the matching
performance benefits from the features selected by the
proposed method. Especially, the low number of false
positives for the “German” testset is remarkable, while
the conventional method suffers from indiscriminative
features at some resolutions. For the chart presented
in the middle row of Fig. 7 we do not longer fix
the number of features selected by the conventional
method (for the proposed method we use a set of 20
features) but show the performance of the features
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Figure 7: Average matching performance. Top and
middle row: TP in blue/dark gray, FP in yellow/light
gray. Bottom row: Recall in blue/dark gray, precision
in yellow/light gray. Proposed method (solid line), con-
ventional method (dashed line). (a) “German” testset,
(b) “Dutch” testset.

extracted at different scales. We see that it is difficult
to choose a certain reference image size with high TP
and low FP. This becomes even more obvious if we
involve the number of features and thus express the
performance by means of recall and precision (c.f.
Fig. 7(bottom row)). Our method also reduces the
time spent for matching, since the desired number
of features can be defined by the user (cp. Fig. 3).
Hence, feature dependencies to the reference image’s
resolution are eliminated and the matching duration
becomes appreciable.

6 CONCLUSION
We presented a method to select a small set of discrimi-
native local features (e.g. SIFT features) with excellent
matching properties. Applying our approach we were
able to increase the matching performance by speed, re-
call and precision. Hence, issues inherent to local fea-
ture matching were alleviated. Further work has to con-
sider other selection approaches to retrieve the globally
optimal set of features. In addition, new criteria like the
spatial distance of the interest points or the coverage of
the reference object by the set of features can be intro-
duced, to increase robustness against occlusion, too.
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ABSTRACT

Automated detection of image orientation has previously been studied as an important problem in intelligent image processing
and computer vision. For this problem, numerous methods and tools have been developed by adopting approaches such as
objects segmentation, color feature analysis and machine learning e.g., Support Vector Machines(SVMS). But conversely, the
difficulty of image orientation can be used to examine the robustness of a CAPTCHA(Completely Automated Public Turing
test to Tell Computers and Human Apart). The automated image orientation problem previously only had been studied and
solved using typical photos which almost include important semantic cues such as people, bright sky, dark ground and vertical
edges. In this paper we propose a simple prototype CAPTCHA, which exploits the hardness of orienting sub-images cropped
from a whole digital photo. Our CAPTCHA takes 8 sub-images from base-photos and rotates them randomly. Then we present
them to the user, who is required to find the correct orientations of the 8 sub-images. The true orientation is easily obtained
since most current high-end digital cameras have an automatic mechanism to store its orientation in EXIF. Thus we can simply
and easily obtain the image orientation without applying complicated computation. For our experiment, we have collected
about 1850 base photos that provide more than 100,000 different sub-images. Experiment showed that the accuracy of our
CAPTCHA with humans is about 95%. We think this sub-image orientation is hard to solve by an automated procedure since
all previous machine learning procedures have only considered whole photos with enough semantic cues, rather than partial
image segments. Another advantage of our system is that user interaction is simpler(there are four choices) and more intuitive
than a common text-based system or the previous image orientation method with arbitrary rotation. Experiment showed that
common users performed at most two rotations for each sub-image. The total time to complete orienting the 8 sub-image
orientation was less than 15 seconds which is significantly shorter than that of previous image-based CAPTCHAs.

Keywords: CAPTCHA, Sub-image, Image Orientation, Image Classification, Machine Learning.

1 ISSUES IN CAPTCHA

1.1 Motivation

Recently, there have been numerous automated soft-
ware bots and automated scripts that exploit public web
services. The problems caused by automated SPAM
generators are becoming serious for public web bul-
letins. So the user is commonly required to solve
a Turing test problem, namely a "Completely Auto-
mated Public Turing test to tell Computers and Hu-
mans Apart(CAPTCHA), before they are allowed" to
use web services. Also HIP(Human Interaction Proof)
terms are widely accepted in this subject. Therefore
the main goal of a HIP or CAPTCHA is to discour-
age script attacks by raising the computation and de-
velopment cost of breaking a HIP or CAPTCHA to an

Permission to make digital or hard copies of all or part of
this work for personal or classroom use is granted without
fee provided that copies are not made or distributed for profit
or commercial advantage and that copies bear this notice
and the full citation on the first page. To copy otherwise,
or republish, to post on servers or to redistribute to lists,
requires prior specific permission and/or a fee.

unprofitable level[10]. One criteria of a CAPTCHA
is that each puzzle should be easy for most people to
solve, but difficult for automated bots to solve. We
can easily construct a CAPTCHA that meets the cri-
teria, by customizing each CAPTCHA problem man-
ually, such as "Find a very funny picture among these
photos". But there is another criteria for a CAPTCHA:
each problem should be efficiently generated and eval-
uated by an automated procedure[5]. This is a contra-
dictory issue in every CAPTCHA system. This paper
addresses one simple procedure to make an automated
image-based CAPTCHA from a small set of user pho-
tos which can be efficiently collected and refined. Also
our CAPTCHA system is hard to break using the previ-
ous tools depending on training-based machine learning
tools.

A brief introduction to our system is provided by the
following figure. The puzzle is to guess the correct
orientation of a cropped sub-image from a whole-size
photo. We define a whole-size photo as an image file
totally recorded in a single shot by a modern digital
camera. In general we assume that every whole-size
photo includes a few meaningful objects we can recog-
nize easily and immediately.
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Figure 1: For a common given photo, we randomly
crop sub-images. Next we show then to a human solver,
who is required to find the correct orientation when the
whole image is not shown.

The top image of Figure 1 shows a whole-size photo
taken in a public children’s park. We crop two sub-
images (a) and (b) randomly, then we present them to
the user, who is required to find the correct orientation.
Each user can freely rotate the image 0, 90, 180 and
270 degrees in order to find the right position. Figure-
1(a) and (b) shows four possible orientations for two
square sub-images. As shown, a human observer can
easily solve this problem (the leftmost one is correct) at
a single glance. But previous automated tools for image
orientation cannot deal with these partial images effi-
ciently, since they have only considered the structures
of whole photos, which include abundant semantically
meaningful whole objects, rather than partial scenes.
So the random chance to solve the two sub-images in
Figure1 is 1/16.

1.2 Recent Advances on CAPTCHA
We simply survey the most recent work on CAPTCHAs
for a comparison in terms of user-friendliness and sys-
tem performance. Traditional CAPTCHAs asked users
to identify a series of letters which were geometrically
transformed to defeat a character recognition system[3,
10]. But recently, many smart character recognition
softwares have succeeded in deciphering plain text-
based CAPTCHAs. One way of breaking a noised text
image is projection-based segmentation to clear artifi-
cial line noise, which have been demonstrated to break
MSN and YAHOO[6]. And a careful shape analysis
and machine learning approach also works well in de-
ciphering text-based CAPTCHA [10, 12].

Since spammers are very eager to utilize academic
algorithms to break CAPTCHAs, the defeating tools

are easily exploited and distributed by spammers. Thus
in order to defend against deciphering tools, text-based
CAPTCHAs have increased the amount of noise and
introduced different types of noise such as global warp
into text images. But unfortunately this kind of hard-
noised text puzzle makes it harder for humans as well as
computers. Consequently a highly noised and wrapped
text-based CAPTCHA leads to lower success rates(less
than 60% accuracy) and frustrates common users[3, 5].
The drawbacks and pitfalls are well explained with
typical examples in [2]. And the usability issues in
character-based CAHPTCHAs were deeply discussed
in one notable work[9].

In order to overcome the weak points of text-based
CAPTCHAs, new Image-Based CAPTCHAs(IBCs)
have been introduced recently. One great advantage of
an image-based puzzle is that it is natural language-
independent. There are many variants of IBCs[4].
These include selecting an appropriate label for an
image and selecting an abnormal image for a set of
subject images. One notable work has revealed the
performance and disadvantages of image understand-
ing CAPTCHAs [4]. Another interesting example of
IBCw is identifying cats in 12 photos of both cats and
dogs[7]. It was reported that humans solve this task
99.6% of the time in less than 30 seconds. Others
showed that calculating a simple math problem can be
used as a reasonable IBC[2].

Unfortunately most previous image-based
CAPTCHAs have a basic problem in automatic
generation, since they all require a priori knowledge
such as the object name in the image or the true
orientation of an image taken. For example if we ask
for a good name(label) for a given image ,then we must
specify the correct name(label) in advance or a priori,
which is a burdensome work for a human generator.
Also the name of the image may be dependent on
the human generators. And if the size of the image
database is not large or contains highly restricted
objects, eg., cats and dogs only, then a well-known
powerful machine learning model such as Support
Vector Machines can break it after a moderate training
and adaptation procedure[13], which insists that they
can distinguish cats and dogs with more about 82.5%
accuracy. Rather than a static image, Srikanth proposed
a real-time image recognition CAPTCHA[16].

2 DETECTING IMAGE ORIENTATION

2.1 Image Orientation Problem
The image understanding problem has long been
studied as a fundamental issue in computer vision. One
typical application of image understanding is how to
detect the human faces. Numerous computation models
and tools and testing data on face detection have been
well introduced in [21]. Or there is a specialized
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Figure 2: Typical types of text-based CAPTCHAs
(a)text on noisy back ground. (b) noisy line segment
added. (c) global warp applied. (d) warped after noise
curve inserting.

cognition method for only one class of car objects[14].
As a subproblem of image understanding, automatic
image orientation detection has been studied recently
for content-based image organization and automated
retrieval. But this type of image orientation detec-
tion is believed to be a very difficult problem, since
state-of-the-art computer vision techniques still can not
infer high-level abstraction of photo images[17]. For
instance, it is very hard to recognize a dog partially
hidden by a tree.

Generally speaking, a few well-established ma-
chine learning approaches such as MDL, LVQ,
PCA, LDA(Linear Discriminant Analysis) and
HDR(Hierarchical Discriminating Regression) are
mainly applied for image orientation problem with a
reliable set of training images. Others deeply studied
the upper limit of orientation in terms of human
psychological aspects [8]. Others have revealed the
characteristics of image statistics in determining of
image orientation[15], which was an essential factor
leading to SVM-based automated image orienting
system. Support Vector Machines are the most com-
mon learning tool for image orientation [11, 15, 19, 20].

It is worth to noting the psychophysical features in
human image orientation perception[8]. For a randomly
collected set of 1650 images five observers were asked
to provide the correct orientation of the given image at
various resolutions. The experimental results show that
for typical images the orientation accuracy was close
to 98% when all available semantic cues in high res-
olution photos were used. For coarser-resolution im-
ages, the accuracy was around 84%. Which means that
upper limit of human orientation accuracy is about 84-
95% depending on the image quality. Interestingly sky,
ground and standing people are the most useful and reli-
able cues to find the correct orientation among other se-
mantic cues including buildings, ceilings, color, grass,
roads, texture and trees. This implies if the semantic
cues are not observed or partially available in the im-
age, then image orientation is a difficult problem.

The hardness of image orientation by computers can
be a good basis for the usefulness of IBCs. Recently,
detecting image orientation was used by a CAPTCHA
system[5]. The IBC asks for an upright position of a
circular form of image which was maximally inscribed
in the image. This involved collecting a set of image
s from a large image repository. Some images which
have with an ambiguous upright orientation such as
balls, guitars and general textures were excluded.

2.2 Machine Learning Approach for Im-
age Orientation

Several machine learning approaches have long been
applied to obtain the image orientation. The prepro-
cessing step in this work involves transforming each
photo into a vector with more than 1000 features[5].
For example, for an input feature vector, [5] used
1,965 means and 1,965 variances from 91 disjoint
sub-regions. Next, the experimenters carefully col-
lected a set of training photos in order to make a
power classifier over unknown data. After applying
numerous training steps, we finally obtained learned
machine(program). In this step, it is very important
to provide typical photos representing orientations
that are very familiar to humans. Currently, Support
Vector Machines are widely applied, and other methods
combined SVMs with boosting models in order to
obtain more correct and reliable results[18].

We describe the latent limitations in the machine
learning approach for image orientation. First of all,
input training images are commonly wide rectangular
images with a height:width=ratio of 4:3. The prepro-
cessing step for machine learning is where, photo im-
ages are usually divided. So we assume that we should
divide a wide rectangle image into n by m grid-base
sub-images. The top rows of an upper square sub-image
are likely to be similar in general photos as was illus-
trated in the examples in Ref.[5, 17]. Thus if the train-
ing set includes this kind of plain images, it is easy
to classify simply by observing the number of similar
adjacent sub-grid images. Therefore, though the ma-
chine learning approach uses more than 2000 features
of photosincluding RGB, YIQ, color intensity, vertical
and horizontal edges, etc, we believe that the most cru-
cial features of image vectors are smaller(30-50?) than
we expected.

2.3 Problem of Sub-image Orientation
According to [8], the most important semantic
cue(spatial region) is sky in the upper part of an image
or grass or dark brown ground images in the lower
part of a whole photo, as shown in Figure 1. So if the
training images are not taken from a whole photo such
as a partial region, then the most all kinds of machine
learning approach fail, since a partial image hardly
provides any kinds of semantic cues or environmental
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information helpful to obtaining the correct orientation.
So if we restrict all the testing photos to exactly square
photos, then the current machine learning approach
does not show the good performance that was obtained
in the previous work. We show another example of this
issue in Figure 3. We know it is very easy to obtain
the orientation of whole photos(top), but for their 4
sub-images(shown below)it is hard to obtain the correct
orientation, since the sub-images do not include any
whole faces. We have tested these four sub-images by
applying well-known face detection tools and systems.
Most face detection systems do not recognize the
partial faces shown in Figure 3 (a)-(d).

Common users never take photos such as those
shown in (a)-(d), and they were not used in any
training set for machine learning tools where the
sub-images do not provide any meaningful information
to an automated machine. However, interestingly a
human can recognize the right orientation of the 4
sub-images immediately, since a human has a very
broad and abstract knowledge of partial face images.
We have simply tested these 4 sub-images with 15
undergraduate students, who completely identified the
orientation.

But most face recognition tools and systems did
not recognize these four face sub-images, since the
computing principles used in these face recognition
trained machines were only developed using whole,
even more, straight-view human faces. In fact most of
the sub-images do not have the other semantic cue that
the upper one is significantly brighter than the lower
one in most all photos, which is a significant human
perception cue to decide the orientation[18].

Figure 3: 4 different sub-images cropped from a photo.
Though they do not have any single complete face, hu-
mans can easily obtain the correct orientation.

We provide another example to show that orienting
a sub-image without whole images is hard for a com-
puter, but easy for a human. See the other cropped sub-
image which was taken from a travel photo in Figure
4. A Computer can easily orient this photo, since it has
very typical semantic cues (one face and the a brighter
upper region and darker lower region). But if only a
sub-image of a partial face is used, then orientation is
a very hard task because it does not contain enough se-
mantic cues. But humans can do it without any hesita-
tion.

Figure 4: Computers can easily orient the left-hand
whole photo but they cannot easily solve the right-hand
partial subimages. Humans can do it immediately.

2.4 Image Orientation in EXIF of High-
End Digital Camera

We believe the image orientation problem is easier
due to the recent development of high-end digital
cameras. Most of the high-end DSLR cameras from
Canon, Nikon, Panasonic, Sony and SamSung have
been equipped with internal automated orientation
correction hardware. This information is stored in the
EXIF field of each digital camera. EXIF denotes the
Exchangeable file Image Format, which includes infor-
mation about camera settings such as the timestamp,
focal length, ISO, flash status etc. In the future, we
will not have to apply a complicated machine learning
system to obtain the orientation automatically, unless
the photographer intentionally disturbs the image
orientation. So in this paper, we assume that the true
orientation can be easily obtained by retrieving the
EXIF information of each digital photo. Thus in our
CAPTCHA experiment, we only considered photos
with orientation information recorded automatically by
the mechanical sensor installed in digital cameras.

3 STRUCTURE OF OUR SYSTEM
3.1 Overview of Our System
In this section we explain the overview of our
CAPTCHA system. Our system consists of four
parts: the two photo databases DB1 and DB2, the
random selector for image and cropping, the filtering
module and the user interface. The n-plate is a problem
including k sub-images cropped from our data base. If
a human solver can provide at least k correct answers
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from n sub-images, then we say that a human can solve
a k-plate CAPTCHA problem.

Figure 5: Overview of Our CAPTCHA and Data flow

DB1 was established by selecting photos which were
previously taken during travel. And we intentionally
took about 650 photos for use in our CHAPTCHAs,
which were stored in DB2. We did not include any
regions of sky, ground, paths and human faces. Also,
we tried to avoid objects having too many vertical or
horizontal edges such as straight buildings. If the inclu-
sion of straight edges was inevitable, then we slightly
rotated the viewing angle so as to avoid detection by
edge segmentation tools automatically. But the rotation
was limited to +10 to - 10 degrees to avoid frustrating
a human solver’s perceptions. One simple way to make
DB2 photos is taking a scene with 5 to 10 small famil-
iar stationeries, which are placed randomly on a desk
within a distance of 1.0-2.0m from the camera lens. So
after gathering around 600 photos we manually refined
them to obtain the final photos. In the following, the
base photos are the set of all photos stored in DB1 and
DB2.

3.2 Eliminating Bad Sub-images
Though we carefully selected the base photos, bad sub-
images can be included in the final 8-plate problem,
since a smaller region of a sub-image may contain a
scene that is very hard for human solvers. When we
crop subimages from the base photos, we automatically
exclude those with one of following two conditions,
since they do not provide any partial semantic cues to
human.

• A photo with a large color segmentation region,
which is called a monotone region in the following

paper. Thus a monotone sub-image implies that it
has no semantic objects. A plain texture without any
object may belong to this category. Since a mono-
tone region does not provide any orientation cues,
it cannot be solved either by a computer or a hu-
man. Then the remaining problem is how to decide
if a photo has a monotone region. We quantized the
whole image into regions of 25 different natural col-
ors by the color segmentation algorithm of [1]. They
cleverly proposed and defined 25 representative col-
ors including Black, Sea green, Light green, Aqua.
Rise Yellow, Pink, Orange and White, for general
photos favoring human perceptual sensing. So we
can decompose a whole photo into at most 25 differ-
ent colored regions. If the maximal area of one(from
25)-colored color segment is larger than 20% of the
whole photo’s area, then we discard the photo, since
it is a hard problem for humans. The elimination
criteria can be improved by experiment, but in this
paper we do not address this problem further and we
adopt a very simple rule. For instance, all photos in-
cluding a larger sky region or ground(grass) region
or water and wide walls are discarded(See 6).

(a) (b)
Figure 6: Two whole-size photos including larger
monotone segments. If a red square is cropped, then
it is not possible for a human to obtain the orientation
due to the absence of meaningful objects(even partial
ones)

• A photo including numerous human faces at a rec-
ognizable size and resolution. The most crucial se-
mantic cue in a general photo is a human face, since
the human eyes and month completely determine the
image orientation in most cases(except when peo-
ple are lying on the ground). Numerous face de-
tection systems are available and can be obtained
easily, such as OpenCV tools. We have utilized
the tools released from Applied Device available on
http://www.applieddevice.com/facedb/fs.php. If the
size of the human face segments detected by the
above tool is smaller than the area of the sub-image
cropped by our system, then we disregard the photo,
since the cropped sub-image completely contains
the face image segment. Figure shows two photos
belonging to this category. We exploited available
codes to eliminate images with faces.
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Figure 7: Examples of sub-images eliminated by our
system. The left-hand two images were eliminated by
the monotone region and the right-hand two were elim-
inated due to the faces it contained.

4 EXPERIMENT

4.1 Human Accuracy Analysis

In order to evaluate our system, we performed several
user studies. We collected 350 base-photos which were
taken in during overseas travel in Shanghai and Europe.
Also we intentionally took more than 350 photos for
use with this CAPTCHA. After refinement we finally
initialize DB1 and DB2 with 1650 photos. Since we
took the sub-images from the base photos, we can took
more than 10,000 sub-images which were mutually dif-
ferent more than 70% of the time in terms of the spatial
region.

We have evaluated our system with 10 human testers.
We gave each tester, we gave 50 "8-plates", which con-
sist of 8 different sub-images in on screen. We regard
the answer as correct if a human finds more than 7 cor-
rect orientations from the given 8 images. The proba-
bility to break this 8-plate problem by random chance
is given

(8
8

) · (1/4)8 · (3/4)0 +
(8

7

) · (1/4)7 ∗ (3/4)1 =
25/(216)≈ 0.000381

In order to find the optimal image size, we varied the
crop size by 0.1*height of the base photos. In the fol-
lowing Table, SIZE denotes the size of the sub-images
cropped from the whole-size photos. SIZE = 01 means
the width and height of cropped sub-image is 0.3 ∗
height of the whole-size photos. So if the width:height
ratio of a photo is 3:2, then the area of a SIZE = 0.3
sub-image is 1/15 = 0.06. So it is 6% of the area of
a whole-size image, which is quite small. So if we
can exclusively extract sub-images from a photo with
SIZE = 0.3, we obtain get 15 totally different(disjoint)
sub-images. If we allow some overlaps in the cropped
sub-images, then we can get more than 30 sub-images,
which is one of the advantages of our system.

We us show the main experiment plate of our sys-
tem in Figure 8 which shows six different sub-image
SIZE = 0.1,0.15,0.2,0.3,0.35,0.4. The overall accu-
racy rate was more than 90% SIZE > 0.3. Since it
is generally believed that a CAPTCHA with higher
than 90% human accuracy is acceptable, we insist that
SIZE = 0.35 provides quite good performance with an
accuracy 97%, which so satisfactory in practice.

Detail statistics for the 10 testers are provided in Ta-
ble 1. We did not apply the Partial Credit Algorithm

Figure 8: Experiment Graph

SIZE 0.1 0.15 0.20 0.25 0.30 0.35 0.40
tester 1 77.4 80.2 85.7 84.9 94.9 97.6 98.5
tester 2 73.4 76.4 80.7 82.1 88.8 98.6 98.1
tester 3 78.4 79.1 80.1 87.2 88.1 97.7 100.0
tester 4 75.1 74.5 83.9 86.3 91.5 98.4 98.2
tester 5 72.6 81.2 80.1 83.2 91.1 96.8 98.1
tester 6 75.9 78.2 79.4 86.9 93.5 97.5 100.0
tester 7 74.9 75.1 82.4 85.7 88.3 98.7 98.5
tester 8 75.5 74.3 81.2 81.2 94.8 96.4 100.0
tester 9 73.9 80.2 78.5 81.2 88.1 96.4 98.1

tester 10 74.6 77.3 79.2 87.1 93.1 97.2 98.4
Average 75.1 77.6 81.1 84.4 91.2 97.4 98.7

Table 1: 10 testers have tried to solve around 30-50
8− plate problems at their work place for sub-images
SIZE.

Figure 9: Example an 8-plate with SIZE=0.10

introduced in [7], since it may weaken security as was
pointed out in [7].

We explain the resolution of the base-photos as
follows. The base-photo resolutions are various,
ranging from a low resolution 1000*1000 photo to a
high 4000*4000 one which was taken from a high-end
DSLR. If the size of a sub-image is greater than 0.30,
then the orientation accuracy does not depend on the
image resolution. The accuracy is likely dependent
on the relative size, rather than the absolute size(=the
number of pixels) of the cropped sum-images. Figures
9 and Figure 10 show examples of 8-plate snap-
shots where SIZE=0.1 and 0.30. Figure-11 is the
corresponding solution of the problem Figure=10.
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Figure 10: Example an 8-plate with SIZE=0.10

Figure 11: Corresponding correct orientations of 8-
plate subimages in Figure 10

Figure 12: A plate of eight sub-images cropped with
SIZE=0.40. From top-left, the photos show a crowded
street during rush hour(more than 20 tiny faces), flee
market, bicycle leaning against a street wall, shelf in a
small market, five objects on a desk, objects(phone and
stapler) on a desk, cups arranged on a restaurant shelf
and a meeting room with a bright ceiling.

We show an example an 8-plate with SIZE=0.4 in the
following Figure 12.

Intuitively we observe that an 8-plate of SIZE=0.4
is easier to solve by visual inspection than one with
SIZE=0.30, since the larger sub-image may contain
more semantic cues to help obtain the correct orienta-
tion.

4.2 Security and User Interaction
We discuss the usability of our system. There is no
solid security analysis model for CAPTCHA, since it
depends on very diverse human solvers.

The generally accepted figure in the previous work is
that the system should admit automated bots with less

Image SIZE Accuracy % Clicks Time(Sec.)
0.10 75.1 0.81 6.2
0.15 77.6 1.12 10.4
0.20 81.1 1.15 14.3
0.25 84.4 1.46 16.4
0.30 91.2 1.41 13.7
0.35 97.4 1.14 9.2
0.40 98.7 1.11 6.5

Table 2: Average success rate and average user clicks
for each sub-image and average time for completing an
8-plate according to SIZE=0.1 - 0.5

than 1/10,000 probability within 30 seconds and only
a small amount of human effort it is needed. Let the
(n,k)− plate problem denote that we regard the an-
swer as right if a responder identified more than k sub-
images from a total of n sub-images in the n-plate. The
probability of random chance for the (8,8)− plate is
1/48 = 1/65,536, which is quite acceptable in practice.
The probability of a random attack for the (8,7)− plate
is (24 + 1)/48 ≈ 3/10,000. In practice we hope to use
the (9,8)− plate, for which the random chance to break
it is (1+27)/49 ≈ 1/10,000.

We consider the user-friendliness of our system. We
have checked the number of total clicks and elapsed
time to clear an (8,7)− plate in practice in Table 2. The
average time for an 8-plate is around 13 seconds, which
is faster than the previous text-based CAPTCHAs and
the other IBCs, because the user only interacts with
one mouse click, which rotates the image 90 degrees
clockwise. It is interesting that solving the plate of with
the small SIZE=0.1 and big SIZE=0.40 requires shorter
time since a human does not need to rotate the sub-
image due to the absence of any semantic cue objects or
even partial images. Contrary to the small sub-image,
about 8/4 sub-images in an 8-plate can be in a correct
orientation if it is bigger(SIZE > 0.35). Thus it takes a
shorter time to complete a plate.

Experiment showed that our 4-way discrete orienta-
tion CAPTCHA is quite efficient for a user compared
with sliding rule-based image rotation[5]. Less then
2 clicks are needed to obtain the correct orientation,
which implies that the interactions of our system are
very human-friendly. So our system is very compat-
ible to with mobile devices, e.g., touch-based cellular
phones, where the user is allowed only a simple touch
panel.

5 CONCLUSION
This paper introduced another kind of CAPTCHA by
exploiting the orientation of cropped sub-images from
whole-size base photos. We summarize the notable
contributions of our idea.

• One fundamental disadvantage of the previous work
on image-based CAPTCHAs is that they assume a
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priori knowledge such as image labels and semantic
meanings. But in our model, the correct orientation
is obtained entirely from the EXIF information of
digital photos without any human intervention.

• It is hard for an automated procedure to obtain the
correct orientation of a sub-image of a whole-size
digital photo, because it has only partial semantic
cues, which can be very difficult to learn in the
machine learning model. But experiment showed
that only 10% of a whole-size photo region is good
enough for a human to easily and successfully pro-
vide the correct orientation with around 98% accu-
racy.

• The probability of random chance to break the
(9,8) − plate is about 1/10000, which is low
enough to be used in practice.

• Unlike the previous image-based CAPTCHA sys-
tems, we can generate more than 20∗N sub-images
easily from N base-photos. Thus 1,000 base-photos
provide more than 20,000 sub-images. Also, it is
quite computationally expensive for an attacker to
reconstruct a whole base-photo by gathering the sub-
images used.

• The user interaction of our system is quite easy and
simple, since the user chooses one from four possi-
ble orientations, taking one from four possible rota-
tions, which can be done within 10 seconds for an
8-plate problem. So our model is quite effective,
especially in a mobile environment where no key-
words and control icon boxes are given.

We need to evaluate our system and rigorously com-
pare it with the previous machine learning-based break-
ing tools using k− plates. For practical applications,
we are preparing more than 5,000 base-photos by fil-
tering out bad images for humans and good images for
computers. A web-based testing platform will be an-
nounced in the near future.
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ABSTRACT

Our goal is to develop a smoothing algorithm, which would be feature preserving and simple to use without the
need of extensive parameter tuning. Our method does the smoothing of vertices based on local neighbourhood
character, which is modeled by a covariance matrix of neighbourhood triangle normals. The eigenvalues and
eigenvectors of the covariance matrix are used for local weighting of the displacement vector of laplacian operator.
This way the method is locally auto-tuned.

Keywords: smoothing, polygonal mesh, covariance, edge preserving, noise removal

1 INTRODUCTION

One of the key phases of modelling a 3D polygo-
nal mesh is smoothing. It can substantially reduce
the amount of artifacts and noise within the mesh.
A rather important features of a smoothing algo-
rithm is how it treats different mesh features. A
feature preserving algorithm should leave corners
and sharp edges untouched while smoothing and
flattening the other areas of the mesh.
Different algorithms have approached this with

varying success and there is no general algorithm,
which works reliably in all cases. Moreover, the
best algorithms often require tuning of several pa-
rameters. Our approach attempts to address these
problems and offer a simple to use, yet relatively
powerful smoothing method.

1.1 Related work

One of the basic approaches to smoothing is lapla-
cian operator [7] which works by averaging posi-
tion of the vertex with it’s neighbourhood, defin-
ing a vector by the previous and average position
and then moving the vertex in this direction by a
fraction of the vector length. The algorithm is very
simple and is easily tunable by only one parameter.
The main disadvantages are volume shrinking and

Permission to make digital or hard copies of all or
part of this work for personal or classroom use is
granted without fee provided that copies are not made
or distributed for profit or commercial advantage and
that copies bear this notice and the full citation on
the first page. To copy otherwise, or republish, to post
on servers or to redistribute to lists, requires prior
specific permission and/or a fee.

reducing sharp edges and corners. Therefore, an
improved laplacian smoothing algorithm presented
in [1], which improves the results of laplacian op-
erator by pushing the smoothed vertex a bit back,
thus reducing the volume shrinking effect. The per-
formance of this algorithm can be adjusted by two
parameters. Another improvement was presented
in [3] and [4] which operates in alternating inward
and outward diffusion of vertices in order to main-
tain the shape of the mesh. Again, the algorithm is
controlled by two parameters. The bilateral mesh
denoising approach from [5] and similar method
from [6] has been quite successful. It is essentially
a bilateral filter applied on a mesh topology and
works by filtering vertex positions in directions of
their normals. Adjustable filter parameters can af-
fect the output.

1.2 Structure of the paper

In second chapter, we would like to show a matrix
feature of a vertex and suggest how it can be used
to improve the results of laplacian operator. This
approach will be further described in chapter 3. In
the fourth chapter, we will look at experimental
results of our method on geometrical primitives and
non-primitive models. Evaluation metrics will be
introduced and results will be summarized. The
paper will be concluded in the fifth chapter and
some directions of future work will be pointed out.

2 VERTEX PROPERTIES FROM
NORMAL COVARIANCE MA-
TRIX

In this section we will describe the background for
our method. The main idea lies in altering the
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laplacian operator effect for each vertex type cor-
ner, edge, flat areas. First, let us define some
basic notations. Let v denote the vertex that is be-
ing smoothed and n it’s normal. Consequently let ti
and ni denote i-th face(triangle) and normal of v’s
neighbourhood. Let N be a matrix with ni forming
it’s columns.
Let us take a look at matrix C :

C = NNT

We can see that this is a zero-mean covariance
matrix (covariance matrix for average normal zero
(N − 0)(N − 0)T ) of normals in the neighbourhood
of v. This matrix has been used in [2] for construc-
tion of quadric error metric and was shown to have
a couple of its interesting properties. We can use C
as a robust local vertex feature, which reflects the
character of the vertex neighbourhood. The zero-
mean covariance matrix C can be interpreted as a
quadratic form defined for v and forms a quadric
centered at v. Since quadric matrices are always
symmetric, we can perform it’s spectral decompo-
sition into A and X , where the columns of A are
the eigenvectors of C and li are the corresponding
eigenvalues :

C = AXA−1,whereX = diag(l1,l2,l3)

Now let’s take a look at the eigenvalues of C. We
can distinguish three main cases :

• if l1
∼= l2

∼= l3, then there is a large variation
of normals in every direction around the vertex
and it can be assumed to be a corner.

• if l1
∼= l2 < l3, then there is a direction of max-

imum covariance of neighbourhood normals and
the direction corresponds to an edge.

• if l1 < l2
∼= l3, then there are two directions of

maximum covariance and the vertex lies on a
flat area.

Let e1,e2,e3 denote the eigenvectors of C. In the
second case, the e3 is aligned with the direction of
the edge. In the third case, e3 will be perpendicular
to the ideal plane of the flat area. Let us define
vertex v′ which is the average of vertices from a
neighbourhood of size M.

v′ =
1
M
(v0 + v1+ . . .+ vM)

Then w = v− v′ would be the vector along which
the vertex would move using the laplacian operator.
The laplacian operator based smoothing method

computes the new position v̂ of v as v̂ = v+aw. In
our method, we project w into the vector space with

base vectors being the columns of A, then weight
the projected vector by inverse eigenvalues in di-
rection of each base vector and project it back to
obtain the final displacement position :

v̂ = v+aAYA−1w,Y = diag(l−1
1 ,l−1

2 ,l−1
3 )

3 USING VERTEX NORMAL CO-
VARIANCE FOR SMOOTHING

Consider a vertex and it’s zero mean local covari-
ance matrix C. The eigenvectors of C form an or-
thogonal basis with the center at the current vertex.
We have designed following procedure for smooth-
ing of a current vertex v (see figure 1 graphical in-
terpretation of the scheme in 2D) :

1. compute position difference vector w after ap-
plying the laplacian operator

2. compute eigenvalues and eigenvectors of zero
mean covariance matrix for v’s neighbourhood.
We have been using the neighbourhood of 3 sur-
rounding triangle layers, because if less layers
are used, the covariance statistic is less robust.
For example on a very noisy but otherwise flat
surface, using only one surrounding layer would
result in wrong C, which would resemble that of
a corner vertex. However using the larger the
neighbourhood, the more C approaches the cor-
rect form (that of a flat area vertex).

3. express w within the basis formed by eigenvec-
tors of C to obtain w′ expressed in new basis
coordinates

4. weight the coordinates of w′ by inverse eigenval-
ues of C to obtain w′

1

5. multiply w′
1 by the smoothing factor a , which

regulates the amount of smoothing

6. express w′
1 back within the canonical basis of

three dimensional space to get the final displace-
ment vector for the current vertex

These steps are to be performed on the whole
mesh. Our algorithm is also iterative, so multiple
runs are often required to achieve desired result.

3.1 Improving the eigenvalue
weighting by heuristic

When we look at our weighting formula for a ver-
tex, we can see, that we are using the inverse eigen-
values of C as the weights for laplacian operator.
This works in theory, however on real models, we
have to adjust the weighting so that extreme values
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Figure 1: left : w denotes the vector to the new po-
sition of vertex, right : w′ denotes the same vector
after having its coordinates weightened by eigenval-
ues of C in the local coordinates of C’s eigenvectors

and therefore extreme deformations are not permit-
ted. Let fw denote a function mapping a three di-
mensional vector onto another. Let l denote the
vector of eigenvalues. Then, the smoothing formula
will take the following form :

v̂ = v+aAYA−1w,Y = diag( fw(l))

a) b)

c) d)

Figure 2: visualizing vertex weights a) original
mesh b) noisy mesh c) covariances as degenerated
elipsoids d) visualization on noisy mesh

The weighting function we have been
using is a heuristic. The function is

fw(l1,l2,l3) = normalize(l)−
2
3 . The normal-

ization of eigenvalues will ensure, the weights sum
to one and the vertex displacement will not be
greater than using the standard laplacian opera-
tor. The − 2

3 power reduces the large differences
between weights for a vertex.

3.2 Vizualizing vertex weights

The algorithm therefore treats directions of eigen-
vector differently. The smaller the weight corre-
sponding to a direction, the stiffer the movement
of this vertex in that particular direction will be.
Figure 1 shall give us better idea behind the algo-
rithm. Suggested method of visualizing C can be
found in [2]. C is the main part of quadric - an

ellipsoid centered at the current vertex and with
it’s principal axes aligned with the eigenvectors of
C and its principal radii proportional to the inverse
eigenvalues. We can use the same principle but the
ellipsoid will be slightly deformed by our weighting
function fw.

a) b)

c) d)

Figure 3: iterations of our algorithm on cube model
a) original mesh b) iteration 1 c) iteration 3 d) it-
eration 7

Figure 2 shows the visualization. At the corner
of the cube (green), the ellipsoid almost reduces to
a sphere. This means, that the weights are close
to being equal in all directions and the movement
of this point should be restricted the most. At an
edge vertex, the ellipsoid is reduced to elongated
line, which is aligned along the direction in which
the vertex can move without damaging the edge.
At a flat area vertex, the ellipsoid reduces to a
disc. The left set of images show a cube that is
no longer regular, but we can see, that the ellipsoid
characteristics still hold. Figure 3 shows the result
of smoothing the noisy cube using our algorithm.

4 EXPERIMENTAL RESULTS

We have tested our method and compared its re-
sults with the algorithms presented in section 1 ([4],
[5], [1]). We had a collection of 3D meshes, which
include geometrical primitives (cube, sphere, cylin-
der, torus, etc.) to test the feature preservation
properties and a collection of real models (Stan-
ford bunny, Stanford dragon, skull model, etc ).
The rough data for the smoothing algorithm were
obtained by adding a gaussian noise to the mesh.
For the s2 of the noise, we have chosen values be-
tween 0.05 to 0.1 times the mesh size. The noise
was added in normal direction (see fig. 3). Each
model was well tessellated.
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The metric chosen for algorithm performance
evaluation was histogram based. Since the origi-
nal, noisy and smoothed models are topologically
equivalent we have chosen following metrics :

• Histogram of differences between normal angles
of corresponding faces. The method, which
outperforms the others should have minimal
amount of corresponding normal angle differ-
ences (HN).

• Histogram of distances between corresponding
vertices. This metric reflects the ability of the
method to preserve shape of the model (HV ).

Since we are using gaussian noise to alter the
mesh, it is safe to assume, that the angle differences
and distance differences should have approximately
a gaussian distribution with mean and deviation.
After the smoothing has been performed on an al-
tered mesh, we are going to observe that the new
histogram will show, that the mean shifted towards
zero and the deviation shifted towards zero as well.
This should be easily observed on the histograms.
We will also include a table of the mean and de-
viance approximations for each algorithm at the
end of this section. For the methods that require
parameter tuning, we have adjusted the parameters
to perform as good as possible for every particular
model.

4.1 Cube model analysis

The figure 4 shows the results obtained on the
cube model. The HN(our) shows that our algorithm
tends to minimize the larger differences better than
hc while the majority of differences are zero (con-
trary to taubin). This shows, that our method was
able outperform the others as far as edge preserva-
tion is concerned.
The figure 5 shows HV histograms of the cube

model. According to this metric, our method is
outperformed by hc and tabuin. If we compare
HV (our) with HV (bmds), we see that better shape
preservation was achieved with our method, than
with bmds. Figure 10 shows visual comparison of
the results on the cube model.

4.2 Real model analysis

The cube model discussed above was an example
from the set of ideal model with clearly distinguish-
able features. We have also tested our method on
models that are not geometric primitives. Follow-
ing histograms were obtained from the model of
the Stanford bunny. Figure 6 shows that the shape
similarity of HN(original) and HN(our) is good (see
fig. 8 for visual comparison).

a) b)

c) d)

e)

Figure 4: HN Histogram of corresponding normal
angle differences. The sixth bar corresponds to
a difference of around pi

3 rad. a) HN(noisy) b)
HN(taubin) c) HN(bmds) d) HN(hc) e) HN(our)

a) b)

c) d)

e)

Figure 5: HV Histogram of distances between cor-
responding vertices. The histogram is scaled for
the maximum allowed displacement on the right
(concidering the noise parameters). a) HV (noise)
b) HV (taubin) c) HV (bmds) d) HV (hc) f) HV (our)

The comparison of HV histograms (figure 7)
shows that the best shape preservation was
achieved by hc algorithm. our method has shown
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a) b)

c) d)

e)

Figure 6: HN Histogram of corresponding normal
angle differences. The sixth bar corresponds to a
difference of around pi

3 . a) HN(noisy) b) HN(taubin)
c) HN(bmds) d) HN(hc) e) HN(our)

a) b)

c) d)

e)

Figure 7: HV Histogram of distances between cor-
responding vertices. The histogram is scaled for
the maximum allowed displacement on the right
(concidering the noise parameters). a) HV (noisy)
b) HV (taubin) c) HV (bmds) e) HV (hc) e) HV (our)

comparable results with taubin method and clearly
outperformed bmds.

4.3 Summary

Tables 1 and 2 sumarize the results on several mod-
els we have used. In order to quantify the results,
we have reduced the histogram metric to comput-
ing mean and standard deviation approximation
(m,s2) of the data. The key idea which was out-
lined at the begining of this section is, that if the
original model and the smoothed one are similar,
then the angles between corresponding face nor-
mals should be small and the distance between cor-
responding vertices should be small as well.

taubin bmds hc our

cube (m) 0.156 0.13 0.148 0.117
cube (s2) 0.09 0.181 0.174 0.125
cylinder (m) 0.106 0.076 0.084 0.084
cylinder (s2) 0.103 0.166 0.157 0.155
bunny (m) 0.270 0.216 0.143 0.128
bunny (s2) 0.171 0.228 0.094 0.103
dragon (m) 0.214 0.277 0.17 0.182
dragon (s2) 0.252 0.335 0.231 0.274
bull (m) 0.121 0.145 0.143 0.11
bull (s2) 0.114 0.165 0.083 0.108
skull (m) 0.38 0.53 0.25 0.267
skull (s2) 0.401 0.62 0.256 0.302

Table 1: Angles of corresponding face normals(rad)

For the models to be similar as far as feature
preservation is concerned, we need the mean angle
difference to be small. The edge preserving ability
manifests itself through the standard deviation of
angles (this can be observed on ideal meshes). For
the models to be similar in shape, we expect the
corresponding vertices distance to be small. There-
fore the smaller average distance, the better the
models correspond to each other shape-wise.

taubin bmds hc our

cube (m) 0.099 0.146 0.076 0.129
cube (s2) 0.045 0.07 0.056 0.06
cylinder (m) 0.067 0.073 0.075 0.071
cylinder (s2) 0.035 0.038 0.046 0.038
bunny (m) 0.046 0.053 0.034 0.05
bunny (s2) 0.021 0.032 0.022 0.023
dragon (m) 0.031 0.044 0.033 0.031
dragon (s2) 0.015 0.023 0.018 0.015
bull (m)l 0.572 0.41 0.356 0.389
bull (s2) 0.255 0.2 0.19 0.192
skull (m) 0.31 0.455 0.562 0.713
skull (s2) 0.747 0.277 0.346 0.446

Table 2: Distance between corresponding vertices
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On the ideal models (cube, cylinder), the best
feature preserving algorithms are bmds with our
method being only slightly less effective. On real
models, the best shape preserving methods are hc
and our method. With the overall shape preserva-
tion, our algorithm outperforms bmds and is com-
parable with taubin and hc.

a) b)

c) d)

e) f )

Figure 8: the stanford bunny a) original b) noisy
c) taubin d) bmds e) hc f) our

5 CONCLUSION

We have been trying to develop a smoothing
method, that would aim to perform well on
different types of meshes and would not require
extensive amount of tuning to do so. Our method
is not the best performing in all cases however
it’s performance is rather stable and comparable
to the best methods for particular case. Another
advantage of our method is it’s robustness, since
we are using broader vertex statistics (zero mean
covariance).

5.1 Future work

We would like to focus on developing a robust
smoothing method based on local normal covari-

ance. Our approach currently extends the standard
laplacian operator by locally modifying it’s results
to reflect local mesh characteristics. In the future,
we would like to explore following possibilities for
improving the method performance :

• Explicitly clustering the vertex characteristics
(eigenvalues) into categories edge, corner, flat
and designing and applying custom smoothing
function based on vertex type.

• Finding connectivity between vertices of the
same type and using the average computed
from vertices of the same type.

• Improving our zero-mean covariance metric.
The matrix is constructed from a fixed size
neighbourhood of the vertex. We would like to
develop an adaptive approach, that selects the
neighbourhood shape, so that the metric itself
isn’t damaged.

Another important task for the future will be
evaluating the time complexity of the algorithm.
Since the method uses lot of computations, this
should become an important criterion. The opti-
mization of the algorithm to be less time consuming
will also be one of our proximate tasks. We would
also like to explore other applications of the vertex
normal covariance feature, for example using it for
other mesh related tasks (matching, registration,
etc. )
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a) b) c)

d) e) f )

Figure 9: the stanford bunny a) original b) noisy c) taubin d) bmds e) hc f) our

a) b) c)

d) e) f )

Figure 10: cube a) original b) noisy c) taubin d) bmds e) hc f) our
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a) b) c)

d) e) f )

Figure 11: cylinder a) original b) noisy c) taubin d) bmds e) hc f) our

a) b) c)

d) e) f )

Figure 12: bull a) original b) noisy c) taubin d) bmds e) hc f) our
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ABSTRACT

In this paper, we present a complete framework to produce motion-based geometric segmentation of mesh sequences: each
segment corresponds to a mesh region that tends either to move rigidly, or to be stretched in a uniform way. We take a
sequence of meshes with varying number of vertices as input and match them by pairs. This allows us to find the approximated
displacement vector of each vertex of the first frame all along the sequence. Using these displacement vectors, an initial
segmentation is performed on the first pair of frames, clustering vertices into static, stretched and rigidly moving regions. This
segmentation is then refined after each matching. Our segmentation is computed on the fly, and lets us find the exact frame
when each transformation (rotation, translation, stretch) appears. We have validated our method both on dynamic meshes and
unconstrained mesh sequences.
Keywords: Mesh Sequence; Mesh Animation; Segmentation; Matching.

1 INTRODUCTION AND RELATED
WORK

1.1 Introduction

In computer graphics, segmentation of surface meshes
is an important and challenging problem which in-
volves partitioning a mesh into smaller segments of
homogeneous characteristics. By doing so, a simpli-
fied representation of the mesh is obtained. This rep-
resentation is more meaningful and easier to analyse.
Segmentation plays an important role in diverse ap-
plications like texture mapping [LPRM02], compres-
sion [KG00], mesh simplification [GWH01] and 3D
shape retrieval [Zuc02] among many others. The re-
sult of the segmentation required in each case may vary
depending on the type of application.

While segmentation of static meshes is a well-known
topic (see [Sha08] for a survey), segmentation of mesh
sequences is a more recent research field. Here “seg-
mentation” can have two different meanings: motion-
based geometry segmentation aims at clustering ver-
tices or faces based on their motions while tempo-
ral segmentation clusters meshes of the sequence (also
called frames) into meaningful sub-sequences. In this
paper, we focus on motion-based geometry segmenta-
tion.

Permission to make digital or hard copies of all or part
of this work for personal or classroom use is granted
without fee provided that copies are not made or dis-
tributed for profit or commercial advantage and that
copies bear this notice and the full citation on the first
page. To copy otherwise, or republish, to post on
servers or to redistribute to lists, requires prior specific
permission and/or a fee.

1.2 Related Work

Mesh sequences can be split into two categories. A dy-
namic mesh is a sequence with fixed number of ver-
tices and fixed neighbourhood relationships between
vertices. In other words, only the 3D coordinates of the
vertices change through time. An unconstrained mesh
sequence (or time-varying mesh or 3D video) is repre-
sented by a sequence of meshes where the number of
vertices, as well as the number of faces and connectiv-
ity, may vary along the sequence. Typically, dynamic
meshes are created from modelers and animation soft-
ware, while unconstrained mesh sequence are captured
from video or computed from (e.g. fluid) simulation.

A few methods for motion-based geometry segmen-
tation of dynamic meshes have been proposed [Len99,
AS07]. Some of them ([dATTS08, LWC06]) segment a
dynamic mesh into rigid components.

Segmentation of unconstrained sequence meshes is
a difficult task since there is no one-to-one mapping
between vertices of two successive frames. This
mapping has to be explicitly computed for each pair
of frames. Cuzzolin et al. [CMK+08] and Yamasaki
et al. [LTA08] have performed such segmentations
for mesh sequences, however the former computes
only protrusions (extremities) segmentation while
the latter uses an additional skeleton. [SC06] has
been designed to solve this problem using voxel
clustering, but it suffers from inherent voxelisation
problems (low resolution leads to poor results while
hight resolution leads to high computation time).
[KSMH09, JZvK07, MHK+08] compute the mapping
between any two meshes, but their methods are not
designed for sequences so they do not take the temporal
coherency into account. Starck et al. [SH07] computes
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the matching for distant frames in a sequence, but uses
additional video information. Varanasi et al. [VZBH08]
tracks the displacement of vertices of the first mesh all
along the sequence, but does not provide a matching
for all frames.

In this article, we propose a framework (Section 2)
to perform a stretched and rigid motion-based geome-
try segmentation of a mesh sequence, i.e. with vary-
ing connectivity and variable number of vertices. A
sequence of meshes, without global topological change
(the genus of all meshes of the sequence are supposed to
be identical), is taken as input. A matching is performed
between each pair of meshes (Section 3), which allows
to extract the approximated displacement vectors and
compute segmentation on the fly (Section 4). A clus-
ter in the resulting segmentation represents a connected
region (patch) of the 3D object which either moves al-
most rigidly, or is stretched in a uniform way. Results
are discussed in Section 5.

2 PIPELINE OVERVIEW
In this section, we describe the complete pipeline of the
segmentation process (see Figure 1). The process can
be roughly split, at each time step, into 2 parts:

• matching (Sect.3).

• creation or refinement of the segmentation (Sect.4).

Mesh Sequence Segmentation
Mesh T  and Mesh 

T+1 Segmentation

Initial

Refinement

Matching

Registration Projection Mapping
Displacement

Vectors

Figure 1: Overall Pipeline of the segmentation.

The algorithm takes as input a sequence of meshes
with constant global topology. It registers the first mesh
with the second. Displacement vectors between the ver-
tices of the two frames are then computed using the re-
sults of the registration.

Based on the displacement vectors, an initial segmen-
tation of the first mesh into (i) stretched (and trans-
lated), (ii) static and (iii) rigid regions is computed.

For each pair of successive frames in the sequence,
we then apply the same matching process and compute
the displacement vectors. The initial segmentation is
then refined by analyzing the patches motion.

The segmentation of the sequence corresponds to the
segmentation on the last frame, remapped on all frames
of the sequence.

3 MATCHING PROCESS
The matching process consists of three successive
stages: registration, projection and mapping, which

are described in the following subsections. At the end
of the matching process, we have the displacement
vectors of the vertices of the first frame all along the
sequence and the matching of vertices in frame i with
vertices in frame i+1 for 1≤ i < N.

3.1 Registration
It takes as input an unconstrained mesh sequence and
registers it by pair of frames with the Coherent Point
Drift algorithm (CPD) [MSCP07]. CPD is a probabilis-
tic method for non-rigid registration of point sets. This
method is robust to noise and outliers. Registration is
performed between the vertices of all adjacent frames -
vertices in frame Fi are registered with those in frame
Fi+1 for i ranging from 1 to N-1 (see Fig 2 for the no-
tation) to obtain registered point sets Ri which are the
best alignment of the vertices in Fi with those in Fi+1.
The number of points in the resulting registered point
set Ri is equal to the number of vertices in Fi.

3.2 Projection
Each registered point set Ri obtained from the previ-
ous step is projected onto the surface of the subsequent
frame Fi+1 so as to attain a better correspondence be-
tween the adjacent frames Fi and Fi+1. This projection
is performed in the following way:

• For each vertex on the surface of Fi+1, its normal
vector to the surface of the mesh is estimated.

• For each point α in Ri, the vertex β which is clos-
est to it in Fi+1 is first searched. For each projected
point, the L2 norm with all the nodes on the surface
is calculated and the node with the minimum norm
is taken as the closest point of that projected point
on the surface.

• Finally, every point α in Ri is projected onto the sur-
face of Fi+1 along the normal vector of the corre-
sponding closest point β on the surface of Fi+1. The
projected point is denoted by Pi.

Using the above method, every point in Fi is projected
onto the surface of Fi+1 to obtain Pi for i ranging from 1
to N−1. The next step is to find the mapping between
the vertices of the two adjacent frames.

3.3 Mapping
For sequences with constant number of vertices
throughout the sequence, the correspondence between
vertices of adjacent frames is easy to obtain. Every ver-
tex in a frame has a corresponding vertex in the other
frames in this case. However, such correspondences
are not valid anymore when the number of vertices
varies at every frame. In such cases, to establish corre-
spondences between two adjacent frames Fi and Fi+1,
each point in Ri is considered separately. The vertex β
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Figure 2: Matching Scheme.

in Fi+1 which is closest to a point Ri(α) corresponds to
the vertex Fi(α). In this way, a unidirectional mapping
of all the vertices of Fi with the vertices of Fi+1 can
be computed to obtain F i+1

i , for i ∈ [1,N − 1]. Such
a mapping is essential if the trajectory of a vertex in a
frame has to be followed along the successive frames
of the sequence.

Two possible scenarios arise when registering adja-
cent frames with unequal number of vertices. The first
case is when the number of vertices in Fi is greater than
the number of vertices in Fi+1. In this case, more than
one point in Fi may be assigned to a vertex in Fi+1. On
the other hand, in the case when Fi has fewer vertices
than Fi+1, some vertices in Fi+1 may not have any cor-
responding vertices in Fi. The unidirectional mapping
obtained between all adjacent frames can be extended
to find the mapping of the vertices in a frame in all
the subsequent frames using a recursive procedure. For
each vertex α in frame Fi, the index of the correspond-
ing vertex in frame Fj is given by:

F j
i (α) = F j

j−1((F
j−1

i (α))) where j ≥ i (1)

The displacement vectors Di for each vertex in Fi are
calculated as follows: Di = Pi−Fi, i = 1 : N−1, where
the points of Pi are the projected points of Fi on the sur-
face of Fi+1. Once these displacement vectors are ob-
tained, the displacement map of each vertex in the first
frame can be constructed using the correspondences
from the F j

i arrays. The displacement map is the map-
ping of vertices in the succeeding frames for each ver-
tex in the first frame, i.e. the displacement map gives
the corresponding vertex in any succeeding frame for
each vertex in the first frame.

4 SEGMENTATION
4.1 Matching Process and Segmentation
In this section, we present our segmentation method.
Our segmentation method relies on correct matching
information (i.e. displacement vectors and matching

points). As long as this information is provided, any
matching method can be used (not only the one we de-
scribed in section 3). For instance, we also test our seg-
mentation method using [KSMH09], where the match-
ing is computed on the embedding of the meshes using
Laplacian embedding (which “unfold” mesh). Segmen-
tation results using this matching methods are discussed
in Sect.5.2.

4.2 Outline

Our segmentation is a motion-based segmentation. We
cluster vertices in rigid components, but contrary to pre-
vious segmentation methods, we are also able to detect
stretch motion. We are using a refinement method:

1. using the first two meshes and the associated dis-
placement vectors, we compute an initial segmenta-
tion (section 4.4).

2. for all other frames of the sequence, we refine the
previous segmentation by analyzing the current clus-
ters and splitting them if necessary using displace-
ment vectors and vertex matching (section 4.5).

This refinement approach allows us to:

• process long sequences with lots of vertices. We re-
quire only two meshes at a time in memory.

• track transformations. We know at which frame a
cluster is created and its type of transformation.

The segmentation of the sequence is the segmentation
computed on the last frame. This segmentation is then
remapped on the whole sequence using the matching
information (section 4.6).

4.3 Errors

In the segmentation process, we use a metric denoted
as ET to sort clusters by errors. We use the method
proposed by Horn [Hor87] to compute the best possi-
ble transformation between two set of points Pi and Pj,
where card(Pi) = card(Pj) and points from Pi have di-
rect correspondent in Pj. Horn’s method returns a trans-
lation CT and a rotation CR such as Pj = CR ∗Pi +CT .
For (Pi,Pj), ET can be defined as either:

• Average error: AE(Pi,Pj)= 1
card(Pi) ∑

pi∈Pi

‖CR pi +CT − p j‖.

• Max error: ME(Pi,Pj) = max
pi∈Pi
‖CR pi +CT − p j‖.

• Difference error: DE(Pi,Pj) = AE(Pi,Pj) −
ME(Pi,Pj).
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4.4 Initial segmentation
The initial segmentation is applied on the first mesh F
of the sequence. Using the displacement vectors ob-
tained from the matching between the first two frames,
we cluster vertices based on three categories, and clus-
tering is applied successively:

1. static vertices: these vertices have no motion (clus-
ters of static vertices are denoted as Cstatic).

2. stretched vertices: these vertices are in a stretched
region (clusters of uniformly stretched vertices are
denoted as Cstretched).

3. rigid vertices: motion of these vertices can be de-
scribed by a rigid transformation (clusters of rigid
vertices are denoted as Crigid).

Clusters are computed as follows. Static vertices are
defined by displacement vectors whose norms are un-
der a threshold Tstatic, vertices with a norm greater than
this threshold and with collinear (and in the same direc-
tion) displacement vectors correspond to stretched ver-
tices. They are gathered into connected regions. Rigid
vertices are harder to compute. We use a modified ver-
sion of the method described in [HAWG08]. To cluster
them, we define the extended cluster C̃i of Ci as Ci plus
its n closest points (in our experiments, n = 3 is suffi-
cient).
The algorithm is:

1. Initialization: each vertex is a cluster.

2. For each cluster, compute the optimal transforma-
tion [Hor87] which maps C̃ of first frame to sec-
ond frame. Points of second frame are reconstructed
from points of C̃ and their associated displacement
vectors. Take the cluster Ci with the smallest trans-
formation error Et (defined in section 4.3).

3. For all clusters C j which intersect C̃i, apply the
transformation found for Ci to each point of C j. If
the error is under a threshold Ttrans f , merge C j to
Ci. If no merging happens, take the cluster with the
smallest error apart from Ci, and do the same. Here
the error is defined as the maximum distance be-
tween the transformed point of C j and the displaced
point of C j.

4. Repeat steps 2 and 3 while merging is possible.

As previously outlined, the order in which the clus-
tering is performed is important. The algorithm first
computes Cstatic and Cstretched . It then builds a sub-
mesh Fs = F \ (Cstatic ∪Cstretched). Rigid clusters are
computed at the end on Fs, in order to avoid overlap-
ping of rigid regions over static and stretched ones. To
avoid small clusters, i.e whose size is inferior to 3% of

the mesh, due to noise or small areas around articula-
tions, we merge them to the neighbouring cluster which
minimizes the error as in step 3 of the rigid clustering
process.

At the end of the initial segmentation process, the
mesh of the first frame is decomposed in clusters of dif-
ferent types based on the displacement vectors between
the two first frames. The segmentation is then refined
using following frames, after each matching.

4.5 Refinement
The refinement aims at finding new regions which may
appear on a new frame. Each cluster is decomposed
(if necessary) into sub-clusters. The process starts from
the clusters found at the previous step, i.e. the initial
segmentation for frame 2, or the previous refinement in
the other cases. It also uses the displacement vectors
computed during the matching process. The refinement
is done in two steps:

• check previous clusters.

• find new clusters.

A quick checkout step is used to avoid to re-create
the same cluster. We check that:

• for static clusters, all displacement vectors norms in
a cluster are below the threshold Tstatic;

• for stretched clusters, displacement vectors are still
collinear and with the same direction;

• for rigid clusters, the best transformation between
the points of cluster Ci at frame F and frame F + 1
is valid. This transformation is computed using
Horn’s method [Hor87] (applied to points recon-
structed from the previous frame and from the dis-
placement vectors) If the associated error is above
Ttrans f , the transformation is considered as not valid.

All clusters which are still valid are kept unchanged.
All other clusters correspond to regions where new
transformations are starting. These clusters are decom-
posed into sub-clusters:

• If the new transformation applies to a whole cluster,
this cluster is kept and not decomposed.

• Else, this cluster is decomposed.

This decomposition is similar to the one applied in the
initial segmentation: for each cluster Cc of the list, the
algorithm computes static vertices, stretched vertices
and rigid vertices. As before, static and stretched sub-
clusters are computed first and added to the sets of static
Cstatic and stretch Cstretch clusters. Fs = F \ (Cstatic ∪
Cstretch) is built. Contrary to initial segmentation, the
rigid clustering is not applied on Fs, but on Fs ∩Cc, to
make sure that the transformation applies on Cc. These
clusters are added to the set of rigid clusters (See Fig-
ure 3).
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A

B B

A C

Figure 3: Refinement example: (a) Segmentation at
time F . (b) Segmentation at time F + 1. Cluster B is
refined into sub-cluster B and C because of the rotation.

(a) (b)
Figure 4: Matching result: (a) Full matching, (b) Partial
matching.

4.6 Remapping
Once all frames have been segmented, we report the
segmentation of the last frame on the whole sequence
using matching information. As some points can be un-
matched, when we report the segmentation from one
frame to the other, we apply a region growing method
to avoid holes in the segmentation. For each unmatched
point pi, we search for the cluster C which contains the
maximun number of points in pi neighbourhood and set
pi in C.

5 RESULTS AND DISCUSSION
5.1 Matching
Matching results are shown in Figure 4 where the cor-
respondences of vertices between different frames of
the horse gallop sequence are displayed. The displace-
ment vectors of these corresponding vertices in the suc-
ceeding frames are then used in the segmentation pro-
cess. On a standard personal computer (core 2 duo, 2.33
GHz), matching of one mesh (8199 vertices) with an-
other vertices (7254) takes 13 minutes. The implemen-
tation is performed with MATLAB using a fast imple-
mentation of the CPD algorithm based on a fast Gaus-
sian transform. In the matching process, the registration
of adjacent frames is the major bottleneck as compared
to the projection and mapping parts.

5.2 Segmentation
Setting of Thresholds and Errors

To handle noise present on unconstrained mesh se-
quence, we use the threshold Tstatic. For the decimated
horse sequence (see Fig.8), we use a threshold of

1× 10−4, the bounding box of the mesh is 12.3177 .
The threshold Ttrans f corresponds to the motion ampli-
tude tolerated for a cluster on dynamic mesh between
two frames. For unconstrained mesh sequence, this
threshold should incorporate the slight error of the
projected points which contain a small error contrary
to models created in a modeler. Segmentation can be
refined using different values for Ttrans f : small values
produce more clusters as shown in Fig.6. This thresh-
old does not depend on vertex density but depends on
the amplitude movement between 2 frames.

In our experiments, the Difference Error should be
preferred when dealing with dynamic meshes. Indeed,
Difference Error avoids to merge clusters with large er-
rors. Clusters with large errors in dynamic meshes are
due to change in transformation. On presence of noise
and outliers, the Difference Error is too sensible and
Average Error becomes the best error type: large error
can result from outliers/noise in clusters. Such clus-
ter should not be discarded if it has few outliers. Fig.5
shows the different errors applied on a dynamic mesh
and on a dynamic mesh perturbed with some noise
(noise is applied independently on each frame).

Results

Fig.6 shows the result of our algorithm applies to a
dynamic mesh compared to [LWC06] and [dATTS08].
As can be seen, our method yields similar results. The
main difference with [LWC06] deals with cluster’s
boundaries: they are not smooth. We do not apply a
post-processing stage as boundaries are not clearly
defined on an unconstrained mesh sequence (see next
section for a discussion on boundaries).

Contrary to previous methods, we handle stretch de-
formations. We show some results of such clustering
on Fig.7. Some parts of the object follow a rigid trans-
formation while others are stretched.

Our algorithm is able to segment unconstrained mesh
sequences as shown in Fig.8. Each frame of the horse
sequence is randomly decimated, and we segment this
sequence. The number of vertices varies from 2624 to
4696. Segmentation is similar to the dynamic one.

Discussion

Our whole process deals with two frames at a time,
meaning:

• mesh sequences with a high number of frames
and/or vertices can be processed.

• the apparition and the decomposition of each cluster
is controlled.
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(a) (b) (c)

(d) (e) (f)
Figure 5: Comparison of error type on segmentation result. (a) Average Error, (b) Difference Error and (c) Max
Error on dynamic mesh. (d) Average Error, (e) Difference Error and (f) Max Error on noisy mesh.

(a) (b) (c) (d)

(e) (f) (g) (h)
Figure 6: Horse Segmentation: (a) [LWC06], (b) [dATTS08], (c) with our method. (d,e,f) Frames of the sequence.
(g) Coarse, Ttrans f = 0.0015 and (h) refined, Ttrans f = 0.0007 result, to compare with (c), Ttrans f = 0.0009.

Boundaries There are two closely related issues on
cluster boundaries: they are not smooth and bound-
aries of clusters on articulation are not necessarily on
the middle of the articulation as with other methods.
They can be around, a little bit after or before (see Fig.9
for illustration). Clusters are merged while the trans-
formation (see section 4.4) found can be applied, this
transformation becomes invalid after/before the bound-
aries. As we deal with meshes with varying connec-
tivity, boundaries move from one frame to another. As
we want to work on these original sequences (i.e with
no modification), this is acceptable. Otherwise, a post-
processing step can correct this problem by inserting
points on boundaries in all frames.

Noise and outliers The presence of some outliers or
badly matched points is similar to noise. Usage of aver-

age error merge them with other vertices. The remain-
ing outliers are on their own cluster, and these clusters
are smalls. This means that they are handled by the
forced merge of small clusters. However, in presence
of many grouped outliers, our algorithm produces in-
correct results, as they are clustered together (but the
segmentation is coherent with the matching informa-
tion). It also produces incorrect results when many
badly matched points are present: it forces user to select
large threshold value. This means that it can produce
only a coarse segmentation. In this case the segmen-
tation is correct on the first frame, but it is incorrectly
remapped on following frames.

Errors coming from matching and outliers which
cause a cluster subdivision at Fi are passed on all
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(a) (b)

(c) (d)
Figure 7: Stretch: (a), (b), (c) frames of the sequence.
(d) segmentation.

(a) (b)

(c)
Figure 8: Segmentation on a decimated horse sequence.
(a) Result. (b,c) Minimum and maximum number of
vertices.

Object 
at 

Time T

Object 
at 

Time T+1

Boundary on the middle of 
the articulation

Boundaries before/after the 
middle of the articulation

Figure 9: Boundaries on articulation.

following frames. This is due to the nature of our
algorithm.
Matching Methods We have chosen to use projected
points to obtained the displacement vectors. The con-
sequence is that we have “real” displacement vectors,
but with an expensive computation cost. Using an al-
gorithm as in [MHK+08], which does not provide pro-
jected points, we have to use the matched point to com-
pute the displacement vectors. This implies an error

which is more important than with our method. On a
dense mesh, this is not be important, as matched point
are close to the projected one. However, on sparse
meshes, the error can be big enough to either:

• give incorrect result.

• force user to use large Ttrans f (and obtained a coarse
segmentation).

Implementation The prototype for the segmentation
part is written in C++ using CGAL, while the matching
part is written in Matlab.
Future Work The proposed method can be improved
in several ways:

• we did not test our method with objects facing global
topological changes. We do not see any trouble in
handling them: for each pair of successive frames,
detect topological changes between them and split
clusters concerned by the topological change of the
object;

• The algorithm currently works using two successive
frames, which means that we can miss slow motions:
if the deformation between two frames is too small,
the checkout on the refinement process will always
be true and the algorithm will not refine the clus-
ter. The threshold Ttrans f limits this problem but
working with a small time window (as it can eas-
ily fit in memory) can improve this. We have some
preliminary results, but the main difficulty consists
in automatically detecting the size of this time win-
dow. Time window may help to correct invalid clus-
ter subdivision by inspecting following frames.

• Detect new motion type such as twist.

The main objective of our next work is to define a
validation framework, using user validation and defin-
ing error criteria to validate mesh sequence segmenta-
tion [BVLD09, CGF09].

6 CONCLUSION
We have presented a complete framework to segment
mesh sequences with varying number of vertices
in rigid and stretch components. Our segmentation
method works on the fly and allows us to track defor-
mation all along the sequence. Extension to handle
objects facing global topological changes, time window
to segment slow motion and temporal matching to
take advantage of temporal coherency are planned for
the near future. This method can be integrated in an
automatic production chain, however the threshold
needs to be determined manually before. There is no
limit to the number of vertices or frames that can be
treated by our method, but since errors are passed from
frame to frame, long sequence should be splitted into
shorter ones.
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ABSTRACT
3D object retrieval has received much research attention during the last years. To automatically determine the
similarity between 3D objects, the global descriptor approach is very popular, and many competing methods for
extracting global descriptors have been proposed to date. However, no single descriptor has yet shown to outper-
form all other descriptors on all retrieval benchmarks or benchmark classes. Instead, combinations of different
descriptors usually yield improved performance over any single method. Therefore, enhancing the set of candidate
descriptors is an important prerequisite for implementing effective 3D object retrieval systems.
Inspired by promising recent results from image processing, in this paper we adapt the Histogram of Oriented Gra-
dients (HOG) 2D image descriptor to the 3D domain. We introduce a concept for transferring the HOG descriptor
extraction algorithm from 2D to 3D. We provide an implementation framework for extracting 3D HOG features
from 3D mesh models, and present a systematic experimental evaluation of the retrieval effectiveness of this novel
3D descriptor. The results show that our 3D HOG implementation provides competitive retrieval performance,
and is able to boost the performance of one of the best existing 3D object descriptors when used in a combined
descriptor.

Keywords: 3d model, retrieval, hog, gradient, histogram

1. INTRODUCTION
The increasing number of available 3D models is ac-
companied by the need for ever more sophisticated
methods to retrieve those models. There are sev-
eral ways to tackle this task[16]. One prominent ap-
proach, which we also adhere to, is the computation
of high-dimensional feature vectors to describe the
global shape of 3D models. The (dis-)similarity be-
tween two models can then be expressed by the dis-
tance between two feature vectors. So under these con-
ditions, the remaining task at hand is the extraction of
feature vectors, that are able to capture and effectively
discriminate the shape of 3D models. Note that for the
remainder of this paper, we will use the terms feature
vector and descriptor interchangeably, as feature vec-
tors are the only descriptors we consider.
In the past, several methods that have proven to be
effective in image analysis were successfully adapted
to the task of 3D object retrieval and classification[5,
18]. Intuitively, this can be explained by the fact

Permission to make digital or hard copies of all or part of
this work for personal or classroom use is granted without
fee provided that copies are not made or distributed for profit
or commercial advantage and that copies bear this notice and
the full citation on the first page. To copy otherwise, or re-
publish, to post on servers or to redistribute to lists, requires
prior specific permission and/or a fee.

that the human perceptual system judges similarity of
3-dimensional shapes to a large extent based on 2-
dimensional projections. This strongly motivates our
approach of adapting the successful "Histograms of
Oriented Gradients"[6] feature computation from 2D
images to 3D models.
The contribution of this paper is twofold. First, we ex-
tend the HOG descriptor to 3D mesh models, evaluate
its performance, and make the implementation pub-
licly available. Second, we provide a framework for
the extraction of different descriptor instances based
on the gradient computation method employed. By
choosing a method to compute gradients from meshes,
our implementation may be easily adapted to compute
corresponding feature vectors (see Section 3 for de-
tails).
The remainder of this paper is structured as follows.
After discussing related work in Section 2, we discuss
the HOG descriptor in Section 3. Specifically, the def-
inition of HOG in the 2D image domain is reviewed,
as well as our approach to apply it in the 3D domain
is discussed. The main challenge of defining suitable
gradients on 3D meshes is considered in detail. Sec-
tion 4 demonstrates the effectiveness of our descrip-
tor by evaluating it on several well-known 3D retrieval
benchmarks. A detailed discussion of the obtained re-
sults is provided in Section 5. Section 6 concludes and
outlines options for future work in this area.
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2. RELATED WORK
There is a wealth of available approaches for 3D model
retrieval [16], which can be classified into several dif-
ferent categories. In terms of the addressed retrieval
problem, methods can be distinguished by supporting
global or partial model similarity. Global methods de-
termine the overall similarity of the shape of whole
models, while partial methods analyze for local sim-
ilarities. Note that in both cases, as similarity is a
rather fuzzy and domain-dependent concept, there are
no absolute solutions to neither the global nor the lo-
cal 3D similarity problem. Consequently, all methods
proposed so far in 3D object retrieval are of heuristic
nature, and their usefulness for solving a specific re-
trieval task needs to be evaluated experimentally.
In our work, we consider the global 3D similarity
problem. Our approach compares the global shape of
3D models by relying on histograms of 3D gradients.
Gradient is not used in a strict mathematical sense
throughout this paper, but rather to describe a notion
of intensity at a given 3D coordinate in a certain direc-
tion (see Section 3). Therefore, our approach relates to
histogram-based and gradient-based shape description
methods.
A histogram-based approach is proposed by Zaharia et
al in [21], called Shape Spectrum Descriptor. There,
the histogram contains values based on the curvature
of several points on the model surface. We will briefly
come back to such an approach when describing fu-
ture work (Section 6). In [1], the authors decompose
the object space into cells and compute a global 3D
Shape Histogram, where the frequency of 3D points
that fall into a given cell form one bin in the shape his-
togram. A recent approach that relies on surface nor-
mals called Multishell Extended Gaussian Images was
proposed by Wang et al in [4]. In contrast to our ap-
proach, these normals are not encoded in histograms.
Rather, they are mapped onto the unit sphere and this
spherical function is then expanded into spherical har-
monics. The resulting coefficients form the basis for
this descriptor.
In [8], Glomb extends the Harris-Operator[9] to 3D
meshes. He faces similar challenges as we do, since
corner detection using the Harris-Operator relies on
the aggregated value of gradients in a specific region.
Accordingly, he proposes several methods to define
gradients on meshes and also evaluates them. We will
come back to his results later (see Section 6).
Our approach utilizes Euclidean distance fields for
gradient-computation, which is a well-studied field
with many differing applications. For further details
please refer to [7, 11].
Due to the heuristic nature of the definition of 3D
shape descriptors, experimental evaluation of their
retrieval performance is important. Several 3D re-

trieval benchmarks have been established to date. The
benchmarks each consist of a set of 3D mesh models
along with a classification of models into similarity
classes (ground truth). Generic benchmarks such as
the Princeton Shape Benchmark [14] or the Konstanz
3D Shape Benchmark [3] contain generic models
such as humans, cars, animals, furniture etc. More
specialized benchmarks containing e.g., mechanical
engineering models [10] or furniture models [20]
exist. These benchmarks can be used to compute
metrics such as Precision and Recall to compare the
retrieval performance of individual 3D descriptors.

3. 3DHOG DESCRIPTOR
In this section, we first recall the 2D HOG algorithm,
and then introduce the proposed concept to adapt it
to the 3D domain. Alternatives for calculation of 3D
gradients from a distance field representation of 3D
mesh models are discussed. An implementation of the
3DHOG descriptor is described and made available.

3.1 The HOG Descriptor for Images
In the 2D image domain, successful methods like
Harris-Corner detection [9] and the well-known
Scale-Invariant-Feature-Transform (SIFT) algorithm
[12] rely on aggregated gradients. The HOG descrip-
tor organizes gradients into histograms. As the first
step, the gradient image is computed by convolving
the input image with an appropriate filter mask.
Then, a grid of histograms is constructed, where each
histogram organizes the respective gradients into bins
according to their orientation. Each gradient votes into
the corresponding bin using its length. To preserve
locality, such a histogram is computed for each cell in
an evenly spaced grid. Accordingly, each cell contains
the same number of gradients (depending on the cell
size), and gets assigned exactly one histogram. The
cells themselves are then organized in rectangular
blocks, which might even overlap. The histogram
values of all cells within one block are concatenated
to form a vector. The vector of each block is then
normalized and subsequently, the concatenation of
all those block-vectors yields the final feature vector.
Note that the order of concatenation is arbitrary but
fixed, hence an entry of the resulting feature vector
always contains information about the same image
region (the block it originates from). Further details
and an evaluation of the 2D HOG descriptor can be
found in [6].

3.2 Extending HOG to 3D Meshes
Extending the HOG approach to 3D mesh models
mainly consists of two steps. First, we need to ex-
tract gradients from our mesh. Second, we need to
organize these 3-dimensional gradients into bins us-
ing appropriate histograms computed over uniformly
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spaced grid-cells. The second step is straightforward,
as we simply extend the grid and histogram dimension
each by one. Then, we can convert each gradient into
spherical coordinates (eq. 1) and bin it according to its
orientation (zenith θ ∈ [0,π) and azimuth φ ∈ [0,2π)). θ

φ

r

=


arccos z√

x2+y2+z2

atan2(x,y)√
x2 + y2 + z2

 (1)

The first step, however, does not generalize as easily.
To compute the image-gradient, several approaches
are considered in [6]. According to their evaluation,
the convolution of the image with a 1D [−1,0,+1] fil-
ter mask is most suitable. This approximates the par-
tial first-order derivative according to:

∇ f (x,y) =
(

∂ f
∂x

,
∂ f
∂y

)T

(2)

≈
(

f (x+1,y)− f (x−1,y)
f (x,y+1)− f (x,y−1)

)
(3)

To extend this to 3D, we need a pre-processing step
to compute a notion of neighborhood and intensity
from a polygonal mesh. We do this by computing a 3-
dimensional Euclidean distance field as a real valued
function defined on a discrete, regular 3D grid span-
ning the entire volume the mesh occupies. We will
denote grid-cells as voxels. Each voxel contains the
distance from its center to the surface of the mesh.
To formalize this statement, let us define a distance
function f :N×N×N 7→R, which maps each voxel,
defined by its indices x,y,z ∈ N, to its corresponding
value:

f (x,y,z) = min
x∈Σ
‖x− center(x,y,z)‖2, (4)

where Σ is the set of all points on the surface of the
mesh and center : N×N×N 7→ p is a function that
returns the center coordinate of a given voxel.
Once the distance field is computed, the gradient com-
putation can be carried out analogously to the gradi-
ent computation on images by convolving the distance
field with the [−1,0,+1] filter mask in three dimen-
sions.
Note that the distance field strongly depends on posi-
tion and size of the object. This demands normaliza-
tion of the mesh prior to distance field computation.
We rely on established methods for mesh normaliza-
tion. Specifically, we provide translation invariance
by moving the center of mass of the mesh to the ori-
gin; we provide scale invariance by scaling the mesh
into the unit cube. Finally, we normalize for rotation
using a weighted PCA analysis. For details on these
normalization steps, see [18].
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Figure 1: 2D illustration of a distance field and derived
gradient fields for a simple structure consisting of ver-
tical bars. The top image shows the distance field. The
gradient field using the [−1,0,+1] mask is shown in
the middle image, while the bottom image shows the
gradient field using the [1,0,−2,0,1] mask.

3.3 Alternative Gradient Definition
While distance fields are very convenient for adopting
HOG to the 3D domain, we found the first-order gra-
dients approximated by the simple edge detector de-
scribed above not to be the best option for our pur-
poses. To demonstrate this, we visualize a simple,
2-dimensional distance field (see figure 1, top). The
mesh in this case only consists of two walls. The re-
spective gradient field computed using the [−1,0,+1]
convolution mask is shown in the middle. The num-
bers and grey-scales represent the magnitude of the
gradients. Note that the gradients are mainly dis-
tributed among the empty space and disappear at the
local extrema of the distance field, in particular at the
local minima, which represent the walls in the distance
field. Intuitively, this does not provide a proper anal-
ogy to gradients in images. A pixel contains infor-
mation about the reflected light at a certain point in
the world. Accordingly, the gradient reveals abrupt
changes in intensity and an image of walls for exam-
ple, would certainly exhibit strong gradients near the
edges of the walls. To elaborate this aspect, we con-
sider a different definition of gradient. Usually, the
first order derivatives in each dimension (see equation
2) constitute the gradient. To compute gradients from
the 3-dimensional distance field, we propose to use the
second order derivative in each dimension. This mod-
ified gradient can be approximated by applying the
simple edge detector twice, which results in the same
gradients, which a convolution with a [1,0,−2,0,1]

WSCG 2010 FULL Papers 43



mask would have yielded (see equation 5). At the bot-
tom, figure 1 shows the resulting gradient field when
computed with the [1,0,−2,0,1] convolution mask.
Such a gradient field provides a proper analogy to
image-gradients. We further elaborate on this in Sec-
tion 5.

∇ f (x,y,z) =
(

∂ f
∂x2 , ∂ f

∂y2 , ∂ f
∂ z2

)T
(5)

≈

 f (x−2,y,z)+ f (x+2,y,z)−2 · f (x,y,z)
f (x,y−2,z)+ f (x,y+2,z)−2 · f (x,y,z)
f (x,y,z−2)+ f (x,y,z+2)−2 · f (x,y,z)

 (6)

3.4 3DHOG Extraction Algorithm
Summing up the previous subsections, we present the
algorithm we implemented to extract the 3DHOG fea-
ture vector from triangular meshes. The actual Java
source code of our implementation is also freely avail-
able for download1. For brevity’s sake the details of
interpolation are omited here, for further information
please refer to the actual source code. Please also re-
fer to figure 2, which summarizes the main processing
steps of our 3D HOG extraction pipeline.

1. choose Size of Voxel, Cell, Block

2. FOREACH Model m DO

3. normalize Trans., Scale, Rot. of m

4. FOREACH Voxel vi, j,k IN DistanceField D DO

5. computeShortestDistance( vi, j,k,m )

6. GradientField G = conv3( D, [1,0,−2,0,1] )

7. FOREACH Gradient~g IN G DO

8. transformToSphericalCoordinates(~g )

9. interpolateNeighborhoodOf(~g )

10. insert~g into its CellHistogram hc(θ ,φ)

11. FOREACH CellHistogram hc DO

12. with hc as~c

13. append~c to its BlockVector~b

14. FOREACH BlockVector~b DO

15. append normalize(~b ) to ~f3dhog

16. save ~f3dhog for model m

4. EVALUATION
We conducted experiments on several established
benchmarks to evaluate the retrieval performance of
the 3DHOG descriptor. We are interested in assessing
the relative performance of the two alternative gra-
dient definitions. We also compare the performance
of 3DHOG with established existing 3D descriptors.
Finally, we assess the retrieval performance achiev-
able when combining 3DHOG with complementary
descriptors.

1
http://www.gris.informatik.tu-darmstadt.de/projects/vsa/3dhog/3dhog.zip

4.1 Experimental setup
To evaluate the retrieval precision of 3D descriptors,
several established benchmark data sets exist. For our
experiments, we used the Princeton Shape Benchmark
Test Partition (PSB) [14], the 2009 SHREC Generic
Shape Retrieval Contest dataset (SHREC) [13], and
the Konstanz 3D shape database (KN-DB) [3]. Each of
these datasets includes generic 3D mesh models along
with classification information grouping the models
into similar classes. 3DHOG descriptors were calcu-
lated for all models, and retrieval experiments were
performed by producing nearest neighbor rankings for
all query objects in each benchmark data set, using the
L1 norm on the respective feature vectors. Precision
versus Recall diagrams were obtained by averaging
over all queries in a given data set. In addition, several
well-known single value retrieval precision measures
(nearest neighbor, first tier, second tier, e-measure,
discounted cumulative gain) [14] were calculated from
the rankings. We use these measures to compare the
retrieval precision of 3DHOG.
We extracted 3DHOG descriptors for all benchmark
data sets using our implementation described in Sec-
tion 3.4. The 3DHOG parameterization we used and a
discussion thereof is given in Section 5.
We use the following alternative 3D descriptors to
evaluate 3DHOG against: A 438-dimensional Depth-
Buffer descriptor (DBD438), a 300-dimensional
Silhouette-based descriptor (SIL300), and a 136-
dimensional descriptor based on Radial Extent
function (RSH136). Descriptor details can be found in
[18]. We also consider a 472-dimensional descriptor
which statically combines the aforementioned three
descriptors (DSR472) [19]. Note that descriptors
based on Depth Buffers to date are among the most
effective 3D descriptors [5, 3], and that the hybrid
DSR descriptor has been shown to substantially
improve over the Depth Buffer descriptor [19].

4.2 Experimental Results
To confirm our intuition about the alternative 3DHOG
gradient definitions from Section 3, we first extracted
Precision-Recall-Curves for both variants of our de-
scriptor. Comparison of the results obtained by first or-
der gradients and second order gradients indicated sig-
nificantly better results using second order gradients.
Subsequently in all following experiments, second or-
der gradients were used. Figure 5 shows Precision-
Recall-Curves of the 3DHOG descriptor compared to
the DBD, SIL, RSH, and DSR descriptors. As ex-
pected, the combined descriptor DSR consistently out-
performs the other descriptors on all benchmarks. Our
3DHOG descriptor performs quite well compared to
the single descriptors. While it yields similar preci-
sion results on the KN-DB benchmark as the RSH
descriptor does, on the PSB benchmark the RSH de-
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Figure 2: The major processing steps of the 3DHOG feature vector extraction pipeline

Benchmark Descriptor NN FT ST E DCG

KN-DB

DSR472 0.70 0.42 0.54 0.29 0.69
DBD438 0.61 0.34 0.43 0.23 0.60
SIL300 0.58 0.31 0.41 0.22 0.59
RSH136 0.56 0.28 0.37 0.20 0.55
3DHOG 0.59 0.29 0.36 0.20 0.55

PSB-Test

DSR472 0.65 0.40 0.51 0.29 0.66
DBD438 0.60 0.33 0.42 0.24 0.59
SIL300 0.54 0.30 0.40 0.23 0.58
RSH136 0.51 0.25 0.34 0.20 0.53
3DHOG 0.58 0.27 0.35 0.21 0.55

SHREC

DSR472 0.82 0.50 0.64 0.43 0.78
DBD438 0.72 0.39 0.50 0.34 0.70
SIL300 0.71 0.39 0.53 0.36 0.70
RSH136 0.68 0.35 0.47 0.32 0.67
3DHOG 0.75 0.41 0.52 0.35 0.71

Table 1: Scalar retrieval precision measures for the de-
scriptors on the benchmarks.

scriptor is outperformed by our descriptor. On the
SHREC benchmark, 3DHOG outperforms all the in-
dividual descriptors (RSH, SIL, DBD). Table 1 gives
the scalar precision metrics for the descriptors on the
benchmarks, supporting this observation.
We also compared the retrieval precision of 3DHOG
to its strongest competitor descriptor in our setting
(DSR472), considering not per-benchmark average
but per-class average metrics. Figure 4 shows the
results for the SHREC benchmark. The results on
the other benchmarks are similar. The chart shows
that there exist classes of objects in the benchmark
which the 3DHOG descriptor manages to retrieve
more effectively than the DSR. This indicates that for
certain query classes, 3DHOG is among the best 3D
descriptors in our setting.

KN-DB PSB Test Shrec
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Figure 3: Precision on first tier of DSR (standalone)
and in combination with 3DHOG. Better retrieval per-
formance indicates that 3DHOG captures complemen-
tary, descriptive 3D features.

Finally, experiments were carried out combining the
DSR and the 3DHOG descriptor in a hybrid descrip-
tor. For combination, a static distance-based aggre-
gation was used after distance normalization based on
the variance as described in [17]. Figure 3 compares
the precision on the first tier metric of the DSR472 de-
scriptor alone, and in combination with the 3DHOG
descriptor on all three benchmarks. Note that the re-
trieval precision is consistently improved on all three
benchmarks by including 3DHOG. Precision-Recall-
Curves were extracted as well and support this point
(Figure 6). Since the DSR descriptor is already a
combination of three single descriptors, these results
suggest that the 3DHOG descriptor is able to capture
meaningful, complementary 3D features, not captured
by the other three descriptors. Clearly, 3DHOG is a
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valuable contribution to the set of candidate 3D de-
scriptors, as by combination of feature vectors, we are
able to improve the precision of 3D retrieval systems.
Note that improvements in retrieval precision usually
cannot be obtained only by upscaling system hard-
ware, but foremost require methodological improve-
ments. This work contributes toward this end.

5. DISCUSSION
The retrieval results presented in the previous sec-
tion demonstrate the applicability of the 3DHOG. The
main point for discussion, as well as future work in
this context, is the definition and computation of gra-
dients.
We experimentally found that using second order
derivatives improves over the use of first order deriva-
tives. We attribute this to the fact that for effective
3D description, not only information about local
extrema near the mesh surface, but also information
about extrema inside the mesh are useful. The second
order derivate reveals precisely such extrema by high
values and sets monotonical regions to zero. This
could also explain why this computation of gradients
yielded superior results to using, for example, surface
normals as gradients, which was also evaluated but
not presented. Those only assign high values near the
mesh surface, but always zero in and around the mesh
(as they are not defined there).
Apart from the gradient definition, the choice of pa-
rameters has a significant impact on the performance
of the 3DHOG method. The first parameter to set is
the number of voxels in the distance field by choos-
ing the edge-length rx,y,z of each voxel. During this
discretization process we loose less information if we
choose a small edge-length – naturally this induces a
higher computational time. Our implementation uses
a straight-forward algorithm to compute the distance
field. Optimization is necessary to compute high-
resolution distance fields efficiently.
The next parameter is the cell-size cx,y,z, which deter-
mines how many gradients – computed from the dis-
tance field – are aggregated in one histogram. Thereby
we can choose the degree of locality the descriptor ex-
hibits.
The histograms themselves are defined by the number
of bins they provide for the gradient’s zenithal and az-
imuthal orientation (θ ,φ)T (see eq. 1). This introduces
the usual trade-off between accuracy and stability.
The last major parameters we have to choose are the
size bx,y,z of the blocks as well as their overlap ox,y,z.
These determine how many neighboring cells are nor-
malized with each other.
For our evaluation good first parameter-space guesses
based on the results by Dalal and Triggs [6] were used
and some further exploration was carried out. The pa-

Parameter Value

rx,y,z
2
52

cx,y,z 12 vxl
bins(θ ) 9
bins(φ ) 9
bx,y,z 2 cells
ox,y,z 0 cells
dimensionality 5184

Table 2: Parameter settings used to extract 3DHOG
descriptors

rameters yielding the best descriptor we found and its
dimensionality can be found in table 2. Surprisingly,
the block overlap did not have the positive influence it
had in the experiments of Dalal and Triggs [6], so it
was set to 0.
We are aware of two efficiency implications of
3DHOG: High dimensionality of the feature vector,
and the expensive computation of the distance field
in our simple implementation. Dimensionality could
be tackled by subsequently applying a dimensionality
reduction technique. E.g., in [18] PCA was indicated
to improve retrieval efficiency without significantly
reducing retrieval effectiveness. Accordingly, ap-
propriate application of PCA can even improve
effectiveness due to noise filtering effects. Efficient
computation of distance fields is already well-studied
and subject to current research [11, 15]. consequently,
accelerating 3DHOG feature vector extraction is
possible by using more advanced algorithms.

6. CONLUSION & FUTURE WORK
In this paper we derived and implemented a new 3D
descriptor (3DHOG) based on the HOG feature vec-
tor, which is well-known in 2D image processing. The
main challenge of defining meaningful gradients was
looked at in detail. One concept to implement 3DHOG
was presented in general – an actual open-source im-
plementation is made publicly available. The perfor-
mance of the descriptor was evaluated against estab-
lished retrieval benchmarks and results indicated com-
petitive retrieval performance. The descriptor cap-
tures 3D object information complementary to those
of existing edescriptors, and in combination with them
manages to boost retrieval performance.
The concept of using HOG for 3D model retrieval
seems promising, and we like to further explore the pa-
rameter space and alternative gradient definitions. Pre-
liminary experiments by defining gradients as the local
curvature of the mesh’s surface were conducted. First
results of this approach could not match the original
implementation. This can be explained by the fact, that
curvature is only defined on the mesh surface. Accord-
ingly combination with second-order derivate distance
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fields could be the key to further enhancement: Using
curvature to describe the mesh near the surface, and
using the distance derivatives to describe the mesh’s
interior.
As mentioned in related work (Section 2), particular
similarities of the challenges faced can be drawn
with the work by Glomb[8], who extends the Harris-
operator to 3D meshes. The methods proposed by
Glomb include gaussian functions, quadric surfaces,
Haussdorff distance and fitted surface distances. All
of these methods differ drastically from our approach,
as they require the definition of a set of neighbors for
each vertex. His findings suggest that fitting quadric
surfaces is more suitable than the other extensions.
Accordingly, we plan to adapt this approach for use
with 3DHOG. Recalling the algorithm for feature
computation as described in Section 3.4, we only have
to substitute gradient computation on the distance
field by the actual derivative of the fitted quadric at
the specified position. The retrieval performance of
the 3DHOG using gradients defined this way will also
be evaluated.
Additional drawbacks of exact Eucleadian distance
transforms occur, because the distance function is not
differentiable at points that are equidistant from the
mesh surface [2]. This may lead to undesirable outliers
when convolving the distance field to approximate sec-
ond order derivatives. Accordingly, we will examine
the use of smooth distance transforms [2], which sac-
rifice a certain amount of accuracy for differentiability
at each point.
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Figure 4: Precision on first tier of individual classes of the SHREC benchmark. In several query classes (e.g., 11,
15, 38), 3DHOG outperforms one of the best hybrid 3D descriptors (DSR).
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Figure 5: Precision-Recall-Curves on the benchmarks.
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Figure 6: Precision-Recall-Curves of DSR (stan-
dalone) and in combination with 3DHOG on the
benchmarks.
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ABSTRACT
We introduce a high level interface capable of instantly adding and manipulating a multitude of visual effects for

any object or area in VE scenes. This enables a controlling person or an automated system to react to the in scene

situation and the user’s actions by dynamically changing the scene’s appearance. Such a high-level scene and effect

access is also a powerful tool for story telling engines and scene authors to support the intended plot or impact. To

achieve this smoothly and effectively, our interface allows fading of effects to generate soft effect transitions and

grouped effects for controlling complex effect combinations in a simple way. We also describe our fully functional

implementation and the changes necessary to realize our concept in a scene graph based VR-system. We further

introduce a simple script interface to add new effects to the available effect pool. We present, but are not limited to,

three visual effect types: shader effects, post-processing effects, and OpenGl based effects. Our implementation

supports multi-pipe displays, multi-pass rendering, and an arbitrarily deep per-object post-processing effect graph.

Keywords
Effect control, dynamic effects, post-processing, shaders, virtual environments

1 INTRODUCTION

Visual effects are nowadays commonplace in VR ap-

plications and games. Up to now their usage is mostly

predefined by scene authors, but in principle many of

those effects are accessible and modifiable at run-time.

The effects we look at are not only high level effects

like depth of field, heat haze, high dynamic range ren-

dering, or lens flare, but also simple changes of bright-

ness, contrast, color balance, and basically everything

to change the appearance of the scene. The potential

of controlling such effects dynamically in an applica-

tion is rarely used, because there is no universal and

real-time interactive access to most of them. Author-

ing tools available for games and some VR-systems al-

low scene creators to place and test effects of a scene,

but do not provide for a general and intuitively con-

trollable effect integration. They help to create scenes

and introduce some dynamics via scripts, but they do

not provide run-time access and effect control for the

scene.

An analogy to our effect control concept from the-

ater and stage performances is the light designer and

the light board operator. The operator is able to con-

trol lighting and special effects with sliders and but-

Permission to make digital or hard copies of all or part of

this work for personal or classroom use is granted without

fee provided that copies are not made or distributed for profit

or commercial advantage and that copies bear this notice

and the full citation on the first page. To copy otherwise,

or republish, to post on servers or to redistribute to lists,

requires prior specific permission and/or a fee.

tons. He can use one slider to control multiple effects,

preprogram spot locations, and fade between effects.

Usually a fixed schedule is prepared by the light de-

signer. But at live performances the operator has to

instantly react to the stage and audience and activates

appropriate effects. As we look on interactive VE’s,

this live performance case is what we aim at.

Our vision is to create an interface capable of influ-

encing the scene’s appearance via many implemented

effects. Operators of this interface only have to know

what the effects can do, how they can be influenced,

which user reactions can be expected, and which mood

they might create - like in the light board case. Such

an interface is not only useful for human control; it can

be as well used for automated story engines or can be

connected to user assessment systems to automatically

react to the users state. Our system is not limited to vi-

sual effects, but as the visual effects were the first to

be fully implemented, this paper concentrates on the

visual part of the work.

The reduction of the brightness of the sky, for example,

is achieved in our system by selecting the sky object,

adding a brightness effect from the list of available ef-

fects, and reducing the brightness value via a slider.

Other examples, which can be applied in a similar way

are: making waves and clouds move faster, fading to

night lighting conditions (by moving one slider which

controls many effects), introducing fog, and correlat-

ing the inverse distance to a house to a weather change

or a local glow effect on that house.

This paper presents our concept and implementation

of a system for such a dynamic effect based scene ma-
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nipulation. We introduce related work in Section 2 and

give an overview over the whole system in Section 3.

Section 4 introduces different types of effects and in

Section 5 we present the implementation of the sys-

tem. Section 6 lists some performance measurements

for different effect usages, and in Section 7 a summary

and outlook is given.

2 RELATED WORK
Various fields and methods informed the concept and

the resulting system presented in this paper. The most

important of them are discussed in the following. A

major feature of our approach is the manipulation of

different kinds of effects using a general interface.

Conrad et al. introduced a tuner application for vir-

tual environments to be able to manipulate several as-

pects of virtual environments via a GUI [2]. Modifi-

able parameters were object transformations, material

properties, light source properties, and selecting the

navigation metaphor (fly, drive, and walk). Conrad et

al. use a fixed set of modifiable parameters. In our

approach we want a more general and extendable so-

lution, where new effects can be added easily.

To add effects at run-time, we have to be able to ac-

cess the scene’s objects. There exist many approaches,

which allow such an access on the authoring level.

[5] introduces an in-scene immersive authoring tool,

where authoring takes place in the running system. [9]

describes an easy to use rapid VE development envi-

ronment. Multimodal authoring approaches like [1, 4]

further allow the composition of multimodal scenes.

As we plan to use effects of other modalities, we

adopted the concept of a single object keeping the in-

formation for all modalities from these approaches.

The Listen project [3] introduces manipulating audi-

tive parameters in an audiovisual scene graph for re-

stricted zones in the scene. This enables authors to

create different auditive spaces in different parts of a

real or virtual room. We use this concept to apply our

effects to run-time definable spatial areas in the scene.

As we intend to use semantically meaningful objects

in our scenes and the objects can contain semantic in-

formation, we oriented on current findings of this area

for structuring the scene and its semantic information.

[6] and [7] present examples of semantically extended

scenes.

Another closely related field is game authoring and

in game effects. Most game engines support object

and special effect access on the authoring level. Some

game engines allow dynamic effect behavior for some

effects via scripts. Game effects are generally not run-

time changeable. Examples include the Unreal editor

for the Unreal Engine (Epic Games), which enables ef-

fect types like full-screen post-processing, particle and

audio effects. These effects are realized in separate

Figure 1: System overview

modules of the Unreal Engine. The effects can be ac-

cessed via the scripting language, but lack an uniform

and intuitive access. The Source engine [8] uses a two

step post-processing system for high dynamic range

rendering and a color adjustment step. The color ad-

justments are made available for authors and are baked

into game nodes for final game-play where they can-

not be changed anymore. We found that today’s game

editors and engines do not provide for the generality

of effects and run-time accessibility needed for our

main purpose: to change the multimodal appearance

and impact of the scene dynamically and uniformly.

[10] use non photo realistic rendering (NPR) tech-

niques to create abstract views of 3D scenes. They are

able to apply different NPR styles for different objects

to emphasize one or more objects, which is compara-

ble to our per object post-processing.

The introduced effects and effect mechanisms in Sec-

tion 4 are not new and have been used in several games

and VE’s. Our contribution to using effects is the

multi-pipe implementation, the mapping of technical

to intuitive parameters, the per object post-processing

effects, the general fading mechanism, and the flexible

effect assignment and combination.

3 SYSTEM DESCRIPTION
Our System concept can be structured in three parts:

The scene control level is the high level part, which

lets moderators, engines, and authors easily modify

the scene (middle and right part of Figure 1). The ef-

fect configuration level is a medium level, where ef-

fects and effect mappings can be defined (“EFFECTS“

box in Figure 1). In the low level the effect types

and the scene control with the per object effect manip-

ulation are implemented (implementation level, see

small squares and scene control extension in Figure 1).

The scene control level is discussed in Sections 3.1 -

3.4 and the effect configuration level in Section 3.5.

In Section 4 the effect types or effectors, as they are

called in the following, are described.

The main goal of our system is to enable dynamic run-

time assignable and changeable effects on a VE scene.

On the scene control level there are three important

questions that need to be answered when adding an ef-

fect to the scene. First, where do we want to apply the
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effect to (object/scene part selection). Second, which

effects are to applied (effect selection). Third, how and

when do we want to apply them (effect transition, ef-

fect timing).

To choose where we want to assign the effects to, or

which part of the scene should be affected by the ef-

fect, the scene has to be accessed in some way. This

interface to the scene is called scene control in the

following. On top of that scene control, we intro-

duce methods to help the easy handling of manipulat-

ing complex scenes and effects (box in the upper cen-

ter of Figure 1). The more important of those meth-

ods are fading, preparameterized effects, groups, and

a preselection capability. These techniques allow fast

and complex effect manipulation and define how and

when to apply the effects, which is especially impor-

tant for live performance and automated scene control.

The following sections describe the introduced steps in

more detail.

3.1 Scene and Effect control
For intuitive and run-time assignable effects an inexpe-

rienced user should be able to select a part of the scene

and assign an effect from a list of implemented effects

to them. However, for which parts of a scene is assign-

ing effects reasonable? The first case of entities we

identified, are semantically meaningful objects in the

scene (like sky, buildings, and trees). Which objects

are meaningful and which granularities to use, heavily

depends on the scene and the application. A second

case where applying effects is important in our opin-

ion, are semantic spatial areas in the scene. Such areas

are volumes, which do not have a direct visual rep-

resentation. Examples for effects on areas are a cool

scene appearance around a specific house, brightness

on the beach, or a greenish look in a forest.

In our system, objects and areas can be structured in

a tree hierarchy and each of these objects or areas can

hold multiple effects. The implementation of this part

has to be able to extract and manipulate objects from

the scene, it has to provide areas, and it has to realize

the connection between the effects and the objects (see

Section 5.3).

After we know where to place an effect, we have to

decide which specific effect is to be applied. The con-

trol over the effects should be equally high level. For

choosing an effect, we only need to know what the

effect does (name and description) and how we can in-

fluence its behavior (parameters). It is not important

at that point whether the effect is realized via shaders,

post-processing or manipulating OpenGL states. Our

interface for selecting effects is an effect pool with

descriptions of effects and parameters. All currently

available effects in the system are in that pool and can

be arbitrarily added to objects.

3.2 Preparameterized effects and groups
Most effects can be customized via parameters, for ex-

ample red, green and blue parameters that adjust a sim-

ple RGB color balance effect. Because of the lack of

time for adjusting the parameters online and the need

to access some previously optimized parameters, pre-

definable settings are additionally required. In our sys-

tem preparameterized effects allow users to store an

effect with a specified set of parameter values. The

preparameterized effects can be created anytime while

experimenting with the parameters of an effect. They

can be applied to objects like any other effect.

Our second method to enable an intuitive and quick ef-

fect handling are the following grouping mechanisms:

Object groups allow us to add an effect to multiple

objects at once. For example, say we want to modify

the color of sky and water simultaneously. An object

group holding the sky object and the water object is

created and an effect is added to this group. Effect

groups allow us to add multiple effects to an object or

an object group. They make it possible to switch or

fade all effect members on and off together. For order

dependent effects, like post-processing, an effect order

can be defined. Multi-object effect groups allow us to

assign multiple objects with one or more different ef-

fects. They can be used for complex effect settings like

to represent different weather situations. A dark rainy

day multi-object effect group might combine dark sky,

high waves, grey water, dull landscape (low satura-

tion), and rain on all outdoor objects, which can be

switched or faded as one. Object and multi-object ef-

fect groups are, because of their reference to specific

objects, scene dependent. Effect groups and preparam-

eterized effects can be shared between scenes.

3.3 Effect preselection
Not all effects are a good choice at all times or for all

places and objects. Therefore, the number of avail-

able effects can be reduced per object, area, or by time

constraints. This gives a live operator or an automated

process the simplification that only effects that make

sense at the current place and time are possible to se-

lect. Those restrictions and context dependent effects

have to be prepared as an authoring step using the

scene control, areas, and groups.

3.4 Effect intensity and fading
Being able to switch effects on and off at run-time for

arbitrary objects is already a valuable improvement

for manipulating a scene. Often, however, a subtle

fade in, fade out, or fade between effects is required.

When adding or removing effects at run-time, fading

is in most cases preferable, as smooth changes are per-

ceived as more natural. One example is slowly intro-

ducing a cold scene look by a darker and bluish ap-

pearance of the landscape and sky or the simulation of
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Figure 2: First row: Effects in a marketplace VE scene (left to right): Fog, bleach bypass, bloom, rain. Second row:

Island scene (left to right): a) different brightness adjustments for water, land, and sky, color balance on the whole scene,

sunset sky; b) no landscape textures, random gray tone per face, edge enhance, rain; c) bloom on landscape, different

color balance and brightness effects on landscape, water, and sky; d) daylight sky, adjusted landscape detail shader.

a cloud covering the sun by fading out a glow effect

and fading in a low brightness effect. Another appli-

cation of fading is, when different areas of the scene

should have different appearances. When moving over

the border, fading between the two appearances is re-

quired.

Implementing the fading capability involves being

able to manipulate an effects intensity without altering

the other effect parameters. The effect intensity

defines the range of the full effect to some zero

effect. Directly fading between two effects is only

possible, if the two effects can exist simultaneously.

For this kind of fading the intensity of the first effect

is lowered and the intensity of the second effect is

raised over a defined time interval. Fading is simple

to realize for post-processing effects and some object

shader effects, because they can easily be mixed

with the original scene to an adjustable degree. For

other effects the intensity mapping can be more

complicated, but the generic fading capability for all

effects exceeds the effort spent here.

3.5 Effect definition and mapping

The configuration layer in between the scene control

interface and the implementation has two sub-layers:

the definition of the effects to be used in the interface

and the mapping of the parameters of the implemen-

tation to high level parameters. The mapping also in-

troduces descriptions of effects and their parameters.

The effect definition holds resources like shaders and

textures and combines them to form an effect. All nec-

essary functions to easily create and configure effects

are provided by the implementation layer (effectors).

The effect definition part requires shader and script

programming and is intended for effect artists.

The effect mapping can directly assign, combine, or

modify internal parameters (e.g. uniforms) to form

the final effects parameters. Descriptions, effect name,

and parameter names to be seen in the final effect are

supplied here. The mapping part requires only sim-

ple script programming and is, therefore, easily ad-

justable. It is intended to separate the technical for-

mulated and parameterized effects from the final ef-

fects, which use meaningful parameters with appropri-

ate ranges for their intuitive control. Effect definition

and mapping build together a complete effect, which

can be accessed from the effect pool.

4 EFFECTORS AND THEIR EFFECTS
Effectors are the implementations of effects or types of

effects with the same implementation base. Effectors

encapsulate the system internals needed for an effect

type and they have to provide everything to assem-

ble the effects in the effect definitions. The shader

effector, for example, provides the interface for all

shader based effects. Effectors can control the ren-

dering pipeline, if necessary, and they are aware of

restrictions of the system or restrictions regarding the

coexistence with other effectors. In this section three

effectors for a large number of possible visual effects

are introduced. Examples of effects from these effec-

tors can be seen in Figure 2. Effectors for ambient

lighting, navigation effects, and auditive effects are

currently under development.

4.1 Post-processing effector
Post-processing effects are a very powerful type of

visual effects. They adjust the appearance of the

scene with image processing techniques. Up to

now, post-processing has mainly been used on the

whole visible display area. In our implementation,

it can also be applied on a per objects basis to better
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Figure 3: Scene without (left) and with (right) per object

post-processing effects for sky, water, ground, and chapel

match our object based effect approach. Allowing

different post-processing pipelines for sky, ground,

and water surfaces already permits us to refashion

the appearance of the scene more efficient than full

screen post-processing. Figure 3 shows an example of

per object post-processing. Post-processing effects of

this kind have the advantage over shader effects that

they are universally applicable, i.e. they can be added

to any object in the scene and will have the intended

effect, where shader effects often rely on specific

geometry and vertex properties. The implementation

is done via frame buffer objects and specialized

shaders and is usable for multiple graphics pipes (see

Section 5.6). The passes, shaders, uniforms, and effect

parameters are defined and assembled to form the

specific effects in the effect definition and mapping.

Our post-processor system is highly flexible. Each ob-

ject or area can have several post-processing effects

and each post-processing effect can incorporate sev-

eral post-processing passes. Each pass has a post-

processing shader, up to six input textures, an arbitrary

number of uniforms and a result texture. Passes can be

stacked and the results of different passes can be com-

bined, i.e. the passes can be laid out in a directed graph

structure, which allows for very complex effects. A

simple two pass example is a bloom shader, which ex-

tracts all bright pixels in a first step and applies a blur

shader to the extracted regions as a second step.

Some already implemented post-processing effects are

color balance, bloom, blur, depth of field, edge de-

tection, edge enhance, tone mapping, rain, and some

sketch effects like hatching. An important group of

post-processing effects, which can easily change the

impact of an object, are color manipulation effects.

We have implemented two approaches to modify the

coloring of the scene. Our color grading effect as-

signs each color value a different color via a predefined

color map. Combining simple post-processing effects

like color balance, brightness, contrast, saturation, and

gamma adjustment can produce similar but not as ex-

act results to the mapped color grading approach. The

advantage of this approach is the dynamic manipula-

tion possibility of all components.

Realizing effects via post-processing has also some

disadvantages. A problem with post-processing for

stereo displays is that brought in content like a texture

appears only on the screen plane. A rain effect, for

example, which is believable on mono displays, can

not be used for a stereo setting because of this effect.

Our solution is to introduce a pipe dependent shift of

the images to produce an eye offset. Using this, the

seen plane can be moved before or behind the viewing

plane, but it still appears as plane. In our rain post-

processing effect five rain planes with different depth

are used to simulate the rain in stereo. Each rain plane

uses 5 differently sized versions of a rain texture which

are moved with different speed over the screen using a

post-processing vertex shader.

4.2 Shader effector
Object shader effects are common in most VR-systems

and game engines. They are mostly used to realize

specific surface materials and moving surfaces like

water and clouds. Many effects which are usually im-

plemented as normal shaders can be created via the per

object post-processing effects in our setup. Whenever

vertex based information is needed (position, normals,

texture coordinates) a conventional shader has to be

used. Being dependent on geometry, many shader ef-

fects are less generally applicable than post-processing

effects. Because of that, shader effects are mainly used

for the basic appearance of our scenes, which can be

modified by the parameters of the shader effects.

The shader effector provides a means to simply add

shaders and supply them with input textures and uni-

form variables. This makes it possible to easily inte-

grate any existing GLSL shader in a few minutes. Our

current implementation allows only one object shader

effect per object. Most multi-pass shaders like non

photo-realistic shader effects can be created by using

one object shader and several post-processing shaders.

Currently integrated shader effects are: animated wa-

ter, sky, and grass, as well as a level of detail terrain

shader and materials like plastic and glass.

4.3 GeoState effector
GeoStates encapsulate OpenGL graphics properties

for the geometry (GeoSets) in OpenGL Performer

style scene graphs. The GeoState of an object’s

geometry can be overridden with a GeoState effector.

The effect definition and mapping defines which prop-

erties of the GeoStates are to be overridden and which

property values should be applied instead. GeoState

effectors can affect the following states: lighting,

texture, fog, wireframe, highlighting, material, alpha

function, transparency, decals, and light sources.

The fading of most GeoState effects is more problem-

atic than for post-processing and shader effects. When

exchanging textures, enabling highlighting, etc., there

is no simple way to avoid a sudden change. One pos-

sibility, which we use for texture fading, has following
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Figure 4: Scene Control GUI: Left: Object and effect

control. Right: add a new effect.

process. We start from a single textured object without

a shader. As a first step, we add a shader effect with

two configurable textures, the one that was present and

a new one. We fade from the first to the second tex-

ture via the shader effect’s intensity. In the mean time a

GeoState effect with the new texture is applied (hidden

by the shader) and finally the shader effect is switched

off again. We use this technique to fade between dif-

ferent sky textures for different times of day or weather

conditions.

5 IMPLEMENTATION

This chapter gives an overview of the implementation

of our system. The VR-system dependent parts of our

implementation use Avango [12] which is based on

OpenGL Performer [11]. Future adaptions for Avan-

goNG and VRJuggler (using OpenSceneGraph) are

planned. Section 5.1 describes the implementation of

the scene control interface and Section 5.2 the imple-

mentation of the effect control layer. Sections 5.4– 5.7

lay out the implementation of the effectors and neces-

sary adjustments to the render pipeline.

5.1 Interface

The scene control interface is realized with XML-

RPC. The implementations of objects, effects, and

parameters define RPC functions for all functionali-

ties of the interface. On the remote side, handles of

the objects, effects, and parameters are used to ac-

cess their interface functions. The modules for fad-

ing, groups, and preparameterized effects provide their

functionalities also as an XML-RPC interface. Exter-

nal applications like storytelling or user state estima-

tion can use the complete XML-RPC interface. The

GUI which was implemented for moderators and au-

thors also supports the complete interface inclusive

fading and groups. The GUI is intended for control-

ling the scene during run-time and represents the light

control board from our analogy in the introduction. A

screen-shot of the GUI can be seen in Figure 4. The

scene control GUI has three colums for displaying ob-

jects, effects, and effect parameters respectively. If an

Figure 5: Extension of the scene graph

object is selected, its effects are displayed in the effects

column. If an effect is selected or added, its parame-

ters are displayed in the effect parameter section.

5.2 Effect definitions and mappings
The effect definitions are currently implemented in

Scheme, which is the scripting language of Avango.

We plan a reimplementation using Python to be more

easily adaptable to other systems. To create an effect

of a specific effector type, a C++ instance of this ef-

fector is created and initialized by loading the effect

definition via its name. Each effect is located in a

file system directory containing effect definition, ef-

fect mapping, descriptions, and resource files.

5.3 Scene control implementation
The main idea in our scene control implementation is

to use the existing scene graph of a given VR-system

and extend it to match our scene concept of seman-

tic objects and effects per object. As scene graphs are

extensible, the required nodes can be derived from ex-

isting nodes. The scene abstraction is mapped to the

OpenGL Performer style scene graph as follows: Ob-

jects are inherited from transformation nodes (DCS) in

the underlying scene graph. Each object has its visual

contents as a special child (VC in Figure 5). Our im-

plementation also allows for other content types, like

auditive, haptic, or physics based content which can be

rendered by the respective engines. The actual visual

appearance of an object can be an arbitrarily deep sub

scene graph or a loaded model (LF in Figure 5). Child

objects and areas are also children of the transforma-

tion node (A1 and O2 in Figure 5). Other children

than child objects and content are not allowed in the

structure. Effects are not implemented as scene graph

nodes, they are properties of the object node.

For applying shader and GeoState effects, special

override nodes are placed between the VC node and

the actual content (OG and OS in Figure 5). They

allow to override the GeoState and shader settings of

all underlying content geometry. The VC nodes also

hold a post-processing ID to be used in object based

post-processing (see Section 5.6).
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5.4 GeoState effector
The GeoState effector is implemented using override

nodes, which partly use the OpenGL Performer

GeoState override functionality and in some cases

manipulate OpenGL states directly. When a GeoState

effect is activated, an override node is placed above

the geometry of an object. This allows GeoState

effects to change one or more states of this geometry.

5.5 Shader effector
The shader effector is implemented using a shader

override group, which activates the shader for all un-

derlying geometry. The shader uniform variables to

manipulate the shader can be mapped directly or can

be further processed to form effect parameters. Stan-

dard uniforms variables like time, user position, and

light source positions are automatically provided for

all shader effects.

Complex material properties like reflection and refrac-

tion may need additional render passes. An example

is a water shader with water reflection and water re-

fraction, which requires two additional render passes.

In those cases, the scene or a part of the scene is ren-

dered before the main render pass. For example, an

upside down version of the scene is rendered for re-

flection which is stored in a texture. The shader effect

can use this texture afterwards like any normal shader

input texture.

5.6 Post-processing effector
The post-processing effector requires a more elaborate

extension to the VR-system. The scene is rendered

into a frame buffer sized texture using frame buffer

objects (FBO) for each graphics pipe. A shader is then

applied on a 2D rectangle holding this texture. The

result is again rendered to a texture or, if the last post-

processing effect has been reached, the final result is

rendered in the frame buffer. In fullscreen mode, the

post-processing shader is applied to all pixels of this

texture. In the object based case, all objects with post-

processing effects are assigned an ID. This number

is used to mask the object in the stencil buffer dur-

ing the rendering of the scene into the texture. The

stencil/depth buffer is rendered in an additional tex-

ture using frame buffer objects, which can be accessed

in the shaders. Only pixels with the according value in

this texture are changed by the shaders. This way the

shaders only affect the visual geometry of the masked

objects.

In each shader pass the first two texture units are as-

signed to the color texture of the previous pass and the

stencil/depth texture. The stencil/depth texture is only

used for reading the depth and the object mask values

during the post-processing. Six additional textures (as-

suming 8 texture units) can be freely used by the spe-

cific shaders. The number of simultaneously displayed

per object post-processing effects is limited by the size

of the stencil buffer. As a stencil buffer of 8 bit is

available on most systems, this would limit the objects

for holding separate post-processing effects in a scene

to 255. To relax this limit we dynamically reassign

the stencil values for the currently visible objects with

post-processing effects. 255 visible objects with post-

processing should suffice for most scenes and view-

points.

5.7 Multi-pass rendering

Shader and post-processing effectors need to modify

the render behavior of the VR-system. Each graphics

pipe can have several pre-render passes, which render

the scene with different settings and one main render-

ing pass. The pre-render passes are passed as FBO

textures. These textures can be accessed by shader ef-

fects. The pre-render passes are only activated, if an

effect is currently using them. The main render pass

incorporates either the post-processing rendering pro-

cess described earlier or a standard scene rendering. In

the post-processing case, the main render pass renders

the scene normally, then applies a post-processing pass

per post-processing effect and object holding such an

effect. The last post-processing pass writes to the

frame buffer.

6 SYSTEM PERFORMANCE

Among several test scenes the system has been tested

with three larger scenes. Two of them were conven-

tional scenes adapted to the extended system. The

adaption needed following steps: Splitting the scene

into semantic parts to be used in the scene control, us-

ing these parts as visual content of our enhanced object

nodes, and adding areas. The whole adaption process

of the scenes has been managed in several hours.

An island scene (seen in the lower row of Figure 2)

was designed for our system and uses advanced shader

concepts and incorporates many areas. The main com-

ponents are a 2.5km2 terrain mesh generated from

a 512*512 point height-map and using a 4096*4096

pixel base texture rendered with Terragen, a 5km2 wa-

ter plane, and a sky dome with a 2048*768 pixel base

texture. The scene is currently populated with some

buildings and billboard trees. The complete scene has

approximately 450k polygons. For the landscape a

LOD detail shader effect that uses textures for grass,

sand, rock, and forest is used. The water is realized

via a multi-pass watershader effect.

Our hardware setup is a dual Opteron HP XW9300

workstation with two synchronized Nvidia Quadro

4600 graphics boards. Our L-Shape display is driven

by two Projectiondesign active stereo projectors,

which are fed with two graphic pipes each.
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1Pipe 2Pipe 4Pipe

1. Basic island scene (Avango) 81fps 62fps 50fps

2. with our extensions 81fps 61fps 50fps

3. 2. + 2 render passes 65fps 35fps 25fps

4. 3. + water & land shaders 60fps 27fps 22fps

5. 4. + medium effect usage 58fps 25fps 20fps

6. 4. + heavy effect usage 55fps 22fps 16fps

Table 1: Performance for 1, 2, and 4 pipes.

Our measurements are taken for a single, a two, and a

four pipe setup. A predefined path in the scene is used

to generate an average frame rate. Table 1 shows the

performance for different configurations from the bare

scene to heavy effect usage. The heavy effect usage

performance run includes 5 full screen post-processing

effects, 15 post-processing effects on currently visible

objects (landscape, sky, water), and several shader and

GeoState effects. The medium effect usage run is done

with 2 full screen and 5 currently visible object based

post-processing effects.

The small difference of the first and second run show

the low performance impact of our system extension.

The high performance penalty for 4 pipes in run 3 to

6 is mainly caused by the two additional render passes

(synchronization issues). To reduce this effect, we in-

tend to introduce optimizations of the graphics pipes,

like assigning processes to processors and sharing GL

context for the pipes for the left and right eye, to re-

duce the texture load per PCIe interface. Nevertheless,

the relatively small differences of run 4 to 6 show that

high quality scenes and a large amount of effects are

possible using a 4 pipe display.

7 CONCLUSION

We introduced a system, which is capable of dynam-

ically manipulating a VE scene by adding effects for

specific objects, areas, or the whole scene. The imple-

mented system provides an intuitive interface allowing

moderators, authors, or automated systems to modify

the scene online using all available effects. It also pro-

vides an internal effect definition and mapping inter-

face, which makes it possible to easily create new ef-

fects for already implemented effectors, like shaders or

post-processing, and which maps technical variables

to meaningful effect parameters. We introduced and

discussed our implementation of the system, currently

supporting Avango as a VR-system.

Our implemented visual effects have demonstrated the

effectiveness and flexibility of the concept and our im-

plementation. The full potential of the system for mul-

timodal and varying content will show, when more

modalities are supported and complex multimodal ef-

fect combinations can be generated. Effect perfor-

mance tests with a complex scene showed that our im-

plementation can enhance scenes with many real-time

changeable effects without substantially limiting the

performance.

Future work includes effects for the auditive and hap-

tic modality, as well as the addition of several external

effects like generating wind and ambient lighting. We

are currently working on introducing a mapping of ef-

fects to moods they might produce. As a result of that,

a target mood selection will cause appropriate effects

and parameterizations to be used. As the impact of

effects depends on scene context and users, this map-

ping is a big challenge. Integrating such a system with

user assessment systems will make it possible to di-

rectly react with specific effects to the current state of

the user.
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ABSTRACT

We describe an efficient method for the simulation of complex scenarios with millions of frictional contacts and mechanical
constraints. To this end, the GPU processors of the modern graphic boards are used to solve the differential inclusion problem
that represents the most challenging part of the multi–rigid–body problem. Thank to the massive parallelism offered by GPU
boards, we are able to simulate sand, granular materials, soils and other complex physical scenarios with a large speedup respect
to serial CPU–based algorithms.

Keywords
Constraints, dynamics, GPU, parallel computing, collision detection

1 INTRODUCTION
The simulation of the dynamics of multi-rigid-body
systems is an useful tool in many areas, such as CAD,
engineering, virtual reality, videogames and in comput-
ergraphics in general (for instance, when physical sim-
ulation is used for special effects in 3D movies).

Devices composed of rigid bodies interacting through
frictional contacts and mechanical joints represent a nu-
merical challenge because of the discontinuous nature
of the motion; the dynamics is nonsmooth because of
the discontinuous nature of noninterpenetration, colli-
sion, and adhesion constraints. Actually, the require-
ment that parts must be rigid increases the difficulty of
the problem respect to the case of flexible parts such as
in spring-based approaches.

Even mechanisms composed of few hundreds of parts
and constraints may require lot of computational ef-
forts; indeed, more complicated scenarios such as ve-
hicles running on pebbles and sand such as in Fig. 1,

Permission to make digital or hard copies of all or part of this
work for personal or classroom use is granted without fee provided
that copies are not made or distributed for profit or commercial
advantage and that copies bear this notice and the full citation on the
first page. To copy otherwise, or republish, to post on servers or to
redistribute to lists, requires prior specific permission and/or a fee.

soil and rock dynamics, flow and packing of granular
materials, could require too long computational times.
Results reported in [Mad07a] indicate that the most
widely used commercial software for multibody dy-
namics runs into significant difficulties when handling
simple problems involving hundreds of contact events,
whereas cases with thousands of contacts become in-
tractable. The method embraced in this work can solve
efficiently problems with millions of contacts on a sim-
ple scalar CPU of the Pentium family, and an improved

 

Figure 1: Simulation of a complex multi-rigid-body
mechanism with contacts and joints.
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performance can be obtained with the GPU version pro-
posed herein, that can solve the contact dynamics with
parallel computation.

Until recently, the massive computational power
of parallel supercomputers has been available to a
relatively small number of research groups, thus
limiting the number of applications approached. This
scenario is rapidly changing due to a trend set by
general-purpose computing on the graphics processing
unit (GPU). The CUDA libraries from NVIDIA allow
to use the streaming microprocessors mounted in
high-end graphics cards as general-purpose computing
hardware. Presently, the raw computational power
of these multiprocessors is measured in terms of
Teraflops, that is hundreds of times the throughput of a
modern scalar CPU.

Very few GPU projects are concerned with the dy-
namics of multibody systems and the two most sig-
nificant are the Havok and the Ageia physics engines.
Both are commercial and proprietary libraries used in
the video-game industry. In this context, the goal of
this work was to implement a general-purpose multi-
body solver on GPU multiprocessors backed by con-
vergence results that guarantee the accuracy of the so-
lution. Specifically, a parallel version was implemented
of a numerical scheme presented in [Tas08a, Ani08a],
which can robustly and efficiently approximate the bi-
laterally constrained dynamics of rigid bodies undergo-
ing frictional contacts.

Unlike the so-called penalty or regularization meth-
ods, where the frictional interaction can be represented
by a collection of stiff springs combined with damping
elements that act at the interface of the two bodies, the
approach embraced herein relies on a different math-
ematical framework. Specifically, the algorithms rely
on time-stepping procedures producing weak solutions
of the differential variational inequality (DVI) prob-
lem that describes the time evolution of rigid bodies
with impact, contact, friction, and bilateral constraints.
When compared to penalty-methods, the DVI approach
has a greater algorithmic complexity, but avoids the
small time steps that plague the former approach.

Early numerical methods based on DVI formulations
can be traced back to [Mor83a, Lot82a, Mon93a],
while the DVI formulation has been recently clas-
sified by differential index in [Pan03a]. Recent
approaches based on time-stepping schemes have
included both acceleration-force linear complementar-
ity problem (LCP) approaches [Bar93a, Pan96a] and
velocity-impulse LCP-based time-stepping methods
[Ste96a, Ani97a, Ste00a]. Impulse-based methods,
such as the one in [Ben07a], are becoming popular in
the computer graphics field because of their robustness.
The LCPs, obtained as a result of the introduction
of inequalities in time-stepping schemes for DVI,
coupled with a polyhedral approximation of the friction

cone must be solved at each time step in order to
determine the system state configuration as well as
the Lagrange multipliers representing the reaction
forces [Lot82a, Ste96a]. If the simulation entails a
large number of contacts and rigid bodies, as is the
case of granular materials, the computational burden of
classical LCP solvers can become significant. Indeed,
a well-known class of numerical methods for LCPs
based onsimplex methods, also known asdirect or
pivoting methods [Cot68a], may exhibit exponential
worst-case complexity [Bar94a]. Moreover, the
three-dimensional Coulomb friction case leads to a
nonlinear complementarity problem (NCP): the use
of a polyhedral approximation to transform the NCP
into an LCP introduces unwanted anisotropy in friction
cones [Ste96a, Ani97a].

In order to circumvent the limitations imposed by the
use of classical LCP solvers and the limited accuracy
associated with polyhedral approximations of the fric-
tion cone, a parallel fixed-point iteration method with
projection on a convex set has been proposed, devel-
oped, and tested in [Ani08a]. The method is based on
a time-stepping formulation that solves at every step a
cone constrained optimization problem [Ani04a]. The
time-stepping scheme has been proved to converge in
a measure differential inclusion sense to the solution
of the original continuous-time DVI. This paper illus-
trates how this problem can be solved in parallel by ex-
ploiting the parallel computational resources available
on NVIDIA’s GPU cards.

2 FORMULATION OF MULTIBODY
DYNAMICS

The formulation of the equations of motion, that is the
equations that govern the time evolution of a multibody
system, is based on the so-called absolute, or Cartesian,
representation of the attitude of each rigid body in the
system.

The state of the system is denoted by the gener-
alized positionsq =

[
rT

1 ,εT
1 , . . . , rT

nb
,εT

nb

]T
∈ R

7nb and

their time derivativeṡq =
[
ṙT

1 , ε̇T
1 , . . . , ṙT

nb
, ε̇T

nb

]T
∈R

7nb,
wherenb is the number of bodies,r j is the absolute
position of the center of mass of thej-th body and
the quaternionsε j are used to represent rotation and to
avoid singularities. Instead of using quaternion deriva-
tives in q̇, it is more advantageous to work with angu-
lar velocities: the method described will use the vector
of generalized velocitiesv =

[
ṙT

1 , ω̄T
1 , . . . , ṙT

nb
, ω̄T

nb

]T
∈

R
6nb. Note that the generalized velocity can be easily

obtained aṡq = L(q)v, whereL is a linear mapping
that transforms each̄ωi into the corresponding quater-
nion derivativeε̇i by means of the linear algebra for-
mula ε̇i = 1

2GT(q)ω̄i , with 3x4 matrixG(q) as defined
in [Sha05a].
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Figure 2: The proposed method can simulate the dynamics of devices with motors, joints and contacts, such as in

the case of this size segregation machine that shakes thousands of steel spheres.

We denote byf (t,q,v) the set of applied, or external,
generalized forces.

Bilateral constraints
Bilateral constraints represent kinematic pairs, for ex-
ample spherical, prismatic or revolute joints, and can be
expressed as algebraic equations constraining the rela-
tive position of two bodies. Assuming a setB of con-
straints is present in the system, they lead to the scalar
equationsΨi(q, t) = 0, i ∈ B . Assuming smoothness
of constraint manifold,Ψi(q, t) can be differentiated to
obtain the Jacobian∇qΨi = [∂Ψi/∂q]T .

Constraints are consistent at velocity-level provided
that∇ΨT

i v+ ∂Ψi
∂ t = 0, where∇ΨT

i = ∇qΨT
i L(q).

Contacts with friction
Given a large number of rigid bodies with different
shapes, modern collision detection algorithms are able
to find efficiently a set of contact points, that is points
where agap functionΦ(q) can be defined for each pair
of near-enough shape features. Where defined, such a
gap function must satisfy the non-penetration condition
Φ(q) ≥ 0 for all contact points.

Note that a signed distance function, differentiable
at least up to some value of the interpenetration, can
be easily defined if bodies are smooth and convex
[Gue03a]. However, this is not always possible, for

 

Figure 3: Simulation of a tracked vehicle on a granular
soil: we used the GPU for both dynamics and collision

detection between tracks, sprockets and pebbles.

instance when dealing with concave or faceted shapes
often used to represent parts of mechanical devices.

When a contacti is active, that isΦi(q) = 0, a nor-
mal force and a tangential friction force act on each
of the two bodies at the contact point. We use the
classical Coulomb friction model to define these forces
[Ani97a]. If the contact is not active, that isΦi(q) > 0,
no contact forces can exist, and viceversa: this is the
Signorini conditionΦi(q) ≥ 0, γ̂i,n ≥ 0, Φi(q)γ̂i,n = 0
that can be expressed using the complementarity nota-
tion [Ste96a]:Φi(q) ≥ 0⊥γ̂i,n ≥ 0.

Given two bodies in contactA and B, let ni be the
normal at the contact pointing toward the exterior of the
body of lower index, which by convention is considered
to be bodyA. Letui andwi be two vectors in the contact
plane such thatni ,ui ,wi ∈R

3 are mutually orthonormal
vectors.

The frictional contact force is impressed on the sys-
tem by means of multiplierŝγi,n ≥ 0, γ̂i,u, and γ̂i,w,
which lead to the normal component of the forceFi,N =
γ̂i,nni and the tangential component of the forceFi,T =
γ̂i,uui + γ̂i,wwi .

The Coulomb model imposes the following nonlinear
constraints:

γ̂i,n ≥ 0 ⊥ Φi(q) ≥ 0

µi γ̂i,n ≥
√

γ̂2
i,u + γ̂2

i,w

〈Fi,T ,vi,T〉 = −||Fi,T || ||vi,T ||

||vi,T ||
(

µi γ̂i,n−
√

γ̂2
i,u + γ̂2

i,w

)
= 0

wherevi,T is the relative tangential velocity.The con-
straint 〈Fi,T ,vi,T〉 = −||Fi,T || ||vi,T || requires that the
tangential force be opposite to the tangential velocity.
Note that the friction force depends on the friction co-
efficientµi ∈ R

+.
An equivalent convenient way of expressing this con-

straint is by using the maximum dissipation principle:

(γ̂i,u, γ̂i,w) = argmin√
γ̂2
i,u+γ̂2

i,w≤µi γ̂i,n

vT
i,T (γ̂i,uui + γ̂i,wwi) . (1)

In fact, the the first-order necessary Karush-Kuhn-
Tucker conditions for the minimization problem
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Figure 4: Contacti between two bodies
A,B∈ {1,2, . . . ,nb}

(1) correspond to the Coulomb model above
[Mor88a, Mon93a].

The complete model
Considering the effects of both the setA of frictional
contacts and the setB of bilateral constraints, the time
evolution of the dynamical system is governed by the
following differential variational inequality (a differen-
tial problem with set-valued functions and complemen-
tarity constraints):

q̇ = L(q)v
Mv̇ = f (t,q,v)+ ∑

i∈B
γ̂i,b∇Ψi+

+ ∑
i∈A

(γ̂i,nDi,n + γ̂i,uDi,u + γ̂i,wDi,w)

i ∈ B : Ψi(q, t) = 0
i ∈ A : γ̂i,n ≥ 0 ⊥ Φi(q) ≥ 0, and

(γ̂i,u, γ̂i,w) = argmin
µi γ̂i,n≥

√
γ̂2
i,u+γ̂2

i,w

vT (γ̂i,uDi,u + γ̂i,wDi,w)

(2)
The tangent space generatorsDi = [Di,n, Di,u, Di,w]∈

R
6nb×3 are sparse and are defined given a pair of con-

tacting bodiesA andB as:

DT
i =

[0 . . . −AT
i,p AT

i,pAAs̃i,A 0 . . .

0 . . . AT
i,p −AT

i,pABs̃i,B 0 . . .]
(3)

where we useA i,p = [ni ,ui ,wi ] as theR
3×3 matrix of

the local coordinates of theith contact, and introduce
the vectorss̄i,A and s̄i,B as contact point positions in
body coordinates, see Fig. (4), with skew matricess̃i,A

ands̃i,B.

3 THE TIME-STEPPING SCHEME
We formulate the dynamical problem in terms of mea-
sure differential inclusions [Ste00a], whose numeri-
cal solution can be obtained using the following time-
stepping scheme based on the solution of a complemen-
tarity problem at each time step.

Given a positionq(l) and velocityv(l) at the time-step
t(l), the numerical solution is found at the new time-step

t(l+1) = t(l) + h by solving the following optimization
problem with equilibrium constraints [Tas08a]:

M(v(l+1) −v(l)) = hf(t(l),q(l)
,v(l))+ ∑

i∈B
γi,b∇Ψi +

+∑i∈A (γi,nDi,n + γi,uDi,u + γi,wDi,w) , (4)

i ∈ B : 1
hΨi(q(l)

, t)+∇ΨT
i v(l+1) + ∂Ψi

∂ t = 0 (5)

i ∈ A : 0≤ 1
hΦi(q(l))+ DT

i,nv(l+1) ⊥ γ i
n ≥ 0, (6)

(γi,u,γi,w) = argmin
µiγi,n≥

√
γ2
i,u+γ2

i,w

vT (γi,uDi,u + γi,wDi,w) (7)

q(l+1) = q(l) +hL(q(l))v(l+1)
. (8)

Here, γs represents the constraint impulse of a
contact constraint, that is,γs = hγ̂s, for s = n,u,w.
The 1

hΦi(q(l)) term achieves constraint stabilization,
and its effect is discussed in [Ani03a]. Similarly,
the term 1

hΦi(q(l)) achieves stabilization for bilateral
constraints. The scheme converges to the solution of a
measure differential inclusion [Ani04a] when the step
sizeh→ 0.

Several numerical methods can be used to solve (4)-
(7) [Buc98a]. Our approach casts the problem as a
monotone optimization problem by introducing a re-
laxation over the complementarity constraints, replac-
ing Eq. (6) with i ∈ A : 0 ≤ 1

hΦi(q(l)) + DT
i,nv(l+1) −

µi
√

(vT Di,u)2 +(vT Di,w)2 ⊥ γ i
n ≥ 0 . The solution of

the modified time-stepping scheme will approach the
solution of the same measure differential inclusion for
h→ 0 as the original scheme [Ani04a].

Previous work [Ani08a] showed that the modified
scheme is a Cone Complementarity Problem (CCP),
which can be solved efficiently by an iterative numer-
ical method that rely on projected contractive maps.
Omitting for brevity some of the details discussed in
[Ani08a], introducingγi = {γi,n,γi,u,γi,w}

T
, i ∈ A , the

algorithm makes use of the following vectors:

k̃ ≡ Mv (l) +hf(t(l),q(l)
,v(l)) (9)

bi ≡
{

1
hΦi(q(l)),0,0

}T
i ∈ A , (10)

bi ≡ 1
hΨi(q(l)

, t)+ ∂Ψi
∂ t , i ∈ B (11)

The solution, in terms of dual variables of the CCP
(the multipliers), is obtained by iterating the following
contraction maps until convergence:

∀i∈A : γ r+1
i = Πϒi

[
γ r
i −ωηi

(
DT

i vr +bi
)]

(12)

∀i∈B : γ r+1
i = γ r

i −ωηi
(
∇ΨT

i vr +bi
)

(13)

At each iterationr, before repeating (12) and (13), also
the primal variables (the velocities) are updated as:

vr+1 = M−1

(

∑
z∈A

Dzγ r+1
z + ∑

z∈B

∇Ψzγ r+1
z + k̃

)
(14)
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Note that the superscript(l +1) was omitted for brevity.
The iterative process uses the metric projectorΠϒi (·)

[Tas08a], which is a non-expansive mapΠϒi : R
3 → R

3

acting on the triplet of multipliers associated with the
i-th contact. Thus, if the multipliers fall into the fric-
tion cone, they are not modified; if they are in the polar
cone, they are set to zero; in the remaining cases they
are projected orthogonally onto the surface of the fric-
tion cone. The overrelaxation factorω andηi parame-
ters are adjusted to control the convergence. Interested
readers are referred to [Ani08a] for a proof of the con-
vergence of this method.

The previous algorithm has been implemented on se-
rial computing architectures and proved to be reliable
and efficient. In the following the time-consuming part
of the methodology, that is the CCP iteration, will be re-
formulated to take advantage of the parallel computing
resources available on GPU boards.

4 PARALLEL SOLVER ON THE GPU
Modern GPU processors can execute thousands of
threads in parallel, providing computating power in
terms of Teraflops. These processors, usually devoted
to the execution of pixel shading fragments for three
dimensional visualization, can be also exploited for
scientific computation thank to development environ-
ments such as CUDA from NVIDIA, that provides
C++ functions to easily manage GPU data buffers and
kernels, that is operations to executed in parallel on the
data. The proposed algorithm fits well into the GPU
multithreaded model because the computation can be
split in multiple threads each acting on a single contact,
or kinematic constraint, or rigid body depending on the
stage of the computation.

Buffers for data structures
In the proposed approach, the data structures on the
GPU are implemented as large arrays (buffers) to match
the execution model associated with NVIDIA’s CUDA.
Specifically, threads are grouped in rectangular thread
blocks, and thread blocks are arranged in rectangular
grids. Four main buffers are used: the contacts buffer,
the constraints buffer, the reduction buffer, and the bod-
ies buffer.

Special care should be paid to minimize the mem-
ory overhead caused by repeated transfers of large data
structures: we organized data structures in a way that
minimizes the number of fetch and store operations and
maximizes the arithmetic intensity of the kernel code,
as recommended by the CUDA development guide-
lines.

The data structure for the contacts has been mapped
into columns of four floats as shown in Fig. 5. Each
contact will reference its two touching bodies through
the two pointersBA andBB, in the fourth and seventh
rows of the contact data structure.

There is no need to store the entireDi matrix for the
ith contact because it has zero entries for most of its
part, except for the two 12x3 blocks corresponding to
the coordinates of the two bodies in contact. In fact,
once the velocities of the two bodiesṙAi , ωAi , ṙBi and
ωBi have been fetched, the productDT

i vr in Eq.(12) can
be performed as

DT
i vr = DT

i,vA
ṙAi +DT

i,ωA
ωAi +DT

i,vB
ṙBi +DT

i,ωB
ωBi

(15)
with the adoption of the following 3x3 matrices

DT
i,vA

= −AT
i,p, DT

i,ωA
= AT

i,pAA˜̄si,A

DT
i,vB

= AT
i,p, DT

i,ωB
= −AT

i,pAB˜̄si,B

(16)
SinceDT

i,vA
= −DT

i,vB
, there is no need to store both ma-

trices, so in each contact data structure only a matrix
DT

i,vAB
is stored, which is then used with opposite signs

for each of the two bodies.
Also the velocity update vector∆vi , needed for the

sum in Eq.(14) is sparse: it can be decomposed in small
subvectors. Specifically, given the masses and the iner-
tia tensors of the two bodiesmAi , mBi , JAi andJBi , the
term ∆vi will be computed and stored in four parts as
follows:

∆ṙAi = m−1
Ai

Di,vA∆γ r+1
i , ∆ωAi = J−1

Ai
Di,ωA∆γ r+1

i

∆ṙBi = m−1
Bi

Di,vB∆γ r+1
i , ∆ωBi = J−1

Bi
Di,ωB∆γ r+1

i
(17)

Note that those four parts of the∆vi terms are not
stored in thei-th contact data structure or in the data
structure of the two referenced bodies (because multi-
ple contacts may refer the same body, hence they would
overwrite the same memory position). These veloc-
ity updates are instead stored in the reduction buffer,
which will be used to efficiently perform the summa-
tion in Eq.(14). This will be discussed shortly.

The constraints buffer, shown in Fig. 6, is based on a
similar concept. Jacobians∇Ψi of all scalar constraints
are stored in a sparse format, each corresponding to
four rows ∇Ψi,vA, ∇Ψi,ωA, ∇Ψi,vB, ∇Ψi,ωB. There-
fore the product∇ΨT

i vr in Eq.(13) can be performed
as the scalar value∇ΨT

i vr = ∇ΨT
i,vA

ṙAi + ∇ΨT
i,ωA

ωAi +

∇ΨT
i,vB

ṙBi + ∇ΨT
i,ωB

ωBi . Also, the four parts of the
sparse vector∆vi can be computed and stored as

∆ṙAi = m−1
Ai

∇Ψi,vA∆γ r+1
i , ∆ωAi = J−1

Ai
∇Ψi,ωA∆γ r+1

i

∆ṙBi = m−1
Bi

∇Ψi,vB∆γ r+1
i , ∆ωBi = J−1

Bi
∇Ψi,ωB∆γ r+1

i
(18)

Figure 7 shows that each body is represented by a
data structure containing the state (velocity and posi-
tion), the mass moments of inertia and mass values, and
the external applied forceF j and torqueC j . Note that
to speed the iteration, it is advantageous to store the
inverse of the mass and inertias rather than their origi-
nal values, because the operationM−1Di∆γ r+1

i must be
performed multiple times.
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The Parallel Algorithm

A parallelization of computations in Eq.(12) and
Eq.(13) is easily implemented, by simply assigning
one contact per thread (and, similarly, one constraint
per thread). In fact the results of these computations
would not overlap in memory, and it will never happen
that two parallel threads need to write in the same
memory location at the same time. These are the two
most numerically-intensive steps of the CCP solver,
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Figure 8: The reduction buffer avoids race conditions
in parallel updates of the same body state.

called theCCP contact iteration kernel and theCCP
constraint iteration kernel .

However, the sums in Eq.(14) cannot be performed
with embarrassingly-parallel implementations: it may
happen that two or more contacts need to add their
velocity updates to the same rigid body. A possi-
ble approach to overcome this problem is presented in
[Har07a], for a similar problem. We adopted an alterna-
tive method, with higher generality, based on theparal-
lel segmented scanalgorithm [Sen07a] that operates on
an intermediate reduction buffer (Fig.8); this method
sums the values in the buffer using a binary-tree ap-
proach that keeps the computational load well balanced
among the many thread processors. In the example of
Fig.8, the first constraint refers to bodies 0 and 1, the
second to bodies 0 and 2; multiple updates to body 0 are
then accumulated with parallel segmented reduction.

Since collision detection is the biggest computational
overhead after the CCP solution, we also developed a
GPU-based parallel code for collision detection, obtain-
ing a 20x speedup factor when compared to the serial
code of the Bullet library. The GPU collision code
requires the use of multiple kernels and complex data
structures that we cannot describe here because of lim-
ited space; details are available in [Maz09a].

The following pseudocode shows the sequence of
main computational phases at each time step, for the
most part executed as parallel kernels on the GPU.

Algorithm 1: Time Stepping using GPU.

1. (GPU or host) Perform collision detection between
bodies, obtainingnA possible contact points within
a distanceδ , as contact positionssi,A, si,B on the two
touching surfaces, and normalsni .

2. (Host, serial) If needed, copy contact and body data
structures from host memory to GPU buffers. Copy
also constraint data (residualsbi and jacobians) into
the constraint buffer.
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3. (GPU, body-parallel) Force kernel. For each body,
compute forcesf(t(l),q(l)

,v(l)), if any (example,
gravity). Store these forces and torques intoFj and
Cj .

4. (GPU, contact-parallel) Contact preprocessing
kernel. For each contact, given contact normal and
position, compute in-place the matricesDT

i,vA
, DT

i,ωA

andDT
i,ωB

, then computeηi and the contact residual

bi = {1
hΦi(q),0,0}T .

5. (GPU, body-parallel) CCP force kernel. For each

body j, initialize body velocities:̇r (l+1)
j = h m−1

j F j

andω(l+1)
j = h J−1

j C j .

6. (GPU, contact-parallel) CCP contact iteration ker-
nel. For each contacti, do
γ r+1
i = λ Πϒi

(
γ r
i −ωηi

(
DT

i vr +bi
))

+ (1− λ )γ r
i .

Note thatDT
i vr is evaluated with sparse data, using

Eq. (15). Store∆γ r+1
i = γ r+1

i − γ r
i in contact buffer.

Compute sparse updates to the velocities of the two
connected bodiesA andB, and store them in theRi,A

andRi,B slots of the reduction buffer.

7. (GPU, constraint-parallel) CCP constraint itera-
tion kernel. For each constrainti, do
γ r+1
i = λ

(
γ r
i −ωηi

(
∇ΨT

i vr +bi
))

+ (1 − λ )γ r
i .

Store∆γ r+1
i = γ r+1

i − γ r
i in contact buffer. Compute

sparse updates to the velocities of the two connected
bodiesA andB, and store them in theRi,A andRi,B

slots of the reduction buffer.

8. (GPU, reduction-slot-parallel) Segmented reduc-
tion kernel. Sum all the∆ṙ i , ∆ωi terms belonging
to the same body, in the reduction buffer.

9. (GPU, body-parallel) Body velocity updates ker-
nel. For each j body, add the cumulative veloc-
ity updates which can be fetched from the reduction
buffer, using the indexRj .

10. Repeat from step 6 until convergence or until num-
ber of CCP steps reachedr > rmax.

11. (GPU, body-parallel) Time integration kernel.
For each j body, perform time integration as

q(l+1)
j = q(l)

j +hL(q(l)
j )v(l+1)

j

12. (Host, serial) If needed, copy body, contact and
constraint data structures from GPU to host mem-
ory.

5 IMPLEMENTATION AND RESULTS
The GPU iterative solver and the GPU collision detec-
tion have been embedded in our C++ simulation soft-
ware Chrono::Engine. We tested the GPU-based paral-
lel method with benchmark problems and compared it,
in terms of computing time, with the serial method.

Number CPU GPU Speedup Speedup
of CCP CCP CCP CD

bodies [s] [s]
16000 7.11 0.57 12.59 4.67
32000 16.01 1.00 16.07 6.14
64000 34.60 1.97 17.58 10.35
128000 76.82 4.55 16.90 21.71

Table 1: Stress test of the GPU CCD solver and GPU
collision detection.

For the results of Tab.1, we simulated densely packed
spheres that flow from a silo. The CPU is an Intel Xeon
2.66 GHz, the GPU is an NVIDIA Tesla C1060. The
simulation time increases linearly with the number of
bodies in the model. The GPU algorithm is at least one
order of magnitude faster than the serial algorithm.

Other stress tests were performed with even larger
amounts of spheres, such as in the benchmark of Fig.10.
Similarly, the test of Fig.9 simulates one million of
rigid bodies inside a tank being shaken horizontally (the
amount of available RAM on a single GPU board lim-
ited us to go beyond that limit).

Using the proposed GPU method we are already
able to simulate granular soil (pebbles, sand) under the
tracks of a vehicle, see Fig.3, in fact our GPU colli-
sion detection code is able to handle nonconvex shapes
by performing spherical decomposition. To simulate
larger scenarios, with smaller grains of sand, future ef-
forts will address the possibility of using domain de-
composition, with clusters of multiple GPU boards on
multiple host.

6 CONCLUSIONS
A parallel numerical method has been proposed for
the simulation of multibody mechanical systems with
frictional contacts and bilateral constraints. The paral-
lel method is based on an iterative approach that falls
within the mathematical framework of measure differ-
ential inclusions and is backed by a rigorous conver-
gence analysis.

Results obtained with the proposed method demon-
strate that the GPU version of the dynamics solver
is about 20x faster than the CPU version. A similar
speedup has been obtained for the collision detection.
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Figure 9: Benchmark with one million of rigid bodies with friction.

    
Figure 10: Benchmark: mixing of two granular materials.
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ABSTRACT 

Interactions between polluted atmosphere and materials lead to an early aging of numerous buildings and 
monuments. This weathering process leads to important changes in appearance, from color blackening to small-
scale geometric alterations: a black crust grows onto parts of affected surfaces, depending on the geometry of the 
object as well as on its environment. In this paper, we present a method to simulate this very important 
weathering process. Our method is physically inspired and provides full control to designers, keeping plausible 
results. First, specific polluted zones are detected according to their real physical classification. Then, the 
modifications of aspect of each zone are computed. Our results demonstrate that our model matches well the 
observed behavior of real-world monuments and buildings affected by atmospheric pollution. 

Keywords : weathering, natural phenomena, shading, texture. 
 

1. INTRODUCTION 
Nearly all real world objects are submitted to 
aggressive environmental conditions. They react to 
these conditions by changes in appearances, which is 
usually called weathering. To achieve high realism in 
image synthesis, weathering of materials must be 
simulated as it contributes critically to the visual 
richness of images [Dorsey2008]. A vast variety of 
techniques have been proposed so far, following two 
main tendencies: models accounting accurately for 
specific weathering processes (for example 
[Dorsey96]), and more generic models usually based 
on texture transfer or synthesis techniques [Lu2007]). 
When the aging processes to be simulated strongly 
depend on the geometry of affected objects, specific 
techniques generally give very good results 
[Merillou2008]. 
 Because of the increase, in our society, of energy 
production and consumption due to industry and 
transport development, the effects of pollution on 
buildings and cultural monuments are increasingly 
studied in numerous scientific fields. Damaging of 
monuments due to pollution is worrying from both 
economical and cultural heritage points of view. 
Indeed, a lot of money is spent in cleaning and 
restoring buildings and monuments.  
 

Permission to make digital or hard copies of all or part of 
this work for personal or classroom use is granted without 
fee provided that copies are not made or distributed for 
profit or commercial advantage and that copies bear this 
notice and the full citation on the first page. To copy 
otherwise, or republish, to post on servers or to redistribute 
to lists, requires prior specific permission and/or a fee. 

As outlined on figure 1, effects of polluted 
atmosphere on human constructions are visually very 
important. The goal of this paper is to propose a 
framework for visual simulation of atmospheric 
pollution. The problem of realistically reproducing 
the different weathering zones of a polluted object 
has not been specifically addressed so far in 
Computer Graphics. Our new algorithm main 
contributions are: 

• a physically-inspired technique in order to 
provide plausible results; 

• a local evaluation of the model providing a 
very good scalability to arbitrary scene 
complexity;  

• an intuitive set of parameters to provide 
controllability for a designer.  

Based on physics studies [Camuffo83], the effect of 
pollution onto surfaces is divided into two zones 
called by Camuffo et al.  black and white zones. We 
propose to detect and render each without 
preprocessing step nor complex simulation. 
Moreover, our model is physically inspired: the way 
the surface is polluted is based on the physical 
processes described in  [Lefevre2002]. 
The next section describes previous works 
concerning aging and weathering in computer 
graphics. Then in section 3, we review the numerous 
physical and chemical processes that lead to polluted 
surface appearance in order to provide a plausible 
model of the phenomenon. We describe the 
parameters that permit to control the effect. In section 
4, we detail our method consisting in synthesizing on 
the fly specific textures linked to different polluted 
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zones. These textures are used to compute final 
aspect of the weathered object. We discuss obtained 
results in section 5. We finally conclude and present 
some possible future works. 

 
Figure 1: Photos of a real polluted object (left) and 
the same object after cleaning (right).  
 

2. RELATED WORK 
In computer graphics, weathering phenomena are of 
great importance because of their major visual 
influence. Due to the large amount of different 
physical processes and their complexity, numerous 
studies have focused on specific phenomena. These 
techniques can be empirical or physically-based and 
can affect the entire rendering pipeline (geometry, 
reflectance properties, and colors). Becket and Badler 
[Becket90] have first handled surfaces imperfections 
by using a fractal based texture synthesis technique. 
Blinn [Blinn82] and Hsu [Hsu95] have proposed 
techniques to render surfaces covered by dust. Miller 
[Miller94] has provided accessibility shading 
algorithms permitting to render tarnished surfaces. 
Wong has proposed a geometry dependent method in 
[Wong97] to represent dust accumulation, patinas 
and peeling. In [Paquette01], authors modify objects 
geometry to handle impacts by different tools. Paint 
peeling and crackling have been investigated in 
[Paquette02]. In order to obtain more plausible 
results, some physically valid techniques have also 
been developed. Wet surfaces appearance has been 
studied in [Jensen99]. Corrosion (both patinas and 
destructive corrosion) has been investigated in 
[Dorsey96] and [Merillou2001]. A physically-based 
scratched surface model has been presented in 
[Bosch04]. A survey of weathering-related 
techniques has been presented in [Merillou2008]. 
Concerning building aging, specific studies have also 
been proposed. Dorsey [Dorsey96b] proposed a 
model to take into account dirtiness brought onto 
surfaces by flow processes. This technique permits to 
handle specific flow patterns on objects. Flows are 
only a small part of atmospheric pollution 
weathering. Weathering of stones has also been 
studied in [Dorsey99], including numerous 

weathering processes handled by a model of their 
chemical reactions. Efflorescence, a porosity related 
aging phenomenon, has been studied in 
[Shahidi2005] using solid texture synthesis. 
Moreover, these two last studies handle weathering 
problems as physical simulations, but do not take into 
account the localization of the processes. This point 
has been addressed in [Chen2005]. Authors have 
introduced the γ-ton map, obtained by a pre-
processing step: it is built from the abstraction of 
considering aging particles interacting with objects. 
Several weathering processes can be localized by this 
way, but have then to be specifically handled in term 
of rendering and the γ-ton map has to be rebuild 
when geometry changes. In this paper, we focus our 
work on a physically inspired technique that does not 
need complete time-consuming simulations nor pre-
processing step and still provides plausible results.  
 Several other techniques address the weathering 
problem. Replicating change in appearance by means 
of texture synthesis controlled by capture and transfer 
of weathering effects [Gu2006], [Lu2007] need 
acquisition devices that are not effective at the scale 
of real buildings. Atmospheric pollution weathering 
strongly depends on the object geometry itself, as 
well as on the surrounding geometry of other objects 
in the scene. Thus, texture transfer techniques seem 
inappropriate in our specific case. 
 

3. ATMOSPHERIC POLLUTION 
Among various kinds of building and monument 
degradations, atmospheric pollution is a major factor 
of change in appearance. Natural alteration processes 
are essentially due to weathering, i.e. thermal 
variation, humidity variation and bacteriological 
attack. However, all along the two previous 
centuries, the increase of energy production and 
consumption, due to transport and manufactures 
development as well as the use of new combustible 
(fuel, kind of fuels), has led to important sulphur 
emitting SO2 under gaseous form and flying particles 
like soot. Thus, strong alteration of human 
constructions can be observed. Figure 2, presents a 
summary of the atmospheric pollution process 
consisting in three main steps.  
Human activity produces numerous pollutants that 
fly into atmosphere such as SO2 (that evolves to SO3) 
and combustion particles. This is mainly observable 
in urban environments. These pollutants are 
transported into atmosphere and react with water 
(H2O) to produce acid H2SO4 mixed with rain. This 
reaction is the first step of atmospheric pollution 
weathering as it creates acid rainfalls. In a second 
step, these acid rainfalls affect buildings and 
monuments and react with them. Building 
construction materials usually contain calcium 
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carbonates CaCO3, that is able to react with water to 
create gypsum. This water mainly comes from 
rainfalls, but also from condensation due to fog for 
example [Delmonte97]. Gypsum that can be seen in 
our case as a grid that grows onto surfaces 
[Lefevre2002]. In the third and final step, dust and 
particles are trapped into the gypsum grid, creating a 
black crust that evolves from a few micrometers to a 
few centimeters. 

 
Figure 2: Summarizing the atmospheric pollution 
process into three main steps. Step 1: pollutants react 
with water to create (step 2) acid dirt rainfall that 
reacts with materials to create a gypsum grid. In step 
3, particles are trapped into the gypsum grid. 
 
It has been clearly established in physics 
[Camuffo83] that two behaviors have to be 
distinguished, due to different chemical reactions and 
inducing different appearances. This physical 
classification is based on two resulting appearances 
called white and black zones [Lefevre2002] (see 
figure 3). 
White zones are directly submitted to strong rain 
impact and strong water streaming. These mechanical 
actions permit water to always clean up surfaces. 
Thus, in these areas, the material keeps its natural 
color. Each next rainfall evacuates particles deposited 
between two rainfalls, prohibiting gypsum grid 
creation. 
Black zones: parts of objects that are not directly 
submitted to rainfalls or strong flows are not washed. 
However, the ambient moisture and weak flows 
permit the gypsum grid to develop itself without 
constraint. Blackening is due to the trapping of 
particles into the gypsum grid created on the objects 
external surface (see figure 2, step 3). The more the 
stone is porous, the more it traps moisture and the 
more the gypsum grid can develop itself.   
 
4. MODELING AND RENDERING 
POLLUTED SURFACES 
In order to propose a plausible modeling of 
atmospheric pollution of complete buildings, we need 
to perform two main steps. Firstly, differently 

affected zones have to be detected with a local 
method in order to avoid complex transport 
simulations or complete surface flow modeling. 
Secondly, the reflectance properties of each zone 
have to be modified. Figure 4 presents the pipeline of 
our method. 

 
Figure 3: Photo of a polluted object: white zones are 
washed by rainfalls or strong flows and remain 
protected from darkening, while the black zone is 
covered by pollution particles trapped into gypsum. 
 
Zone detection 
Recall from section 3 that white zones are found on 
surfaces directly exposed to rainfall or in zones 
washed by strong flows. Thus we have to simulate 
the different zones according to their interactions 
with rainfalls and to predict the possible flows onto 
the surface. Instead of a physical simulation of flows 
or transports [Dorsey96b], [Chen2005], we propose a 
physically inspired simple and intuitive model that 
does not need any precomputing phase. Thus we only 
need to compute direct rain accessibility, where 
droplets direct impacts can wash the surface. This 
rain accessibility rA has then to be combined with an 
estimation of strong flows rfE, to fully characterize 
our zones. 

4.1.1 Rain accessibility computation: rA 
Our technique is a sort of directionally preferred 
ambient occlusion and is computed in a similar way 
as discussed in [Wong97]. Using ambient occlusion 
is a well-known trick in weathering simulation 
[Merillou08], and it can be easily adapted to simulate 
direct rain impacts by choosing plausible sampling 
directions. Over the time, rainfalls incident angles 
onto surfaces are guided by wind. Atmospheric 
pollution weathering is a long process: even if it 
starts as soon as a building or monument is exposed 
to pollutants, several years are often needed to 
observe important changes in appearance 
[Grieken98]. Thus, we propose to consider that 
rainfalls can come from every direction into a cone 
opened by angle α aligned with a direction vector V. 
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Figure 4: Summary of the method, from left to right: Porosity controlled by a noise texture – Computing rain 
accessibility rA – Computing strong flows and runs-out rfE – Computing reflectance modifications for final 
image. 
 
Without any specific meteorological knowledge or 
artistic desire, we use classical values [Helming08] 
of rain incidence, leading in our model to α=20° with 
V the vertical world axis. If the artistic desire is to 
orient rainfalls in a preferential direction, or if we 
have such knowledge in a specific geographic 
location, these parameters can be easily and 
intuitively modified. For example a preferential wind 
direction can be easily modeled by modifying V. We 
finally define a directional occlusion as the occlusion 
inside the previously described cone. 
 
Moreover, washing intensity is also due to a 
combination of flow and material porosity 
[Camuffo95]: porous stones absorb water by 
capillarity, creating a black crust even in rain-
exposed areas. We empirically propose to use 
directly the porosity values presented in table 1 in 
order to modulate rA. Porosity is described as a 
percentage of surface covered by pores, thus: 

rA = (1− porosity) * (1− directional_occlusion)  
The more the surface is porous, the more black crusts 
can develop. The porosity of building stones is 
described as a percentage of surface area covered by 
pores and evolves from 0% (for perfectly dense 
materials) to more that 50% (for very porous building 
materials). These values strongly depend on each 
material and are measured specifically in numerous 
studies, for example [Moropoulos09], [Sabbioni98], 
see table 1. 

Material Porosity 
Carrara marble 0.6% 
Verona red stone 8% 
Portlandite mortars 18% 
Limestone 0.5% to 23% 
Clay bricks 27% to 47 % 
Lime mortars 33% to 45% 
Sandstone 1% to 30% 

Table 1: Common and specific building materials 
porosity examples. 
Moreover, this porosity value can exhibit strong 
variations, as shown on table 1, and even strong local 

variations on a same surface, as measured by 
[Weishauptova2004]. We account for these 
variations with a Perlin noise [Perlin85]. 

4.1.2 Possible flow estimator: rfE 
Strong water run-off on black zones can also lead to 
washing and thus to a shift into a white area 
[Camuffo95]. Thus, we propose to compute an 
estimator of strong flow: rfE. Here, we do not need to 
compute the full flow onto the surface, we only have 
to detect if the considered surface point is in a 
geometric configuration that favors a strong flow or 
not. These strong flows can come from : 

• border flows: geometric features ending 
above the considered point can lead to 
strong flows (as observable below the corner 
of a window for example, see figure 5); 

• valley flows: vertically-oriented geometric 
valley-like features (observable on a statue 
drape for example, see figure 6); 

In order to propose a local estimator, we sample 
directions from the considered point in the local 
tangent plane situated at a distance d just above the 
surface. This distance permits the designer to define 
the size of the geometric features to consider, 
according to each 3D model.  
Border flows estimator bfE. To detect border flows, 
we sample directions oriented along the vertical axis 
inside an angular region ϕ. In our implementation, 
we use raycasting at a distance maximum tmax. Each 
of the N intersection distance ti is stored for all the 
sample rays. We do want to detect strong variations 
in values of ti to detect obstacle that can potentially 
provide strong flows. Thus, we compute the standard 
deviation of the ti values, normalized by the distance 
tmax. We also use a correction factor that accounts for 
the slope of the considered surface: the less the 
surface is vertical, the less border flows can be 
strong. Moreover, This leads to: 

bfE =

1
N (ti − tmean )2∑

tmax
sin ∠ N,vertical( )( ) 
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Figure 5 shows the method and a result obtained on 
the front of a building. The parameters ϕ and tmax 
permit to control the desired shape of the run-outs. 

 
Figure 5: Border flows detection by sampling the 
geometry in the local tangent plane of the surface. 
 
Valley flows estimator vfE. We use the same 
sampling than the previous one, but as we want to 
detect valleys, we create direction pairs by generating 
one sample direction inside a horizontal region (angle 
θ), and coupling it with its opposite direction in the 
local tangent plane (as illustrated on figure 6). Again 
with raycasting at a maximum distance t’max  we 
increase the number of hits h only when the two rays 
of a pair both intersect any geometry. The valley 
occlusion is defined as h/nrays. Such sampling can 
also detect pits into the geometry, but as we are 
interested only in strong flows, we modulate vfE in 
the same way as bfE: 

vfE =
h
nrays

sin ∠ N,vertical( )( )  

Figure 6 presents examples of our valley-flows 
detection method on the Athena statue. 
In order to keep a physically inspired model, we also 
have to account for the influence of porosity: the 
more the surface is porous, the less the flows are 
strong. Thus, we define the possible flow estimator 
rfE as: 

rfE = (1− porosity)(bfE + vfE) 

 
Figure 6: Valley flows local detection: pairs of 
sampling directions inside an horizontal region 
permit to localize valley-like geometric features. 
Due to the phenomenology of atmospheric pollution 
weathering (see section 3), flows are only to be 
considered in black zones (previously detected by 

rA): white zones are already washed out. Note also 
that the main drawback of our proposed technique is 
that we cannot detect flows originating from other 
points of the object. The porous nature of building 
materials limits this problem (porous materials 
absorb water by capillarity) and permits to keep a 
local evaluation of pollution weathering. Finally, 
combining rA and rfE at each renderer point gives us 
the local pollution rate PR. 

PR =
1 if  rA + rfE >1

rA + rfE otherwhise
⎧ 
⎨ 
⎩ 

Rendering: reflectance and surface alteration 
As outlined in section 3, one of the consequences of 
atmospheric pollution is the soiling of building 
materials. In [Watt08] such visual nuisance can be 
measured as the reflectance contrast of a darkened 
area by comparison to the reflectance of the base 
surface. Thus, several models have been developed, 
based on experimental data, for predicting the rate of 
soiling. They postulates that the rate at which 
uncovered area becomes covered is proportional to 
the size of the uncovered area: 

R = R0
A
A0
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ + Rp

A − A0
A0

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟  

With: R the object base reflectance, R0 the reflectance 
from unaffected surface, Rp the reflectance from 
covering particles, A0 the total area of surface that 
receives depositing particles and A the uncovered 
area of surface which receives depositing particles.  
In atmospheric pollution weathering, the model for 
area coverage is usually an exponential function of 
exposure time [Pio98]: 

A = A0 exp(−Kt) 
With: K the soiling constant directly proportional to 
the polluted particles concentration Cp: K=λCp (in 
physics, λ is the dose-response constant). 
This leads to the evolution of reflectance as a 
function of exposure time: 

R = R0 − Rp( )exp −λCpt( ) + Rp
 

Since the concentration of pollutants strongly 
depends on various parameters such as the 
classification of the location (rural, urban, 
industrial...), we keep it as a user driven parameter 
that is directly related to the polluting rate. From our 
phenomenological point of view, we use the 
previously computed rate PR as the evolution of 
polluted particles concentration: on washed parts, 
such concentration is minimum and on black areas, it 
is at its maximum. During the rendering step, this 
process progressively modulates the color of the 
darkened areas: 

R = R0 − Rp( )exp −PR t( ) + Rp  
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R is then used as the base material reflectance in the 
designer chosen BRDF.  Thus it can easily be ported 
to any real-time shading language (entry maps such 
as rain accessibility and flows can be pre-computed). 
Note that with black crust mainly composed of black 
carbon particles Rp=0. 
As denoted in [Camuffo95], the black crust is 
dendritic, leading to a very rough irregular aspect. 
The thickness of this crust above affected surfaces is 
a few millimeters and depends on the porosity of the 
underlying material. Thus, to empirically account for 
this phenomenon, we simply add a rough bump 
mapping to the black crust rendering to account for 
such effect (we use a Fractional Brownian Motion 
perturbation). The depth of this bump map is 
modulated by the porosity of the material: the more 
the material is porous, the more the black crust is 
thick and dendritic. 
 
5. RESULTS 
The model presented in this paper has been 
implemented in our own realistic rendering engine. 
Note that as the pollution textures are computed on 
the fly, our method does not increase the renderer 
memory requirements. Figure 7 shows a clean and a 
polluted bunny with a thick bump mapped black 
crust. The top of the polluted bunny is submitted to 
rain fall and stays clean, while its bottom is polluted. 
Figure 8 shows the detection of flows on the 
geometric features of the column as well as detection 
of flows into corners. Figure 9 shows the progressive 
weathering of Athena due to atmospheric pollution. 
Different weathering rates are observable due to rain 
accessibility as well as strong flows. This example 
exhibits a strong porosity, reducing the white zone. 
Note that a homogeneous darkening of the surface 
cannot match the expected behavior. 

 
Figure 7: Pollution with a design choice of a thick 

bumped black crust.  
 
Figure 10 exhibits pollution evolution on a building 
and a zoom on specific patterns that shows the 
importance of zone detection in the atmospheric 
pollution weathering simulation. Rendering time of 
the clean building is 140s with our renderer and the 
polluted building is rendered in 200s (with 9 samples 
for rA and 9 samples for rfE).  

 
Figure 8: Importance of flow detection in the 
patterns observable on polluted objects. 
 
Finally, figure 11 shows the ease of use and 
scalability of our model. As previously discussed, it 
relies on a local evaluation and does not need any 
iteration nor preprocessing step to choose the 
pollution level. The cost of our technique depends on 
the occlusion-like implementation. In our Monte-
Carlo rendering engine, we rely on raycasting for 
such feature. Unpolluted building on figure 10 is 
computed in 49 seconds. The polluted building is 
computed in 75 seconds. This is due to the number of 
sample taken for zone detection (we use 16 samples 
for rA and 16 samples for rfE).  
 
6. CONCLUSION AND FUTURE WORKS 
In this paper, we have presented a method that 
permits to simulate, on a physically-inspired basis, 
the major effect of atmospheric pollution weathering. 
This specific weathering process is visually very 
important and contributes to improving realism of 
rendered images. Beyond this visual importance, this 
simulation can be useful in several other fields such 
as architecture or cultural heritage preservation as our 
tool permits to detect weathered zones (zones to 
protect with high priority). We are actually porting 
our method to GPU (OpenCL / CUDA) for 
interactive performance.  Moreover, the physical 
analysis presented here makes our phenomenological 
approach simple and intuitive.  As future works, we 
aim to improve our model in order to take into 
account other materials: metals and glasses are also 
affected by atmospheric pollution. We are also 
actively studying de-weathering possibilities as 
treatments to perform on real photos to virtually 
clean real objects. 
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Figure 9: Athena statue perfectly clean (left) and progressively affected by atmospheric pollution weathering. 

 
Figure 10: A zoom on different patterns automatically detected on the front of a building (the left image is the 
clean building, for reference). Rain accessibility, porosity variations and strong flows are clearly observable.
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Figure 11: Our model is scalable and can render 
complex buildings and streets without complex 
physical simulation or preprocessing step.
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ABSTRACT

Level-set methods have become a valuable and well-established field of visualization over the last decades. Different implemen-
tations addressing different design goals and different data types exist. In particular, level sets can be used to extract isosurfaces
from scalar volume data that fulfill certain smoothness criteria. Recently,such an approach has been generalized to operate on
unstructured point-based volume data, where data points are not arranged on a regular grid nor are they connected in form of a
mesh. Utilizing this new development, one can avoid an interpolation to a regular grid which inevitably introduces interpolation
errors. However, the global processing of the level-set function canbe slow when dealing with unstructured point-based volume
data sets containing several million data points.
We propose an improved level-set approach that performs the process of the level-set function locally. As for isosurface
extraction we are only interested in the zero level set, values are only updated in regions close to the zero level set. In each
iteration of the level-set process, the zero level set is extracted using direct isosurface extraction from unstructured point-based
volume data and a narrow band around the zero level set is constructed. The band consists of two parts: an inner and an outer
band. The inner band contains all data points within a small area around thezero level set. These points are updated when
executing the level set step. The outer band encloses the inner band providing all those neighbors of the points of the inner
band that are necessary to approximate gradients and mean curvature. Neighborhood information is obtained using an efficient
kd-tree scheme, gradients and mean curvature are estimated using a four-dimensional least-squares fitting approach.
Comparing ourselves to the global approach, we demonstrate that this local level-set approach for unstructured point-based
volume data achieves a significant speed-up of one order of magnitudefor data sets in the range of several million data points
with equivalent quality and robustness.

Keywords: Level sets, unstructured point-based volume data, isosurface extraction.

1 INTRODUCTION

Many modern technologies and methods generate vol-
ume data that is not gridded anymore. The data points
can have an arbitrary distribution without any connec-
tivity. A major group of such data stem from numerical
simulations of natural phenomena. They are carried out
on unstructured point-based data to gain a high flexibil-
ity and provide new insights by additional degrees of
freedom. Many physical simulations are, for instance,
carried out as smoothed particle hydrodynamics sim-
ulations with millions of particles. Such simulations
allow for the reproduction of complex natural phenom-
ena by not only simulating the evolution of data at the
sample points but also simulating the flow of the sample
points under respective forces. Hence, data points move
over time, change their positions and neighborhoods,
and are distributed with a highly varying density. Such
a flexible data structure saves computation time when
using high sample density only in those regions, where
action takes place.

Permission to make digital or hard copies of all or part of this work
for personal or classroom use is granted without fee provided that
copies are not made or distributed for profit or commercial advantage
and that copies bear this notice and the full citation on the first page.
To copy otherwise, or republish, to post on servers or to redistribute
to lists, requires prior specific permission and/or a fee.

Level-set methods have a large variety of applications
and, in particular, have entered the fields of image pro-
cessing and scientific visualization for extracting fea-
tures from scalar data. We are mainly interested in the
aspect of segmenting scalar volume data. Many algo-
rithms and approaches with different modifications of
the main level-set idea exist. Most of the algorithms ad-
dress a specific problem or a specific type of data. Typ-
ically, the algorithms operate on hexahedral cells and a
given initial level-set function is modified to explicitly
or implicitly minimize a given energy functional.

Recently, we have presented an approach generaliz-
ing the basic idea of level sets to unstructured point-
based volume data [19]. It operates directly on un-
structured data, i. e., we do not resample the data over
a structured grid nor are we generating global or local
polyhedrizations. By doing so, resampling errors are
avoided, which are inevitably introduced when resam-
pling unstructured data over a regular structured grid
using scattered data interpolation techniques.

The level-set method involves the evolution of a func-
tion using an iterative numerical integration scheme. At
each iteration step, the approach typically induces com-
plex calculations and the evaluation of partial differen-
tial equations at each sample location and each itera-
tion step. When dealing with large data sets and small
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time-integration steps, this can lead to enormous com-
putation times until convergence of the level-set pro-
cess. The calculations for unstructured point-based data
are yet more complex than those in the gridded case,
slowing down the process even more. To overcome this
problem, narrow-band methods have been proposed in
recent years. The main idea is to update the level-set
function only in a narrow band of interest and neglect
all other sample points, saving a major number of com-
putations. Narrow-band methods have turned out to
be very useful for fast yet correct level-set computa-
tions on gridded data. To our knowledge, no algorithm
exists yet that combines the accurate computations of
level-sets with the efficiency of a narrow-band local-
ization directly applied to unstructured point-based vol-
ume data. We propose such a method for smooth isosur-
face extraction based on a fast local level-set approach.

We initialize the level-set function at the sample point
positions and extract the zero level set. This zero level
set is being transformed into the desired surface by ap-
plication of the iterative level-set process to the level-
set function. Therefore, we can restrict the process to
a narrow band of sample points around the current zero
level set.

The main ideas of our local level-set method and the
structure of the whole visualization pipeline are intro-
duced in Section 3. The creation of the narrow band and
the update of the level-set function in the narrow band
are explained in Sections 4 and 5, respectively.

The actual level-set process applied to the narrow
band and the required approximation of gradient and
mean curvature for unstructured point-based volume
data using a four-dimensional least-squares method is
described in Section 6. Finally, results and their discus-
sion, including the analysis of computation times and
detailed comparisons, are provided in Section 7.

2 RELATED WORK
The fast visualization of large unstructured point-based
volume data sets is a challenging task, even more when
dealing with highly varying sample point densities. The
generation of a polyhedrization [4] of the unstructured
data points can be very slow for large data sets and is
thus not practicable. Hence, the most common way of
dealing with unstructured point-based volume data is to
resample to a structured grid using scattered data in-
terpolation techniques [7]. Subsequently, a large vari-
ety of well-known methods like isosurface extraction,
region-growing methods, and level-set methods can be
applied to gridded data to generate the desired visual-
izations. Level-set methods, in particular, are almost
without exception executed on regular hexahedral grids
what facilitates discrete derivative computations.

Unfortunately, such resampling steps to a regular grid
always introduce inaccuracies, which heavily depend
on the resolution of the grid and the point density of

the data set. In our case, when dealing with data sets
with highly varying point density, the interpolation er-
ror can be enormous when using regular grids that fit to-
day’s commodity hardware memory constraints. Adap-
tive grids can reduce the error, but the more adaptive it
gets the more complicated the processing becomes and
we are looking into data sets with a difference of three
orders of magnitude in point density. This raises the
desire to directly operate on unstructured point-based
volume data.

The original idea of level sets is to implicitly repre-
sent a surface as the solution of an equation with respect
to an underlying scalar field. The (dynamic) level-set
methods go back to Sethian and Osher [15, 16, 21], who
first described the evolution of such a closed hypersur-
face by application of PDEs to the underlying scalar
field.

Due to their flexibility and capability level-set meth-
ods have developed rapidly in the recent years. Many
different approaches exist and the range of application
areas is wide. Breen et al. [2] presented a general frame-
work for level-set segmentation of a large variety of
regular data sets. Museth et al. [14] use a level-set
method to segment non-uniform data sets, where non-
uniform data denotes unions of multiple regular data
sets with non-uniform resolutions. Enright et al. [5]
apply a level-set approach to an octree-based adaptive
mesh. Many other approaches, e.g. [22], exist that tar-
get a huge variety of level-set segmentation tasks on
different structured data sets.

In terms of unstructured data, the particle level-set
methods [8] use free particles during the level-set com-
putations, but still need an underlying structured grid to
compute the motion of the particles. We recently pre-
sented the first approach, directly processing level sets
on unstructured point-based volume without any grid
calculation or reconstruction of the scalar field [19]. We
initialize the level-set function only at sample positions
and carry out the whole level-set evolution at these lo-
cations. One drawback of the method is the relatively
low speed when compared to state-of-the-art level-set
methods for gridded data.

The largest gain in computation speed for level-set
methods was achieved with the introduction of local
level-set methods by Adalsteinsson and Sethian [1].
These methods, also called narrow-band methods, have
been developed rapidly in the last years [12, 17] and
have also been transformed to work on today’s fast and
parallel graphics hardware [10]. The main idea of these
narrow-band approaches is to carry out the level-set
process only in a small region around the level set of
interest. Similar to active contours [9, 13], this requires
the knowledge about the location of the zero level set.
However, contrary to active contours, where the zero
level set is explicitly deformed until it converges to
the desired surface, the main idea of just deforming
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the level-set function is maintained in the narrow-band
methods. This allows for easy changes of the topology
of the zero level set.

To our knowledge, there exists no method which
combines the accuracy of directly applying level sets to
unstructured data and the fast level-set computation us-
ing a narrow band. We propose such an approach that
directly operates on the unstructured point-based data
and does not need to reconstruct any scalar field at any
positions other than the sample points.

3 GENERAL APPROACH
Let f : D→R be a volumetric scalar field with bounded
domainD ⊂ R

3 given at a set of unstructured sample
pointsxi ∈D. Our goal is to efficiently extract a smooth
isosurfaceΓiso⊂D with respect to a given isovaluefiso.
This task should be carried out utilizing a narrow-band
level-set approach which only operates on the sample
points. The level-set approach provides a handle to con-
trol the smoothness of the resulting surface. The vi-
sualization pipeline consists of three main phases: the
initialization, the level-set evolution, and the rendering.
Its flow chart is depicted in Figure 1.

Reinitialization step inα-band

Level-set step inα-band

Extraction of zero level set

Recalculation of narrow band

Recalculation of level-set function in narrow band

Initialization

Approximation of∇ϕ , κϕ in α-band

in α-band?

Yes

No

Steady state?

Rendering of zero level set

Yes

|1−|∇ϕ || > ε

No

Figure 1: Illustration of the whole visualization pipeline. In
the initialization phase, the level-set function and the narrow
band are initialized. Next, the level-set function and the nar-
row band are consecutively updated following Equation (2)
until the level-set function reaches steady state. Finally, the
zero level set is rendered as resulting smooth isosurface.

In the initialization phase, we build a data structure
that stores and handles neighborhood information, to
efficiently compute level-set function properties, ex-
tract isopoints, and generate the narrow band. This is
done using a three-dimensionalkd-tree. In a prepro-
cessing step, we compute then nearest neighbors for

each sample. Here,n = 26 is chosen, inspired by the
regular case on a structured equidistant hexahedral grid,
where every samplex has 26 nearest neighbors in the
L∞-metric.

Afterwards, the level-set functionϕ : D → R is ini-
tialized for every sample of the data set as a signed-
distance function to a sphere. The points of the zero
level set are extracted using direct isosurface extrac-
tion [18], which results in a point cloud representation
of the extracted surface. Around the extracted isosur-
face, a narrow band of sample points consisting of two
layers is generated. The inner layer orα-band consists
of all sample points, which have a smaller distance to
the isosurface than a given band widthdα . The outer
layer orβ -band consists of all sample points, which are
not lying in theα-band but are needed to compute gra-
dients or mean curvature atα-band points. The actual
level-set process will be performed only within theα-
band.

In the iterative processing phase, first the gradient∇ϕ
of the level-set function and the mean curvatureκϕ are
approximated for the sample points in theα-band. The
approximation is computed using a four-dimensional
least-squares approach. If the norms of the level-set
function gradients exceed a given threshold, a reinitial-
ization step is applied to the level-set function with re-
spect to the special Eikonal equation

∂ϕ
∂ t

= sign(ϕ)(1−|∇ϕ|) . (1)

The reinitialization step brings the level-set function
again close to a signed-distance function, which as-
sures good numerical behavior of the whole process.
If no reinitialization is necessary, a level-set step is per-
formed in theα-band with respect to the equation

∂ϕ
∂ t

=
(
(1−λ )( f − fiso−ϕ)+λκϕ

)
|∇ϕ| , (2)

which models a weighted combination of hyperbolic
normal advection [15] and mean curvature flow [6] with
smoothness parameterλ ∈ [0,1]. Since we use an ex-
plicit Euler time discretization for updating the level-
set function at the sample points, the time steps are
bounded by the Courant-Friedrichs-Lewy (CFL) con-
dition [3] to permit numerical stability. In particular,
this condition also assures that the zero level set cannot
leave theα-band in a single iteration.

After updating the function values in theα-band, the
new zero level set is extracted and the narrow band has
to be updated. Since we only update the function values
of the points in theα-band, the points that have been
added to theα-band after the level-set step do not hold
the correct level-set function values. Consequently, the
values have to be recomputed with respect to the new
zero level set. This is done by interpolating between
computed level-set function values and signed-distance
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function values in theα-band. Similarly, the points in
theβ -band have not been updated and may hold wrong
level-set function values. These points are updated by
assigning signed-distance function values to the new
zero level set.

The local level-set process is executed until the level-
set function reaches steady state, i. e., until the function
values do not change more than a given threshold from
one time step to the subsequent one. After convergence,
the zero level set has the desired properties ofΓiso and
is rendered using splat-based ray tracing [11].

4 NARROW BAND CREATION
Since the movement of the zero level set during the
level-set iteration is bounded in each step by the CFL-
condition, it is possible to restrict the level-set process
to a band around the zero level set without loosing flex-
ibility or distorting the result. However, the level-set
process at a sample point requires the approximation
of level-set function derivatives in this point and, there-
fore, the level-set function values of its nearest neigh-
bors. Restricting level-set update and derivative ap-
proximation to points within the band around the zero
level set would, consequently, lead to oscillations at the
border of the band, since derivatives there are less pre-
cisely approximated than near the zero level set.

Figure 2: Construction of the two-layer band around the zero
level set (colored blue). The zero level set is extracted in form
of a point cloud representation. Then, all sample points with
distance to the zero level set less thandα are marked as be-
longing to the inner layer of the band (green). Thereafter,
all additional sample points needed for the gradient computa-
tions within the level-set process are marked as belonging to
the outer layer of the band (red points).

We chose, instead, to use a band consisting of two
nested layers. We want to use the notationα-band and
β -band for the two layers. The construction of these
layers is illustrated in Figure 2. Theα-band describes
the volume, where the actual level-set process is per-
formed. All sample points having a smaller distance to
the zero level set than the widthdα of the α-band are
marked as members of theα-band. As the zero level set
is extracted in a point cloud representation, the distance

of a sample point to the zero level set is defined as the
distance to the nearest point of the zero level set. For
each sample point the distance is efficiently obtained
by a nearest-neighbor query to thekd-tree of the points
of the zero level set.

The size ofdα depends on the distribution of the sam-
ple points, i.e., is data-dependent. To capture the en-
tire area surrounding the zero level set,dα has to be at
least greater than the maximum distance of neighbor-
ing points within the point cloud representation of the
zero level set. In fact, it should be even twice as large to
permit a reasonable recalculation of the level-set func-
tion values. We discuss this in more detail in Section 5.
In all our experiments, it was sufficient to choose one
global value fordα for the whole local level-set pro-
cess, even for data sets with highly varying point den-
sities. Hence,dα was chosen depending on the sample
distribution of the data set and independent of the zero
level sets.

For the processing of the points in theα-band with
respect to Equations (1) and (2), sample points outside
the α-band are needed to approximate level-set func-
tion derivatives. Having established theα-band, all ad-
ditional sample points that are required for derivative
approximation of the points belonging to theα-band
are marked as members of theβ -band, which merely
acts as support for theα-band processing.

5 NARROW BAND UPDATE
In the initialization phase, the level-set function is set
globally to a radial signed-distance function. Hence,
the level-set function values of points in the initial nar-
row band are directly given. However, after executing
one local level-set step in theα-band, extracting the
new zero level set, and updating the narrow band, the
sample points may have changed their band member-
ship. Consequently, some sample points may have been
added to theα-band. For these new members of theα-
band, the level-set function values are outdated.

Moreover, function values of all the points in theβ -
band have not been updated in the level-set step, but
their new values are required for the subsequent level-
set iteration. Hence, additional updates of the level-set
function values at some sample points of the narrow
band are likely to be required in each iteration step. An
illustration of the idea is given in Figure 3.

For points with distance smaller thandα
2 to the zero

level set, we can be sure that the level-set function val-
ues have been updated in the level-set iteration step.
This is due to the fact that the level-set function value
update is executed with a step size that is bounded by
the CFL condition. Hence, no adjustment is necessary.

Sample points in the narrow band with distance to
the zero level set larger thandα

2 (red points in Figure 3)
may have not been updated or may even not have been
in the narrow band at all in the preceding iteration step.
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dα
4

dα
2

Figure 3: Updating the level-set function on the narrow band
with size dα : Points (green) with minimum distance to the
zero level set points (blue) smaller thandα

4 have correctly
been updated in the level-set iteration step. Points (red) in
the narrow band with distance to the zero level set greater
than dα

2 might have not be included in the computations of the
last level-set iteration step. We assign their level-set function
value to the signed distance to the zero level set points. For all
points in theα-band lying in between, the new level-set func-
tion value is interpolated between the old level-set function
value and their signed distance to the zero level set points.

dα
4

n

xiso

x

x−xiso

Figure 4: Derivation of correct sign for signed-distance func-
tion generation at sample points with distance to the zero level
set greater thandα

4 . Each point of the zero level setxiso holds
a surface normaln, inducing an orientation of the zero level
set and therewith inducing a well-defined sign for all points
with distance greater thandα

4 .

Hence, the level-set function value needs to be recom-
puted as illustrated in Figure 4. Since the level-set func-
tion is always kept near a signed-distance function it is
feasible to reset the level-set function values in these
points to a signed-distance function. Letx be such a
sample point that needs to be updated. Then, we make
use of the - already computed - distanced to the near-
est zero level set pointxiso. The sign for the signed-
distance function is directly induced by the surface nor-
mal of the nearest zero level set point as illustrated in
Figure 4. Altogether, we set the level-set function value
for x to

ϕx := sign(〈n,x−xiso〉) |x−xiso| .

Although the level-set function is kept near a signed-
distance function at points with distanced ≤ dα

2 to the
zero level set and is explicitly been set to a signed-
distance function at all the other points of the nar-
row band, there might occur a discontinuity at distance
d = dα

2 to the zero level set. This can be avoided by

interpolating between level-set function value and con-
structed signed-distance function value in a transition
zone. We chose this transition zone to be the distance
ranged ∈

[
dα
4 ,

dα
2

]
to the zero level set. For a con-

tinuous transition, we apply an interpolation using the
monotone polynomial

k : [0,1] → [0,1] , k(t) := 6t5−15t4 +10t3
.

Consequently, for each sample pointx with distanced∈[
dα
4 ,

dα
2

]
to the zero level set, we recalculate its level-set

function value by

ϕx := ϕx ·

(
1−k

(
4d−dα

dα

))
+d ·k

(
4d−dα

dα

)
,

which produces aC2-continuous blending between both
functions.

In summary, keeping the level-set values for points

with distanced ∈
[
0,

dα
4

)
, blending between level-set

function and signed-distance function for points with

distanced∈
[

dα
4 ,

dα
2

]
, and setting all other points in the

narrow band to a signed-distance function results in a
continuous recalculation of the level-set function in the
narrow band.

6 LOCAL LEVEL-SET PROCESS
To process the level-set function according to hyper-
bolic normal advection and mean curvature flow as
modeled in Equation (2), we apply the methods already
used in the global case [19] to estimate the level-set
function gradient∇ϕ and mean curvatureκϕ in each
sample point in theα-band of each time step. There-
fore, only nearest-neighbor computations for the sam-
ple points are used. Furthermore, no information about
the scalar field other than at the sample points in the
narrow band is needed.

Since the quality of the level-set process significantly
degrades if the level-set functionϕ is not close to a
signed-distance function of the zero level set, the level-
set function is initialized as a signed-distance function
and the function values of points in theβ -band get reset
to represent a signed-distance function to the zero level
set. However, the level-set process cannot maintain this
property. To keep the level-set function near a signed-
distance function, it is reinitialized using a PDE-based
approach solving the special Eikonal equation (1),when
the norms of the gradients of the function exceed a cer-
tain threshold.

Since the level-set processes following Equations (1)
and (2) are performed using an explicit time discretiza-
tion of order one, the used time step has to be chosen
carefully to keep the zero level set always in theα-
band and fulfill the CFL-condition. In fact, meeting the
CFL-condition is also sufficient to keep the zero level
set within theα-band during computations, as already
observed by Peng et al. [17].
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7 RESULTS AND DISCUSSION

The presented approach was applied to a variety of data
sets to verify our method and evaluate it in terms of ac-
curacy and speed. For performance analysis we applied
it to an unstructured point-based volume data set with
eight million randomly distributed samples. The data
set was generated by resampling the regular Hydrogen
data set of size 128×128×128 to the random points.
An illustration of the evolution process for this data set
is shown in Figure 5.

Step 9

Step 15

Step 24

Figure 5: Evolution of the zero level set when applying the
local level-set method withλ = 0.01 to the Hydrogen data set
with eight million sample points. For each time step, a splat-
based ray tracing of the zero level set is shown on the right-
hand side. On the left-hand side, a point rendering of a slab of
the data set is shown illustrating the narrow band. Extracted
surface points of the zero level set are colored black, sample
points in theα-band are colored green, and sample points in
the β -band are colored red. Sample points not belonging to
the narrow band are not rendered.

The same data set was used to analyze the perfor-
mance of our method in terms of speed. The data set
was downsampled to different sizes for investigating the
scalability of our approach. All computation times were
measured on a single 2.66 GHz XEON processor.

The runtime analysis for the preprocessing phase is
given in Table 1. We observe that most of the time is
required for the nearest neighbor computation. How-
ever, the data to which we typically apply our method
stem from numerical simulations, where nearest neigh-
bors are known such that this pre-processing step can
be dropped.

samples kd-tree gen. NN calc. kd-neig. calc.
2M 4 sec 111 sec 4.1 sec
4M 9 sec 239 sec 10.1 sec
8M 19 sec 541 sec 21.9 sec

Table 1: Computation times for the preprocessing of the Hy-
drogen data set with different sample quantities, including the
generation of thekd-tree, calculation of 26 nearest neighbors
(only required if not given), and the calculation of thekd-tree
neighbors needed for zero level-set surface extraction.

The computation times for one level-set iteration step
analyzed with respect to the Hydrogen data set are
shown in Table 2. It comprises a summary of the re-
sults including the number of samples, the number of
extracted zero level set points, and the calculation times
of all computation steps, i. e., for the zero level set ex-
traction, for the update of the narrow band (including
narrow band function value updates), and for the level-
set process.

samples points point ex. band up. ls step
2M 18k 1.9 sec 1.8 sec 1.5 sec
4M 29k 2.6 sec 2.4 sec 2.8 sec
8M 47k 4.1 sec 3.9 sec 5.2 sec

Table 2: Computation times for one level-set iteration step
of the Hydrogen data set with different numbers of sample
points. The number of extracted zero level set points as
well as the computation times for zero level set extraction are
given. Moreover, the computation times for the narrow band
update and the calculation of one level-set step are given.

The whole local level-set process for extracting a
smooth isosurface from the Hydrogen data set with
eight million sample points and given nearest neigh-
bors needed 24 steps and was performed in 6 minutes.
For the four million version of the data set, the overall
computation time for the entire level-set approach in-
cluding pre-computations dropped to 84 seconds. This
is a significant speed-up in comparison to the time of
13 minutes for the global level-set process [19] for the
four million Hydrogen data set.1 When comparing the
computation times per iteration (including computation
of zero level set, narrow band, and level-set function

1 These numbers assume that the nearest neighbors are known.
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update), the 7.8 seconds of our presented local level-
set method are one order of magnitude faster than the
67.8 seconds for the global level-set method [19]. Still,
our local level-set method produces equivalent results
in terms of quality and correctness.

Next, we have analyzed the speed of the iterative
phase of our approach with respect to the number of
points in theα-band. We applied the method to a re-
sampled unstructured point-based data set of eight mil-
lion randomly distributed samples, generated from the
regular Engine data set of size 256×256×128. A ren-
dering of the zero level set after convergence is shown
in Figure 6.

Figure 6: Splat-based ray tracing of the zero level set ex-
tracted after convergence of the local level-set method with
λ = 0.01. The method was applied to the Engine data set with
eight million unstructured sample points. (Data set courtesy
of General Electric.)

Just by looking at the rendering, the complex topol-
ogy and geometry of the zero level set is obvious. Con-
sequently, the number of isopoints steadily increases
during the local level-set evolution as well as the num-
ber of sample points in the narrow band. A comparison
of the computation speed of our local method with dif-
ferent number of extracted zero level set points is given
in Table 3. Note that the number of points in theα-band
is increasing sub-linearly with the number of extracted
zero level set points, since several surface parts get very
close to each other and their neighboring regions share
data points in the band.

ls points α-points point ex. band u. ls step
20k 130k 2.1 sec 2.0 sec 3.5 sec
49k 287k 4.3 sec 3.8 sec 6.3 sec
83k 404k 7.6 sec 6.9 sec 8.5 sec

Table 3: Computation times for the iteration phase of the En-
gine data set at different steps of the level-set process with
different numbers of zero level set points. For each step, the
number of extracted zero level set points, the number of points
in theα-band, and all computation times within an iteration,
i. e., for extracting the zero level set, updating the narrow
band, and performing one level-set step, are given.

Finally, we applied our local level-set method to un-
structured point-based volume data from a real scien-

tific application. The data set was provided by astro-
physical particle simulations [20] of Stephan Rosswog,
Jacobs University, Bremen, Germany. In the simula-
tion, a set of particles representing a White Dwarf is
passing a black hole and is torn apart by the strong grav-
ity. The data set represents one time step of this simu-
lation and consists of 500k sample points. The density
of the points in space is varying in two orders of magni-
tude, directly showing that scattered data interpolation
techniques would not be applicable due to the introduc-
tion of enormous errors.

We applied our local level-set method to this prac-
tical data set to compare the results of the local and
the global method. Both methods were applied with
the same initial signed-distance function, the same iso-
value, and the same smoothness parameter. Renderings
of the obtained zero level sets after convergence of both
methods are shown in Figure 7. The presented local
level-set method required only 6 minutes of compu-
tation time (including all computations) until reaching
steady state. In comparison, the global level-set process
using actually asynchronous time integration required
68 minutes. In terms of quality, there are no significant
differences visible between the resulting surfaces. We
have measured the distance between the points of the
two extracted zero level sets. The maximum deviation
between the surfaces was always of the same order as
the stopping criterion for the level-set process. This re-
sults from the linear interpolation of surface points from
the quasi-linear level-set function.

All experiments have shown, that the proposed local
level-set method is significantly faster than the global
method but equivalent in terms of quality. The narrow-
band method is also able to process objects with com-
plex topology and is applicable to real-world data.

8 CONCLUSION
We have presented a local level-set method that com-
bines the accuracy of directly applying level sets to un-
structured data and the fast level-set computation using
narrow bands. We directly operate on the unstructured
data and do not need to process data at any positions
other than the sample points, effectively avoiding inter-
polation errors. For each iteration, we extract the zero
level set, build a narrow band of sample points around
it and process the level-set function only in the narrow
band with respect to a combination of normal advec-
tion with mean curvature flow. The final zero level set
is visualized using point-based rendering.

Our method is capable of robustly processing data
sets with several million sample points and highly vary-
ing point density. For all investigated examples we
achieved a speed-up of one order of magnitude com-
pared to the global level-set method. Nevertheless, the
proposed method achieves the same results in terms of
quality.
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Figure 7: Comparison of global and local level sets for the
White Dwarf data set with 500k unstructured sample points
with highly varying point density. Both methods have been
applied to the same initial signed-distance function using the
same isovalue and the same smoothness parameterλ = 0.1.
The zero level set obtained by the global level-set method with
asynchronous time integration is shown on the left-hand side.
In comparison, the smooth isosurface generated by our local
level-set method, shown on the right-hand side, exhibits no
significant difference in terms of quality, but was generated
more than ten times faster.
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ABSTRACT

This article presents the implementation of a 3D facial animation system for mobile devices. Due to the large processing and
memory requirements for this type of application, its use on mobile devices was not possible until recently. Currently, however,
with the increasing development of powerful hardware and with the spread of cellular telephony, 3D applications for these
devices have become even more promising. The system presented in this article was implemented based on a previous one
designed for desktop platforms. Both systems are driven by two kinds of input. The first one is an audio file containing the
speech to be presented, and the second is a timed phonetic transcription specifying the phonemes of the utterance and their
associated time spans. With the input data, the system converts phonemes into phonetic context dependent visemes that handle
perseveratory and anticipatory coarticulation effects. The visemes are then used to modify the 3D polygonal mesh of the fa
ce keeping the synchronization with the audio. The initial evaluation of the systems indicates that, despite the limitations of
mobile platform, the implementation of video telephony using 3D facial animation is viable in modern mobile devices.

Keywords: facial animation, mobile devices, visemes.

1 INTRODUCTION
Facial animation is a crucial technology for the de-
velopment of embodied virtual characters capable
of reproducing the communication style, based on
speech, facial expressions and gesture, which humans
are well familiar with. This technology refers to the
techniques for specifying and controlling a synthetic
face to reproduce facial expressions and the visual
articulatory movements associated with the production
of the speech. Unlike the cartoon-like animations,
which do not represent all the movements of the face
during a speech, admit exaggeration, and usually are
not concerned with reality, computer facial animation
usually strives for realism.

Depending on the application, the virtual characters
created by the computer facial animation can play such
diverse roles as instructors, assistants, avatars, presen-
ters or sale representatives. Not so long ago this kind of
software was only possible to be implemented in ren-
dering servers or workstation with powerful processor-
memory architecture. The large requirements of real-
time processing were impediments for implementing
this technology in other platforms, specially on mobile
ones. But thanks to the advances in microelectronics
and the spread of mobile telecommunication, modern
mobile devices have the powerful hardware required for
this type of application. Additionally the features de-

Permission to make digital or hard copies of all or part of this work
for personal or classroom use is granted without fee provided that
copies are not made or distributed for profit or commercial advantage
and that copies bear this notice and the full citation on the first page.
To copy otherwise, or republish, to post on servers or to redistribute
to lists, requires prior specific permission and/or a fee.

manded by users currently have changed significantly,
which stimulate the development of innovative applica-
tions such as facial animation for mobile devices. In
particular, the deployment of facial animation on mo-
bile phones is a promising option for mobile video tele-
phony due to the poten tial reduction of data transmis-
sion. In this scenario, instead of video transmission, it
is only necessary to transmit a few parameters specify-
ing the speech and associated facial expressions.

The system implemented seeks to perform the ani-
mation of the human face in close agreement with the
acoustic signal of speech. For the generation of facial
animation in sync and in harmony with the speech, it
is imperative to reproduce the articulatory movements
associated with all phonemes of the language. For that,
in addition to identifying the postures of the articula-
tory gestures associated with the phonemes, it is also
necessary to have the representation of the transitions
between these postures considering the coarticulation
effects.

The coarticulation effects are expressed by the chang-
ing of the articulatory pattern of a particular phoneme
according to the influence of the articulation of an ad-
jacent phoneme or a close one in the chain of sound
production. The effects of coarticulation make, for in-
stance, the "b" of the word "bat" visually different from
the "b" of the word "boot". In the latter case, the ar-
ticulatory movement necessary for the production of
the sound associated with the "oo" significantly influ-
ences the visible aspects of the articulation of the "b".
The coarticulation can be classified as perseveratory or
anticipatory. In perseveratory coarticulation, the artic-
ulation of a speech segment is influenced by the ar-
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ticulatory movement of a predecessor segment in the
chain that composes the phonetic speech. In antici-
patory coarticulation, the articulatory movement of the
segment is influenced by the articulation of a successor
segment.

One of the most important issues of any speech syn-
chronized facial animation system is the establishment
of proper parameters for the visible articulatory repre-
sentation, which is also known as visemes. The system
proposed in this article is based on a set of visemes that
contemplates the effects of adjacent perseveratory and
anticipatory coarticulation for the Brazilian Portuguese
language [1].

This paper is organized as follows: Section 2 shows a
review of the state of the art in facial animation for mo-
bile devices; Section 3 presents the system architecture;
Section 4 provides an overview of the set of visemes;
Section 5 explains the facial movements changes oc-
curred during the speech; Section 6 discusses the influ-
ence of the movement in the vertexes around the mouth;
Section 7 presents the strategy to model de visible artic-
ulatory movements based on the articulatory targets of
the visemes; Section 8 shows a preliminary evaluation
of the implemented system; and finally in Section 9 the
conclusion is presented.

2 RELATED WORKS
Many different approaches for facial animation de-
signed to run on desktop computers have been proposed
in the literature. However, there are fewer published
works that refer exclusively to facial animation for
mobile platforms.

The main articles in this area have used the
MPEG-4 standard [4], also characterized as geometric
parametrization, to perform facial animation. Next, it
is summarized the most important works based on this
standard.

The system presented in [8] describes an approach to
enable facial animation framework applications for the
Web and mobile platforms. In the work [6], the facial
animation is developed to achieve the implementation
of a system called "LiveMail: Personalized Avatars for
Mobile Entertainment". In this system, the speech and
the appropriate facial animation are created automati-
cally by speech synthesis. The facial animation created
can be sent over the network as 3D animated messages
or as short videos in MMS. The work in [7] describes a
parametric 3D facial animation capable of representing
and animating faces in a photo-realistic manner.

All mentioned research efforts are based on the
MPEG-4 standard for facial animation. In this stan-
dard, a face is defined by 84 FPs (Feature Points),
which are controlled by 68 FAPs (Facial Action Pa-
rameters). Among all 68 FAPs, 66 are considered low
level. These FAPs are based on the study of minimal
facial actions and are related to muscle actions. They

represent a complete set of basic facial actions, and
therefore allow the representation of facial expressions
more naturally.Basically each low-level FAP is used
to define the displacement of an FP in a particular
direction. The FPs (and their associated FAPs) are
arranged in ten different groups. The FAPs can be
efficiently compressed and included in a Face and Body
Animation (FBA) low-bit rate streams. Any MPEG-4
compliant facial animation system can decode and
interpret FBA bitstreams, and a synthetic animated
face can be seen.

The realistic articulatory facial animation in the
MPEG4 standard presents difficulties. The low-level
FAPs, despite their names suggest an articulatory
interpretation, are purely geometric parameters. For
example, the FAP Open-Jaw operates only in the
FP Bottom of the chin not influencing, for example,
the FPs Bottom of the lower teeth and Top of the
lower teeth, which should move with the jaw in an
articulatory interpretation. Additionally, the low-level
FAPs do not take into account articulatory gestures
as, among others, the mouth opening and the height
of the mouth and lip protrusion. The mapping of
these gestures to a set of FAPs is not obvious, and
is not defined in the standard. To overcome these
difficulties, the standard defines a set of high-level
FAPs to represent visemes. Unfortunately the 14
high-level visemes that has been defined have the
serious limitation of only contemplating, if so, the
English language. Furthermore, the standard leaves
to the developer the decision of how these visemes
deform the face. And finally, it is possible, although not
recommended, to change the face using the high-level
and low-level parameters simultaneously, which can
lead to unpredictable results.

The work [5] presents the system called InCA, which
is a distributed personal assistant conversational agent.
The front-end runs on a PDA and uses facial animation
and natural speech to interact with the user and pro-
vide services such as e-mail, calendar, weather reports,
among other services, using the network to overcome
the PDA computational limitations. Its facial anima-
tion considers input data very similar to what it used
in work presented in this paper. InCA also needs a
playlist with phonemes and the corresponding timing
information and the audio speech. However, InCA uses
only 18 mouth positions which are generated before the
speech production. This way, each phoneme produced
is mapped into one of these mouth positions.

Differently from the above mentioned works, the ap-
proach presented in this paper uses phonetic context de-
pendent visemes that cope with perseverative and an-
ticipatory coarticulation. Additionally, the movements
of the temporomandibular joint and the lip tissue are
modeled from a set of visemes established by the anal-
ysis of a Brazilian Portuguese linguistic corpus. Al-
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though the corpus is restricted to Brazilian Portuguese,
the methodology is general enough to be applied to
other languages.

3 SYSTEM ARCHITECTURE

The implemented system can be represented by the
schematic diagram in Figure 1. The core of the sys-
tem, shown in the darker area, consists of two mod-
ules: Phoneme-Viseme Converter and Facial Anima-
tion. The Phoneme-Viseme module is responsible for
converting the timed phonetic description in a sequence
of visemes. The Facial Animation module uses the se-
quence of visemes generated by the Phoneme-Viseme
converter to control the movements of the virtual face.
The main task of the facial animation system is to re-
produce the articulatory movements described by the
visemes and, through the required calculations, to gen-
erate the sequence of images that make up the anima-
tion.

For each viseme a sequence of images is generated
and shown on the screen of the mobile device. As soon
the images are generated from Facial Animation mod-
ule, they are reproduced on the screen synchronized
with the audio, using the functionality of the Mobile
Media API for this management [10].

Figure 1: Diagram of animation system implemented.

The first step of the system is the input of the timed
phonetic transcription and the corresponding conver-
sion of the phonetic segments into visemes. This timed
phonetic transcription contains the sequence of pho-
netic segments that compose a particular utterance, as
well as the duration of each segment. From that descrip-
tion, the phonetic segments that compose the speech
are separated into groups of visemes, and at the end of
the process a sequence of visemes, identified and estab-
lished for the Brazilian Portuguese [1] is obtained. Such
visemes will give the necessary information for the cre-
ation of different images of the virtual head through its
parameters.

After the identification of the visemes in the speech,
the system makes the changes corresponding to these
geometric visemes, modifying the polygonal mesh of
the 3D virtual face.

4 PHONEME TO VISEME CONVER-
SION

For the characterization of a set of visemes for the
Brazilian Portuguese, the article [1] identifies the vis-
ible patterns of articulatory movement during the pro-
duction of the phonetic segments of the language in dif-
ferent phonetic contexts.

The identified visemes are expressed by a paramet-
ric model that incorporates the articulatory targets es-
tablished for the segments and the instant of reaching
these targets within the range of sound production, still
contemplating the effects of coarticulation between ad-
jacent segments in the chain of speech production.

The context-based visemes expressed with the
symbols of the International Phonetic Alphabet [3] are
shown in Tables 1 and 2.

Viseme Context
<p1> [pi] [pa] [ipI] [ip5] [ipU] [apI] [ap5] [apU] [up5]
<p2> [pu] [upI] [upU]
<f1> [fi] [fa] [ifI] [if5] [ifU] [afI] [af5]
<f2> [fu] [afU] [ufI] [uf5] [ufU]
<t1> [ti] [tu] [itI] [it5] [itU] [atI] [atU] [utI] [ut5] [utU]
<t2> [ta] [at5]
<s1> [si] [sa] [isI] [is5] [asI] [as5]
<s2> [su] [isU] [asU] [usI] [us5] [usU]
<l1> [li] [ilI] [alU] [ulI] [ul5]
<l2> [la] [il5] [alI] [al5]
<l3> [lu]
<l4> [ilU] [ulU]
<S1> [Si] [Sa] [iSI] [iS5] [iSU] [aSI] [aS5] [aSU] [uSI] [uS5]
<S2> [Su] [uSU]
<ń1> [ńi] [ńa] [ińI] [iń5] [ańI] [ań5]
<ń2> [ńu] [uńI] [uń5]
<ń3> [ińU] [ańU] [uńU]
<k1> [ki] [ikI] [ik5] [akI] [ukI] [uk5]
<k2> [ka] [ak5]
<k3> [ku] [ikU] [akU] [ukU]
<R1> [Gi] [Ga] [iRI] iR5] [aRI] [aR5] [uR5]
<R2> [GU] [iRU [aRU] [uRI] [uRU]

Table 1: Consonantal visemes and their phonetic con-
texts.

Viseme Context
<i1> all contexts but [tit] and [SiS]
<i2> [tit] [SiS]
<a> all contexts
<u> all contexts
<I> all contexts
<5> all contexts
<U> all contexts

Table 2: Vocalic visemes and their phonetic contexts.

It is important to remember that although the system
has been developed for the parameters determined for
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the Brazilian Portuguese, it can be adapted to other lan-
guages.

5 FACIAL MOVEMENTS
The geometric transformations applied to the 3D head
geometric model are of two kinds: rigid body transfor-
mations and deforming transformations. Rigid body
transformations are associated with the articulatory
movement that allows the protrusion or retraction
(moving forward and backward) and elevation or
depression (moving up and down) of the jaw, working
only with the lower lip vertexes, and with the face
below the lower lip, as shown in Figure 2.

Figure 2: Vertexes transformed because of the articula-
tory movements.

The deforming transformations are associated with
the voluntary movements of the face tissue, which in-
cludes the region of the lips and the region around them
that characterize the production of the speech segments.

The facial deformations are represented by the tra-
jectories of the fiduciary points P1, P2 and P3, located
in the upper lip, in the corner of the mouth and in the
lower lip, respectively, as seen in Figure 3. However,
only the P3 point suffers significant influence from the
jaw movement, showing that this is the point that suffers
greater influence considering both movements: volun-
tary movement of the lip and the movements of the jaw.
The P1 and P2 points don’t suffer significant influence
from the movements of the jaw and their behavior are
defined only by the voluntary movements of the lip.
The trajectories of the fiduciary points were captured
from a real speaker as reported in [1].

Figure 3: Fiduciary Points.

The rigid body transformations assume that, during
speech production, the TMJ (temporomandibular joint)
executes both rotation movement and translation move-
ment in sagittal plane). The rotation movement is per-
formed around the center of the TMJ, but this center
can also suffer translation due to the sliding of the ar-
ticular disc, shown in Figure 4. Thus, the trajectory of
the fiduciary P4 point located in the chin of the speaker,
represents the motion of the jaw and allows to estimate
the components of TMJ rotation and translation.

Figure 4: Temporomandibular joint behavior.

5.1 Temporomandibular joint behavior
The rotation movement of the jaw is done around the
TMJ center that undergoes translation due to movement
of the articular disc. Assuming that the trajectory from
the fiduciary P4 point, in Figure 4, reflects the move-
ment of the jaw, it is possible to estimate the compo-
nents of rotation and TMJ translation.

The angle of rotation can be given by the equation 1.

θ4(t) = arctan
(

z4(t)− zC(t0)
y4(t)− yC(t0)

)
(1)

where y4(t) and z4(t) are the coordinates y and z of
the P4 trajectory at instant t, and yC(t0) and zC(t0) are
the coordinates x and y of the TMJ center at instant t0.

It is also possible to estimate the r4 radius, consider-
ing the position of rest, presented in equation 2.

r4 =
√

[y4(t0)− yC(t0)]2 +[z4(t)0)− zC(t0)]2 (2)

WSCG 2010 FULL Papers 84



And the components of TMJ translation are given by
the equations 3 and 4.

yT (t) = y4(t)− yC(t0)− r4cos(θ4(t)) (3)

zT (t) = z4(t)− zC(t0)− r4sin(θ4(t)) (4)

5.2 Lower lip behavior
The fiduciary P3 point, in Figure 3, represents the
movement of the lower lip. Its trajectory may be sepa-
rated into two components. The first is referent to the
jaw movement that affects the opening of the mouth,
thus changing the position of the lower lip. Therefore,
the angle of P3 rotation is given by the equation 5.

θ3(t0) = arctan
(

z3(t0)− zC(t0)
y4(t)− yC(t0)

)
(5)

And the r3 radius is given by equation 6.

r3 =
√

[y3(t0)− yC(t0)]2 +[z3(t)0)− zC(t0)]2 (6)

The second component is referent to the voluntary
movement of the lip tissue. This movement is neces-
sary to produce some specific articulatory postures, as
protrusion and lip extension. The equations 7 and 8 rep-
resent the behavior of the lower lip.

yL(t) = y3(t)− y4(t)− r3cos(θ3(t0)+θ4(t)−θ4(t0))− r4cos(θ4(t))
(7)

zL(t) = z3(t)− z4(t)− r3sin(θ3(t0)+θ4(t)−θ4(t0))− r4sin(θ4(t))
(8)

5.3 Upper lip behavior
It is assumed that the behavior of the upper lip does not
have significant influence over the handling of the tem-
poromandibular joint, so their movements are defined
exclusively by the voluntary movement of the upper lip
tissue in order to produce the sounds of speech. There-
fore, the fiduciary P1 point is responsible for defining
the behavior of the upper lip.

6 REGIONS OF INFLUENCE
To make the geometric changes concerning the volun-
tary movement of facial tissue around the mouth, the
original system provides a model to express the visible
movement of this tissue during the talk.

This model provides a spheroidal region of influence
around the mouth, inspired in the elliptical formation
of the orbicular muscle of the mouth [9]. The region of
influence was split into two parts:

• Upper Region: influenced by the behavior of the up-
per lip;

• Lower Region: influenced by the behavior of the
lower lip.

In the system developed for PC, each one of these
regions are two concentric spheroids, illustrated in Fig-
ure 5, which presents the region that influences the up-
per lip behavior. And considering these spheroids, the
distance is calculated from each vertex to the P1 and P2
points and from these calculations the movement factor
is set, which determines how much each vertex is influ-
enced by the changes.

Figure 5: Upper region of influence and associated ver-
tices.

But in the developed system, the values of these fac-
tors were pre-established, so they are not calculated
during the execution of the program. It was designed to
avoid an overburdened processing. And from the val-
ues of these factors are calculated the new positions of
the vertexes, and in sequence performed the geometric
transformations.

7 INTERPOLATION
The interpolation curve adopted for the representation
of the movement was the cubic parametric curve of
Hermite [2]. This choice was taken because it is im-
portant that the curve of geometric interpolation pre-
serves the continuity between the various segments of
a chain of visemes / phonemes and guarantees that the
time derivative equals to zero in the instants when the
articulatory target is reached.

Thus, knowing the values of displacements in x, y and
z directions associated with the articulatory targets of a
viseme and the instants of reaching these targets, it is
possible to approximate the trajectory of the fiduciary
points in a chain of phonemes by the interpolation of
the articulatory target displacements.

Equation 9 presents the parametric model adopted.

 xt
yt
zt

=

 Ix Fx
Iy Fy
Iz Fz

[ 2 −3 1
−2 3 0

] t3

t2

1

0≤ t ≤ 1

(9)
The parameters of the equation define:
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• x(t), y(t) and z(t): coordinates of the fiduciary point;

• Ix, Iy and Iz are the shifts in x, y, and z directions
from the fiduciray point in the articulatory target of
the initial viseme;

• Fx, Fy and Fz are the shifts in x, y, and z directions
from the fiduciary point in the articulatory target of
the final viseme;

• and t is an independent variable, normalized in rela-
tion to the time interval between two viseme targets.

8 PRELIMINARY EVALUATION
Figure 6 shows the snapshots of the implemented 3D
facial animation system running on simulator and on a
mobile phone.

Figure 6: (a) in the WTK (Wireless Toolkit) simulator
(b) in the device W600i Sony Ericson, which supports
the 3D API.

The implemented system was evaluated and had
some of its characteristics analyzed, such as the size
of the resulting JAR file of the generated code, the
necessary memory for the execution and a survey of
the most relevant Java methods to the performance of
the system through the time of execution and execution
frequency of these methods. All these characteristics
were raised using the well-known WirelessToolkit 2.5
simulator.

The first feature evaluated was the size of the JAR
package, which when is generated contains all the files
needed to run the application on the mobile device. The
JAR file contains the M3G file with the virtual head, the
audio file (WAV) with the speeches, the phonetic tran-
scription timed for the speeches and the bytecodes (Java
files) needed to execute the application in the Java Vir-
tual Machine. At the end of the development, the JAR
file had approximately 300 KBytes, which is therefore
a viable size even for mobile phones with limited mem-
ory capacity.

The second feature evaluated was the size of dynamic
memory (heap) needed for the execution. This plays an
even more important role, because if we do not have
enough memory to create the objects, the application
will not be executed properly. The size of heap memory
used in this application is approximately 2 MB, indicat-
ing that the current mobile devices will not have prob-
lems on executing the application, because they usually
have a significantly greater heap memory.

Finally, the execution frequency of methods and the
duration of these executions were analyzed. The results
obtained met the expected results; approximately 78%
of the processing time refers to the core image painting
module (TalkingHeadCanvas.paint). This module con-
tains the methods that are most called during the exe-
cution of the application. These methods refer to the
updating schedule, calculations of rotation and transla-
tion and updating of images on the screen. The other
22% of the execution time is related to the other meth-
ods, such as M3G file loading, and also the WAV file
loading, among others.

To test the implementation in real devices, it was
downloaded into a Sony Ericsson mobile phone, model
W600i, which is shown in Figure 6. Not only this Sony
Ericsson model supports this type of application, but
several models of the largest mobile phone manufactur-
ers also support this type of application, such as Mo-
torola, Nokia, LG and others. These newer models are
able to run the implemented application, as well as have
a reasonable processing power, an appropriate screen
size, dynamic memory equal to or above 2 MB and sup-
port the Mobile 3D Graphics API (JSR-184).

9 CONCLUSIONS
Even with all the memory and processing limitations in
a mobile device, 3D applications have shown to be in-
creasingly promising for embedded systems. The sys-
tem presented in this paper shows a solution of a spe-
cific facial animation for these devices. The main con-
cern is beyond the processing power of the device; it
refers primarily to the small display that probably could
prevent the visualization of the speech of the talking
head. In this work it was possible to see that despite the
small size of the screen, the 3D presentation could be
done in a satisfactory way, becoming a major attraction
since the facial animation is a technology that can help
to enable video telephony services at low rates of trans-
mission, which is a common situation in cellular net-
works. The facial animation loaded on a mobile device
needs only the transmission of phonetic timing infor-
mation, or equivalent information for the visual presen-
tation of the interlocutor, thereby preventing the trans-
mission of a large volume of data associated with the
video transmission.

Among the various aspects that make the production
of a realistic facial animation a complex achievement,
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the work has focused on the treatment of visible artic-
ulatory movements, taking into account the concept of
visemes as well as the effects of articulation which are
applied to them. that they suffer. In spite of the fact
that the system was developed to Brazilian Portuguese
speeches, it can easily be adapted for other languages.
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ABSTRACT
As virtual worlds applications get more and more demanding in terms of world complexity and rendering qual-
ity, rendering virtual terrains and planets in real-time introduces many challenges. In this paper, we provide a
full-featured solution for rendering of arbitrary large terrain datasets in the context of client-server streaming.
Our solution automatically adapts to arbitrary network bandwidths and client capabilities, ranging from high-end
computers to mobile devices. We address the problem of rendering highly complex terrain databases comprising
several hundred gigabytes of data, which therefore cannot be entirely loaded in memory nor rendered in real-time.
The contributions of this paper solve important issues for high quality terrain rendering: adaptive texture mapping,
inexpensive removal of geometry cracks and support of planetary terrains.

Keywords: Planetary terrain, adaptive rendering, adaptive streaming, generic data structure, level of detail.

1 INTRODUCTION
Virtual 3D worlds become more and more omnipresent
in many applications, ranging from video games to cin-
ema and virtual training. As time gets by, the vir-
tual worlds applications get more and more demand-
ing in terms of world complexity and rendering qual-
ity. Rendering virtual terrains and planets in real-time
introduces many challenges, in particular for data rep-
resentation, streaming and high quality rendering. We
address the problem of rendering highly complex ter-
rain databases comprising several hundred gigabytes of
data, which therefore cannot be entirely loaded in mem-
ory nor rendered in real-time. Building upon a generic
solution for terrain streaming, the contributions of this
paper solve important issues for high quality terrain
rendering: adaptive texture mapping, removal of geom-
etry cracks and support of planetary terrains.

Permission to make digital or hard copies of all or part of
this work for personal or classroom use is granted without
fee provided that copies are not made or distributed for profit
or commercial advantage and that copies bear this notice and
the full citation on the first page. To copy otherwise, or re-
publish, to post on servers or to redistribute to lists, requires
prior specific permission and/or a fee.

A virtual terrain is first described by geometry, which
provides the relief information. However, the photom-
etry embeds essential clues to the terrain structure and
contents: a high quality terrain texture provides infor-
mation on the ground type, vegetation, climate... We
define a dual decomposition of the photometry informa-
tion that matches the representation of the terrain and
allows for high-performance, independent refinement
of the geometry and photometry. Consecutive levels of
details are filtered for further quality improvement.
While the use of multi-resolution eases the streaming
and rendering of large terrains, artifacts or cracks tend
to appear at the edge of adjacent terrain patches which
use different levels of detail. We introduce a simple and
secure method for stitching together adjacent patches
regardless of their current level of detail.
Virtual terrains are generally considered planar, yield-
ing a straightforward management of elevation data.
However, our method supports arbitrarily large terrain
datasets, and is hence able to render an entire planet
with high detail. We address the representation of
planetary terrains in which the elevation is relative to
a reference ellipsoid instead of a plane. Based on a
gnomonic projection scheme, we devise a crack-free
uniform-angle sampling method for high quality pro-
jected elevation data. Our approach reduces the size of
the dataset while preserving geometry and photometry

WSCG 2010 FULL Papers 89



details.
Current graphics hardware rely on depth buffering for
determining the polygons visible through each pixel of
the image. At the planetary scale, the precision of the
depth buffer may be challenged, yielding flickering and
crawling artifacts. We solve this issue by adjusting the
clipping planes of the view frustum so that the rendered
planet surface. This increases the depth precision by us-
ing the entire depth representation range, while clipping
parts of the planet located behind the horizon.
This paper is organized as follows: Section 2 describes
relevant previous work in the field of adaptive rendering
of large terrains. Section 3 presents the generic adaptive
streaming solution in which our contributions are inte-
grated. The next sections introduce our contributions:
Section 4 presents our method for adaptively mapping
high quality texture maps. In Section 5, we devise our
method for patch stitching across different levels of de-
tails. Section 6 addresses the rendering of planetary ter-
rains and adaptive clipping.

2 RELATED WORK
Adaptively streaming and rendering huge terrain maps
requires using specifically adapted data structures and
algorithms. An extensive survey of techniques for ren-
dering large terrains have been recently published by
Pajarola et al. [PG07]. This section describes previous
work particularly related to this paper.
To manage those maps all the way from a server hard
disk to a client rendering system, we use an existing
generic solution based on a hierarchy of square blocks
with levels of detail [LMG09]. Section 3 briefly de-
scribes this solution.
The Clipmap [TMJ98] is a powerful solution for huge
texture support in 3D hardware rendering with no con-
straint due to geometry. Geometry Clipmaps [LH04]
extend this concept to geometry and photometry infor-
mation. While this method provides high performance
and quality, the level of detail selection is performed in
circular zones all around the viewer, without accounting
for the actual visual importance of each terrain block.
Furthermore, such circular refinement scheme may in-
troduce a performance hit when streaming the terrain
over a low-bandwidth network.
However, the generic solution we use for adaptive
streaming and rendering can handle any kind of map:
like many other works [CGG+03, WMD+04, Hwa05],
we link two identical hierarchical structures respec-
tively representing textures and elevation.
To avoid cracks between adjacent blocks when render-
ing a hierarchy of geometric terrain blocks, one can use
triangular blocks with fixed resolution on their edges
[Lev02, CGG+03, Hwa05]. This needs no explicit han-
dling but prevents using levels of detail in blocks. Ge-
omipmaps [dB00] use square blocks with levels of de-
tail like us, and fix cracks by skipping samples on the

edges of high definition blocks when they are not used
by their neighbors. There is no multi-resolution block
hierarchy so neighborhood management is simple, but
this is not adapted for large terrains. Finally, one can
solve cracks in a hierarchy of square blocks with no
neighborhood knowledge by selecting LODs at block
edges instead of centers [LKES07]. Block centers are
then rendered using additional sample masks to inter-
nally stitch the LODs of the edges. Unfortunately, this
requires all the data of the terrain to be available so that
both sides of an edge render at the selected LOD.
Planets in Google Earth, NASA World Wind and other
solutions [CH06] use the equirectangular cylindrical or
plate carrée projection, the traditional standard for dig-
ital representations of planets. This projection causes
large sampling distortions for non-equatorial regions:
in particular, polar areas look very stretched when ren-
dered and much redundant data are stored and rendered.
Using a cube to represent the planet like [CGG+03] of-
fers a significant improvement. However this solution
does not use regularly sampled blocks: all samples need
barycentric coordinates to compute their 3D position
from those of the corners of the block. We prefer using
a regular map projection and directly obtain positions
with no additional information or interpolation.

3 GENERIC STREAMING SOLUTION
The generic solution underlying our work adapts to the
speed of the network and the rendering performance of
the client so any database can be used in any conditions
[LMG09] (Figure 1). This section recalls the base data
structure and the algorithms of [LMG09].

Requests
management

Complete
database

Rendering
system

Server Client

Progressive
loading

Network
Adaptive
selection

Partial
database

request

reply (data)

importance

new data

Figure 1: Architecture for adaptive streaming and ren-
dering of terrain data. The user guides rendering on the
client. Selected available data are rendered while miss-
ing data are requested and fetched from the server.

3.1 Data structure
The data structure, presented in Figure 2, consists in
subdividing the sample map into a uniform tree of
blocks, then organizing the samples of these blocks into
a succession of levels of detail (LODs) of increasing
resolution. Successive blocks and LODs share their
data to avoid redundancy: new samples are spatially
interleaved between the previous ones. In addition, a
block only needs the data of its first LOD to be ren-
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dered, allowing the other LODs to be loaded progres-
sively.

(b)(a)

(c) (d)

Figure 2: Tree of blocks with levels of detail. a) Suc-
cessive subdivisions of the terrain map on the client side
(red, green, blue). b) The corresponding incomplete
tree. c) First LOD of a 9× 9 block, only solid black
samples are used d) Red samples (second LOD) are in-
terleaved between black ones (first LOD).

3.2 Adaptive streaming
The complete tree of blocks is first stored in a single file
on the server’s hard disk. The data for any client request
are contiguous and their position is obtained directly.
The client then progressively loads data from the server.
A measure of importance guides the order in which data
requests are transmitted. To optimize the relevance of
loaded data and prevent overloading the network, the
request queue is continuously updated.
An incomplete tree of blocks is explicitly stored on the
client and constantly updated with asynchronous split
and merge operations. When a block is created during
a split, it allocates a single 2D array of samples in mem-
ory and obtains its first LOD from its parent. It can then
load and interleave new LODs in previously unused ar-
ray positions.

3.3 Adaptive rendering
The last part of the solution is the selection of data
to render on the client. This part first culls invisible
blocks, then chooses an LOD for each block using a
measure of importance. This measure depends on a
general quality factor that adapts to the rendering speed.
When a desired LOD is unavailable, this triggers a new
data request or tree update operation and an available
LOD is used instead. Once an LOD is chosen for ren-
dering, a precomputed mask extracts its samples from
the array of the block as in [PM05].

4 ADAPTIVE PHOTOMETRY
Texture maps convey much detail about the terrain
such as the local climate, ground type and vegetation.

Such information tends to contain high frequencies,
and therefore the texture maps are usually larger than
elevation maps. Just like the terrain geometry, this
potentially huge amount of data requires an adaptive
management of the levels of detail. We propose to
extend the geometry management scheme presented
in Section 3 by introducing a dual multi-resolution
structure for texture management. Geometry and pho-
tometry are kept coherent by linking their respective
LOD trees.

4.1 Linked trees
Textures are mapped onto the terrain geometry to pro-
vide extra details on the appearance of the ground. As
the texture and elevation LOD trees may have differ-
ent size and depth, we use distinct trees and maintain a
link between the two incomplete trees on the client so
that each elevation block uses an adapted texture block.
In practice, each block stores a link to the block of the
other tree which covers the same terrain area, if any.
Classical texture rendering usually requires mapping
one texture onto each elevation block. Our approach
relaxes this constraint: when rendering an elevation
block, we use its link to the texture tree to find the exact
texture block correspondence. In available, the texture
block is used directly. Otherwise, we recursively query
the parents of the elevation block until a valid linked
texture block is found.
We also introduce two constraints on split and merge
operations to avoid creating texture blocks that cannot
be used due to the lack of corresponding geometry data.
First, we avoid splitting a texture block if the corre-
sponding elevation block does not have any children on
which the refined texture could be mapped. That is, a
texture block cannot split if the linked elevation block
is a leaf of the tree.
The second constraint prevents an elevation block from
merging if its linked texture block has children. That
is, an elevation block cannot merge if the linked texture
block is not a leaf.
Let us recall that our solution aims at streaming terrain
data through heterogeneous networks. Therefore, as de-
scribed in [LMG09], the split and merge requests are
queued and performed asynchronously with a poten-
tially important delay due to network latency. Conse-
quently, we enforce the constraints not only when trig-
gering such operations, but also just before the actual
execution of the operations.

4.2 Implementation Details
This section details specific implementation aspects of
our work for further performance.
The split and merge operations are performed accord-
ing to a measure of importance which depends on the
on-screen coverage of the block. Therefore, we evalu-
ate the importance for geometry blocks, and reuse it to
refine their linked texture blocks.
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A terrain block is defined by a triangle mesh, which re-
quires texture coordinates for texture mapping. In our
approach, the elevation tree may be deeper than the tex-
ture tree: a texture block may be mapped onto many
terrain blocks. In this case the texture coordinates must
be adapted to obtain a coherent appearance. Such adap-
tation can be performed inexpensively by transforming
a default texture coordinate set using OpenGL texture
matrices.
Texture LODs are implemented as mipmaps for 3D ren-
dering: when we load a new LOD, we add a mipmap to
the texture to increase quality. To enforce mipmapping
even when only the first LOD of a block is available,
we also create lower resolution mipmaps during splits.
We also take advantage of programmable graphics
hardware to loosen the two constraints of Section
4.1. In those constraints, the refinement level of the
texture tree is limited to avoid mapping several texture
blocks onto one geometry block. Using the support
of multiple textures in the fragment shader, a single
geometry block can be rendered using several texture
blocks.

4.3 Filtering
Although nearest-point subsampling is often acceptable
for elevation maps, aliasing artifacts arise using this
technique for texture maps. We therefore choose to use
filtering when building higher levels of the texture tree
during server file creation. We may use any image fil-
tering method as long as it produces regularly sampled
LODs. Wavelets come into mind, but we prefer using a
scheme that is very fast to decode so it can be used with
low performance clients.
We integrated the Progressive Texture Map (PTM) tex-
ture filtering method [MB03] in our solution (Figure 3).
This multi-resolution scheme perfectly matches the
LOD data structure used in our method. Furthermore,
it uses simple and fast bilinear interpolation, and
stores small delta values within each LOD to losslessly
reconstruct samples using the previous LOD instead
of redundantly transmitting all the samples. This
adds a 8.3% overhead in LOD size compared to point
sampling, but still saves 18.7% compared to redundant
LOD streaming.

(a) Point sampling (b) PTM filtering

Figure 3: Visual impact of texture filtering.

When using texture filtering, different LODs of a block
use different values for a given sample. This prevents
us from using a single sample array for each block. We
therefore store each LOD of the block in a separate ar-
ray. During split operations, we split all of them instead
of creating lower resolution mipmaps.

5 FIXING GEOMETRY CRACKS
Rendering multi-resolution terrains leads to the use of
several levels of detail depending on the importance of
each block. In terms of geometry, adjacent blocks may
have different resolutions and hence cannot be perfectly
stitched, yielding vertical gaps or “cracks” (Figure 4).
This section details a simple yet efficient method for
avoiding such artifacts using edge strip masks to stitch
together a set of geometry blocks with heterogeneous
refinement levels.

(a) Rendering with cracks (b) Block stitching

Figure 4: Our method avoids cracks by stitching
blocks with different resolutions.

5.1 Edge Strip Masks
As explained in Section 3.3, we use triangle strip masks
to extract the samples of an LOD from the common
sample array of a block. As adjacent blocks may have
different resolutions, we aim at adjusting the triangle
strip masks so that the edges of adjacent blocks share
the same set of vertices.
We first propose to subdivide a block into five parts:
inner block samples and four sets of edge samples. We
keep the base idea of strip masks [PM05] in the inner
block for managing the main level of detail of the block.
On the block edges we create triangle strips called edge
strip masks, which stitch the block to the level used in
the adjacent block (Figure 5).
For each edge, edge strip masks systematically reduce
the resolution of the block with the higher definition
LOD, skipping vertices not used by the other block.
Otherwise, we could need data that are not loaded yet.
Note that only one large strip is used for blocks that do
not need stitching.
Note that the edge strip masks undergo the same pro-
cess as regular strip masks: each strip mask is cached
within the graphics memory and reused at need. There-
fore our crack removal technique does not introduce
any processing nor rendering overhead.
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(a) (b)

(d)(c)

Figure 5: Edge strip masks for block edges. a) Block
using its last LOD. b) Block using its last LOD, with
edge strip masks on its edges to adapt to its neighbors
based on the LOD difference. Left: no difference, bot-
tom: one level, right: two levels, top: three levels. Red
samples appear stretched for legibility. c) Mirror of (b),
with the strips stitched as when rendered. d) Block us-
ing its next to last LOD.

5.2 Neighborhood management
Deciding which strip edge to use on the edges of a block
requires knowledge of the resolution of its neighbors.
To this end, we maintain a table of one neighbor per
block edge, possibly with a different resolution. To en-
sure coherency and robustness, we do not update the
neighbors list when a neighbor that is on the same tree
level splits: this would lead to more than one neighbor
per edge. In that case, we know that this neighbor block
has equal or higher resolution. As the purpose of edge
strip masks is the reduction of resolution across edges,
we simply use the higher resolution edge strip mask.
Potential reduction will be performed by the higher res-
olution neighbor blocks.

Note that our aim is the removal of cracks at the edges
of the blocks. If an edge is not visible, we simply use
the default strip mask as no adaptation is needed.

5.3 Split and merge constraints
In some cases, we cannot stitch the common edge of
two neighbor blocks. This happens when the lowest-
definition LOD of the block on the lower tree level has
a higher definition than the current LOD of the other
block (see Figure 6). This occurs especially often when
using a block resolution not in 2n +1 form. To enforce
the robustness and reliability of the method, we add
constraints of the split and merge operations to limit
the maximum difference of tree levels between neigh-
bors based on their resolution.

(a) (b)

(c)

Figure 6: Non-stitchable blocks: a) A 7×7 block us-
ing its last LOD. b) A neighbor block located one tree
level lower: it adapts on its left edge. c) A neighbor
block located two tree levels lower. This block cannot
adapt to block (a) as its upper-left sample (in red) is not
shared by this neighbor.

6 PLANETARY TERRAINS
The previous Sections introduce our method for stream-
ing and rendering highly detailed terrains. In this Sec-
tion we propose an extension to planets by mapping a
virtual terrain onto a planet-shaped ellipsoid.

6.1 Map projection
The representation of planetary information such as the
3D relief onto a 2D elevation map requires a step of
projection, which can be done in numerous ways. Plan-
ets are generally modeled using a sphere mapped onto a
rectangle using a cylindrical projection. However, this
projection induces sampling issues: areas around the
poles get far more samples than those around the equa-
tor.
Instead, we map the sphere onto the faces of a bounding
cube. We use the gnomonic projection to project points
from the surface of the sphere onto the corresponding
tangent face (Figure 7). The main reason behind this
choice is a more uniform sampling than simple cylin-
drical projection as well as fast 3D reconstruction. Af-
ter this projection we build a tree of blocks for each side
of the cube, its root block covering the entire side.
Elevation values are relative not to the surface of the
cube but to the reference surface of the planet defined
by a given datum (for instance, the WGS84 standard is
used for the Earth). Using such a datum allows to han-
dle spherical coordinates but reconstruct a more accu-
rate ellipsoidal model of the planet. To render the planet
correctly we first project the samples back into spheri-
cal coordinates. Then, for each sample of a block, we
use the gnomonic projection to get the normalized di-
rection of the corresponding point on the surface from
the center of the planet. We then apply the datum for-
mula and add the de-quantified elevation value of the
sample to get its 3D coordinates in a planet-centric co-
ordinate system for rendering.
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(a) (b)
Figure 7: Mapping of a spherical planet onto a cube
with the gnomonic projection. a) The top part of the
sphere (in red) projects onto the top side of the cube. b)
2D cut of the cube along the dotted plane in (a). The
gnomonic projection uniformly samples the cube side
by mapping points from the surface of the sphere onto
the plane of projection based on their direction from the
sphere center.

6.2 Adjusted Gnomonic Sampling
Projecting the planet onto a cube using the gnomonic
projection offers a more uniform sampling than simple
cylindrical projection. However, like any map pro-
jection there are still sampling inconsistencies: the
solid angle covered by a sample is approximately 75%
smaller around the corners of the face than around
the center of projection. To overcome this problem,
we introduce a simple adjustment to the gnomonic
projection for improved sampling quality.
Instead of sampling the plane of projection, we propose
to sample the map directly in spherical coordinates with
steps expressed in terms of angles (Figure 8). Using a
planet-centric cartesian coordinate system whose axes
are aligned with the edges of the cube, we define two
leading axes for each face of the cube, with the third
one passing through the center of projection of this face.
We can then perform independent 2D rotations around
both leading axes in [−π

4 , π

4 ] using a single angle step to
obtain a 2D sampling of the surface of the planet that
can be projected onto the face of the cube. The samples
are then more evenly distributed on the surface of the
planet: the solid angle covered by a sample is only 33%
smaller around the corners of the face than around the
center of projection, yielding a gain both in terms of
compactness and quality.
When projected using the gnomonic projection, our
samples do not map evenly onto the projection plane.
We note that, in regard to a given leading axis, the 1D
coordinate of the projected sample is the tangent value
of the angle formed by the sample, the center of the
planet and the center of projection (see Figure 8(b)).
Therefore our solution allows us to store sample values
within a simple uniform 2D map. The coordinates of
any sample on the gnomonic plane in [−1,1] can then
be obtained by computing the tangent of the two angles.
Another advantage of this method is its straightforward
integration within our crack removal solution.

u
v

u
v

w w

α

tan α

(a)

(b)

(c)

gnomonic adjusted

u

u
v

w
gnomonic adjusted

Figure 8: Adjusted gnomonic sampling. a) Top view
of the cube. We use vectors −→u and −→v to parameterize
the top face. b) 2D side cuts of the cube along the dotted
line from (a). Gnomonic projection: the line of projec-
tion is uniformly sampled by translating along −→u . Ad-
justed projection: the surface of the circle is uniformly
sampled by rotating around−→v . c) Top views of the face
with projected samples. Gnomonic: the face is a regu-
lar 2D map. Adjusted: we use the tangent of the angles
to get the coordinates of a sample in the plane of pro-
jection.

6.3 Geometry cracks between maps
Our adjusted gnomonic sampling scheme allows for
high quality terrain sampling of each side of the cube.
However, as the sides of the cube correspond to differ-
ent maps, classical crack artifacts may appear when us-
ing heterogeneous resolutions across edges. This sec-
tion explains how our projection can benefit from our
crack removal solution (Section 5).
The core of the method is based on numbering and ori-
enting the faces of the cube in a way that facilitates
neighborhood management: that is, we want to ensure
that blocks are ordered the same way on both sides of a
given edge. This would allow us to use the same system
as for neighbors that are part of the same map. How-
ever, neighbor maps cannot have the same−→u or−→v axis
on their common edge in all cases because they are the
sides of a cube. Figure 9 presents how we organize
the sides of the cube to match the cube edge vectors,
and Table 1 gives the neighborhood correspondences
between sides.

6.4 Rendering and culling improvement
Graphics hardware use near and far clipping planes to
bound the depth of rendered geometry, and we also take
these planes into account when performing view frus-
tum culling. In the case of a planet, which is a very large
body, we want the far plane to be far enough to ensure
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Figure 9: Orientation and numbering of the faces of
the cube. a) Pattern of the cube with continents of the
Earth for reference. Horizontal axes: −→u , vertical axes:
−→v . b) Side view of the cube (top: visible side, bottom:
hidden side). −→v axes are placed near the “left” edge of
the face (u = 0).

Face # Edge Neighbor # Neighbor edge

Even

Left +5 RightTop +4
Right +2 TopBottom +1

Odd

Left +4 BottomTop +5
Right +1 LeftBottom +2

Table 1: Neighborhood correspondences between the
faces of the cube. Left, top, right and bottom respec-
tively refer to edges where u = 0, v = 1, u = 1 and v = 0.
Neighbor face number is obtained by adding the given
value to the current face number, modulo six.

that no visible part of the planet is abusively ignored.
However, using an arbitrary large near-far difference
make poor use of the depth buffer rendering precision
and causes flickering problems. Moreover, when plac-
ing the far plane behind the planet, all the surface that
is visually culled by the planet itself (the grayed area in
Figure 10) is uselessly rendered. We avoid those issues
by adapting both planes to the position of the viewpoint.
Clipping planes are orthogonal to the viewing direction
and are defined by their distance to the viewpoint. Since
we manipulate only distances and the planet can be ap-
proximated using a sphere, we may work in the plane
defined by the center of the planet, the viewpoint posi-
tion and the viewpoint direction vector.
The far distance corresponds to the horizon and is com-
puted as Figure 10 explains. Equations 1 present how
we compute the desired distance ‖V K‖. Using this
method, the rendered surface gets smaller as the view-
point gets closer to the planet: the adaptive solution can

Figure 10: Horizon culling: we compute the distance
‖V K‖ to the far plane. KM is the 2D projection of this
plane, anything behind it is not rendered. The grayed
area is visually occluded by the planet itself. a) We first
compute ‖V T‖, based on the minimum planet radius
‖OT‖ and the distance ‖VO‖ between the viewpoint
V and the center of the planet O. b) We then add the
constant ‖T M‖ based on the minimum and maximum
planet radii ‖OT‖ and ‖OM‖. c) We then project −−→V M
onto the viewing direction to obtain ‖V K‖.

then use more data to improve the quality of visible and
important areas.

‖V K‖ = ‖V M‖× cosM̂V K (1)

= ‖V M‖× cos(T̂VO−α)
= (‖V T‖+‖T M‖)×

(
‖V T‖
‖VO‖

cosα +
‖OT‖
‖VO‖

sinα) (2)

We compute the near distance in a much simpler man-
ner: the minimum distance to the planet is ‖VO‖ −
‖OM‖. We tune this value using the field of view to
avoid culling parts of the planet on the screen corners.

7 RESULTS
We tested the proposed methods on large global
datasets available online: CGIAR-CSI SRTM for
elevation with 90m definition, and Unearthed Outdoors
TrueMarbleTMfor color with 250m definition. Those
maps use the plate carrée projection: we reprojected
the data before creating our terrain files ( Table 2).
The re-projected datasets are 25% smaller than the
source due to the more uniform sampling that filters out
most of the redundant data. In addition, we extended
the server file format to support variable size LODs
and added simple and fast LOD compression using
Zlib to save disk and network bandwidth, leaving
decompression on the client side.
Once we built the files on the server, we connected
a client equipped with a 3.2GHz Core 2 Duo and a
GeForce 9800GTX for a real-time 3D interactive Earth
walkthrough using a screen resolution of 1680× 1050
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Input dataset Projection File creation
Name Size Time Size Time Size
SRTM 174G 9h 127G 4h50 15G
TrueMarble 42G 1h40 31G 40m 7G

Table 2: Preprocessing results. Re-projection uses
about the same definition as the source maps. With-
out texture filtering, we obtained a 6GB file in 30 min-
utes for TrueMarble. The SRTM dataset is actually
58GB large but provides incomplete data which we
filled with zeroes, yielding a global virtual 174GB in-
put. Computed files contain a 11-level quad-tree of
53× 53 blocks for each cube side for SRTM, and a 8-
level quad-tree of 168× 168 blocks per face for True-
Marble. We use two LODs per block to get uniform
block update times in performance tests.

pixels and a network bandwidth of 1Mbps as shown on
first page. With a 2 million polygons budget per frame,
the terrain renders at 39.3 frames per second with fixed
cracks. This is a small 4% decrease from rendering with
cracks due to the additional triangle strips. About 5 to
10% of the rendering time is consumed by the generic
solution, the rest being used for rendering.
We also tested the speed of the block update operations
that occur when a new LOD is received. With tex-
ture filtering, creating a 168× 168 LOD takes 0.89ms:
this is only 6% more than without filtering. Using our
planet projection adjustment, reconstruction of the new
3D vertices of a 53× 53 LOD from elevation samples
takes 0.57ms, compared to 0.33ms with plain gnomonic
projection and 0.12ms when simply elevating samples
from a plane. This is an important increase but those
times are still negligible compared to network latency,
even on lower performance clients. In addition, up-
date operations do not directly interfere with rendering
smoothness because they run in a separate thread.

8 CONCLUSION
This paper provides a full-featured solution for real-
time rendering of arbitrarily large terrain datasets
within a client-server context over the internet. We
proposed solutions to critical issues of high quality
terrain rendering: adaptive texture mapping, removal
of geometry cracks and support of planetary terrains.
Our adaptive photometry scheme introduces a dual
multi-resolution data structure for high definition
texture representation. Our solution yields high
performance storage, streaming and rendering.
Artifacts known as “cracks” tend to appear in many
multi-resolution terrain rendering methods. We in-
troduce edge strip masks, an inexpensive and robust
method for cracks removal based on data masks.
As our technique is able to manage fully-detailed,
planet-sized terrains, we propose an adjusted gnomonic
sampling scheme for storing and rendering planetary
terrains accounting for the actual planet shape. We also

propose specific improvements for rendering virtual
planets on graphics hardware.
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ABSTRACT
While the creation of three-dimensional models from real-life objects is a commonly applied process, the recon-
struction of complete datasets from such objects is still a delicate task. In this paper, a simple yet powerful frame-
work is proposed that is able to reconstruct both geometry and appearance of a given object interactively. Working
in an incremental mode of operation, it enables the user to reconstruct a given scene with full visual feedback
during the progress of the reconstruction process. For geometry reconstruction, an existing surface reconstruction
algorithm has been investigated and adjusted to the needs of the framework. Furthermore, a hardware-accelerated
surface light field algorithm has been integrated into the framework that performs appearance reconstruction of the
object.
The target application of our framework is the reconstruction of real-life objects using mobile acquisition devices.
We demonstrate the performance and usefulness of our framework by reconstructing models from previously
acquired datasets of real-life objects. Furthermore, we provide results of experiments run in our own model acqui-
sition setup.

Keywords
Image-Based, Acquisition, Light fields, Modeling, Reconstruction, Interaction

1. INTRODUCTION
Today, the creation of three-dimensional models from
real-life objects is a commonly applied process. Typ-
ical applications include environment modeling, rapid
prototyping, virtual museums or the digitalization of
scene objects in movie industry. However, the recon-
struction of a complete dataset from a real-life object
that is ready for rendering or further processing still is
a delicate task.
Various methods have been developed to support this
process. Structure-from-motion or stereo algorithms
are used to reconstruct geometric information using
color images of a given scene. Furthermore, hardware
devices have been developed that allow for the direct
acquisition of partial geometry information of objects,
and software algorithms are successively applied to re-
construct the complete surface from this data. While
matured, these approaches generally produce imper-
fect results in the case of insufficient data. Therefore,
it is preferable to reconstruct 3-D models incremen-
tally, i. e. to consecutively add new input data to an ex-
isting partial reconstruction for further refinement. By
visualizing the current results the user has the ability to

actively control the reconstruction process. However,
this requires the applied reconstruction and visualiza-
tion methods to work at interactive frame rates.

Today, first hand-held multimodal input devices are
available that facilitate the simultaneous real-time
acquisition of both color and range images of a
scene [BH04, LHWL07]. The resulting huge amount
of object information provided by these devices
requires processing frameworks that are able to handle
this data efficiently for interactive reconstruction.
Furthermore, the final reconstruction of the captured
object should be of high visual and geometric quality.

In this paper, a framework is presented that addresses
the aforementioned issues and allows for simultaneous
incremental reconstruction of both geometric and vi-
sual properties of a given object. As input it expects
color and range images of an object as well as cor-
responding calibration data. For reconstructing the
geometry part of the object, an existing surface re-
construction method has been investigated and modi-
fied to be applicable for incremental reconstruction.
For optimal reconstruction of the model’s visual ap-
pearance, a GPU-accelerated online implementation
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of surface light fields is utilized that is parametrized
on the currently reconstructed geometry. Both parts of
the framework have been optimized for online recon-
struction, thus allowing the interactive visualization of
the current status of the reconstructed object.
This paper is organized as follows: previous work re-
lated to our paper is summarized in Section 2. After-
wards, Section 3 gives a brief overview of our pro-
posed reconstruction framework. In Section 4, the
used surface reconstruction algorithm and its modifi-
cations are described. Section 5 then describes the ap-
plied surface light field implementation. The results
and conclusion of our work are shown in Sections 6
and 7, respectively.

2. RELATED WORK
The acquisition and reconstruction of 3-D models
from real-life objects is a heavily investigated re-
search area. For example, different approaches are
known that reconstruct surfaces from unordered point
clouds or range images. These may be distinguished
as parametric surface methods [TL94, CL96] that
make use of the known topology of the input data,
implicit methods [HDD+92, OBA+03] which apply
implicit distance functions that represent the sur-
faces, or Delaunay-based methods [EM94, DG03].
However, most of these approaches handle surface
reconstruction as an offline process only. In the
area of incremental surface reconstruction, only few
publications are known. Curless and Levoy [CL96]
incrementally build a distance volume from range
images representing the final surface, however, the
successive surface extraction step still is done offline.
Turk and Levoy [TL94] directly reconstruct the
surface using the provided triangulated range images,
which allows for online visualization of the currently
reconstructed geometry. Two different frameworks are
proposed in [RHHL02] and [BH04] that facilitate the
online reconstruction of real-life objects at interactive
rates. However, texturing of the reconstructed object
is only done in a separate offline step. None of
the described approaches supports the incremental
reconstruction of visual information of the object.
For reconstructing the visual appearance of real-life
objects, light field and lumigraph models are the pre-
ferred choice: by utilizing the provided image in-
formation, they are able to synthesize new views of
a given object, while also preserving highly view-
dependent visual effects (e. g. mirroring, transparency
or sub-surface scattering). Different approaches ex-
ist [LH96, GGSC96, SVSG01, BBM+01, CBCG02]
that differ in the actual light field parametrization used,
and whether geometric information of the object is ap-
plied to support the synthesizing process. In the latter
case, reconstruction results usually are improved sig-
nificantly, provided that the geometry is of sufficient

quality. While some of these approaches are suitable
for incremental reconstruction [BBM+01, CHLG05],
this only restricts to the visual part. The underlying
geometry still has to be provided by using other meth-
ods.

3. THE RECONSTRUCTION FRAME-
WORK

Our proposed framework aims to provide a complete
pipeline for simultaneous incremental reconstruction
of geometry and appearance of a given object. There-
fore, it makes use of established algorithms which
have been extended and adjusted to our needs.
As a basis for the surface reconstruction part, the
ridge-based approach by Süßmuth et al. [SG07] has
been chosen because of its initial properties. The
method aims at providing a very robust reconstruc-
tion algorithm that delivers high quality results even in
the presence of strong noise, which is a vital property
for reconstructing range images coming from scan-
ning devices. Additional post-processing steps have
been implemented that complement the main algo-
rithm, like mesh decimation and topology cleaning.
For the appearance reconstruction part, the surface
light field model (SLF) [CBCG02] has been chosen as
the basic method. Among all light field approaches, it
provides the most realistic visual results. Furthermore,
efforts have been made to realize an online version for
reconstructing surface light fields [CHLG05], which is
a major advantage of this approach for our purposes.
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Figure 1: The complete pipeline of our reconstruction
framework.

The whole reconstruction process is depicted in Fig-
ure 1. Here, a data source provides image information
about the object, consisting of color and range images
as well as camera calibration data. The latter provides
information about the camera’s extrinsic and intrinsic
parameters. The current range image and calibration
data is fed into the surface reconstruction part of our
framework, where it is processed for extending the ex-
isting reconstructed geometry of the object. The ex-
tended geometry is reused in the successive surface
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reconstruction steps, and is also provided to the light
field reconstruction part. Here, together with the cur-
rent color image and camera calibration data, the ex-
isting light field is extended using the new provided
information. The progress of the object reconstruction
process is visualized at any time using the rendering
part of the framework.

4. INCREMENTAL SURFACE RECON-
STRUCTION

In this section, the implemented surface reconstruc-
tion approach is described briefly, and its modifica-
tions for incremental mode of operation are explained.
For more detailed information about the original re-
construction process, we would like to address the in-
terested reader to the original paper.

4.1. Overview of the Ridge-based Ap-
proach

The ridge-based surface reconstruction approach by
Süßmuth et al. assumes that a sample point p does
not necessarily interpolate the surface but is rather the
center of a Gaussian probability distribution Gp(x) de-
scribing its location. By summing up all probability
distributions defined by the points from a given point
cloud, one receives a global probability distribution
f (x) that describes the potential location of the sur-
face.
The algorithm can be subdivided into two main steps.
In the first step, the Gaussian kernels centered at the
sampled points are summed up and analyzed at the
nodes of a regular, discrete grid. The analysis encom-
passes the computation of the density function’s gra-
dient ∇ f (x) and the direction of maximum curvature
Kmax( f )(x), where the latter is calculated by eigen-
analysis of the Hessian matrix H( f )(x). In the second
step, the scalar product 〈∇ f (x),Kmax( f )(x)〉 is used
in a modified marching-cubes [LC87] algorithm in or-
der to identify ridges which are then interpreted as the
surface.
Figure 2 illustrates the different stages of the algo-
rithm for the 2-D case. As can be seen in Figure 2d,
many “spurious” ridges were extracted beside the ac-
tual sine curve. In order to avoid extraction of those
ridges, Süßmuth et al. assume that the node with high-
est density always lies on the main ridge correspond-
ing to the actual surface. Hence they only accept the
surface which evolves from this node.
Finally, to lower computational effort, the Gaussion
kernel is cut off in regions where its contribution to
the density function, gradient and curvature is becom-
ing insignificant. If the value of the Gaussian kernel
drops below an user-specified threshold at a grid node,
its calculation and analysis is omitted at the respective
node. Thus, each grid node receives contributions only
from those points which lie within the cut-off radius
around that node.

4.2. The Incremental Ridge-based Ap-
proach

The original approach was designed to work on a com-
plete point cloud, however, the accumulation of the
density function as well as its analysis can be done
easily in an incremental way. The Gaussian kernel
Gp(x) for point p and its gradient ∇Gp(x) are evalu-
ated at each grid node n, if the respective point lies
within the node’s cut-off radius. The density function
f (x) and its gradient ∇ f (x) are then evaluated at each
node n, by summing up the contributions of all points
Pn within the respective node’s cut-off radius. For a
node n, the evaluation of f (x) would be done like this:
fn = ∑p∈Pn Gp(‖p−n‖). The gradient ∇ fn and the
Hessian matrix H( fn) are evaluated accordingly.
This way, new point clouds can be integrated into the
existing sampling of function f (x) and its analysis by
simply resuming the summation process. Once all
new points have contributed to the density function
f (x), its gradient and its Hessian matrix, the eigen-
analysis of H( f )(x) is performed and the scalar prod-
uct 〈∇ f (x),Kmax( f )(x)〉 is evaluated at every updated
grid node n.
After the discrete grid has been updated, new surface
parts are extracted using a modified marching-cubes
algorithm. Here, tracing the surface from the node
of highest density is not applicable any more: Using
an incremental and interactive approach, we need to
be able to reconstruct the surface in different parts of
the captured object simultaneously, as multiple uncon-
nected parts may occur which all belong to the actual
surface.
Therefore, the extraction algorithm considers multi-
ple nodes as starting points for tracing the surface and
does so only for nodes where the density has reached
a certain user-specified threshold. To further prevent
spurious ridges from being extracted, only surface
parts with a user-specified minimum number of recon-
structed triangles will be accepted for addition to the
object’s mesh.
Once a new surface part is added to the mesh, all grid
cells that contributed to this part are locked, thus pre-
venting the marching-cubes algorithm from consider-
ing these cells in upcoming iterations of the recon-
struction process. Furthermore, all nodes adjacent to
locked cells are also locked, meaning that these nodes’
density, gradient and maximum curvature will not be
updated any more. This way we make sure that up-
dates will not displace the zero-crossing, which oth-
erwise leads to discontinuities when neighboring cells
also extract their part of the surface. Figure 3 illus-
trates this process.

4.3. Mesh Improvement Techniques
After new mesh parts have been added to the recon-
struction in each iteration, we apply different mesh
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(a) (b) (c) (d)

Figure 2: (a) A noisy sampling of a sine curve. (b) The density function f (x). (c) The gradient (blue) and maximum
curvature direction (green) of the density function. (d) The absolute scalar product as gray value image and the curves

(both wanted and spurious) extracted by the marching cubes algorithm.
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Figure 3: Example for surface extraction inside the dis-
crete grid. Once a surface (yellow) has been extracted
within one of the cells, the cell itself is locked as well as

all adjacent nodes (red).

Figure 4: Left: A mesh produced by the marching-cubes
algorithm. Middle: An enlarged section from the mesh.

Right: The same mesh after improvement.

improvement techniques in order to prepare the mesh
for use with surface light field construction. This is
necessary for the ridge-based approach, as the used
marching-cubes algorithm generates meshes that usu-
ally consist of very small triangles, where many of
them are showing poor aspect ratios. Furthermore, it is
advisable to reduce the number of reconstructed trian-
gles in order to improve reconstruction performance in
general. To handle the mentioned issues, the following
tasks are performed:

• Small holes are filled using a simplified version
of Liepa’s method [Lie03], which only triangulates
holes, omitting the steps of simplification and fair-
ing.

• Mesh simplification is performed by edge contrac-
tion using quadric error metrics as presented by
Garland and Heckbert [GH97]. Non-edge contrac-
tions are not performed, thus keeping separated
parts of the mesh unconnected.

• A simplified version of edge relaxation via mesh
edge flipping as proposed by Dyer et al. [DZM07]

is applied. The steps of remeshing and mesh deci-
mation are omitted.

Figure 4 shows an example mesh before and after ap-
plication of the described improvement methods. In
order to avoid discontinuities, these steps are not per-
formed at the boundary of the current surface recon-
struction. Therefore, the boundary keeps its typical
cube-like shape caused by the surface extraction al-
gorithm until new mesh information has been recon-
structed. Figure 5 shows the typical topology of a re-
constructed mesh at its interior and its boundary, re-
spectively.

5. ONLINE CONSTRUCTION OF SUR-
FACE LIGHT FIELDS

A surface light field approximates the 4-D function
f (r,s,θ ,φ) which describes the outgoing radiance for
every point (r,s) on an object’s surface into every
viewing direction (θ ,φ). For efficient storage and
hardware rendering, Chen et al. [CBCG02] proposed
a decomposition of the 4-D light field function into a
sum of products of lower-dimensional functions:

f (r,s,θ ,φ)≈
K

∑
k=1

gk(r,s)hk(θ ,φ)

Significant data compression is achieved by limiting
the sum to K terms, where K usually lies between 3
and 6 when using an offline principal component anal-
ysis (PCA) as decomposition algorithm. Both func-
tions gk and hk, which are exclusively parametrized on
the surface or the viewing direction respectively, can
be stored on graphics hardware as texture maps. Us-
ing the vertex-centered light field partitioning scheme
introduced by Chen et al., new views of the object can
then be rendered at interactive frame rates using pro-
grammable graphics hardware.
However, the PCA algorithm used to compress and de-
compose the 4-D light field function is an expensive
offline method that is not suited for online construction
of a light field dataset, as it requires a complete recom-
putation of the decomposition when adding new image
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information. To this end, Coombe et al. [CHLG05] re-
placed the offline PCA with an incremental singular
value decomposition (Online-SVD), thus making the
online construction of surface light fields feasible.

For our framework, we implemented an opti-
mized version of the online construction algorithm
from [CHLG05]. In our implementation, the tasks
of image resampling and visibility testing were
redesigned as GPU algorithms to further speed up
the online construction process. Furthermore, the
visibility test of the original approach has been
modified. Since a complete geometry mesh of the
surface is not available for the visibility tests, the
current range image is used instead as a representation
for the object’s geometry.

(a) (b)

Figure 5: A partial reconstruction of the front of the
star dataset from the OpenLF toolset [Too09]. The col-
ors indicate the different areas. The right image shows
the parts of the mesh for which a light field was already

constructed.

The two tasks of surface reconstruction and construc-
tion of the surface light field can be executed in an
alternating way, such that new light field information
may immediately be added to recently reconstructed
mesh parts (Figure 1). However, the interaction of
both tasks is complicated by the fact that mesh recon-
struction and mesh improvement must never change
those parts of the surface for which light field infor-
mation already has been constructed. Therefore, the
object’s mesh is organized in three areas which are de-
picted in Figure 5a. Modifications of the mesh, in-
cluding deletion of faces or vertices, are only possible
at the red “border” faces which are near to the mesh
boundary where new faces will connect in future it-
erations. The middle area of green faces consists of
so-called “fixed” faces. Neither their vertices nor their
topology may change anymore, but since they are ad-
jacent to border faces their vertices’ normals may be
subject to change. Finally, the blue faces at the center
are the “normal-fixed” faces whose vertex normals are
fixed as well. In our implementation, light field infor-
mation is only stored at the triangle fans that contain
at least one blue face, as shown in Figure 5b.

6. RESULTS
The proposed framework has been extensively tested
against the freely available datasets of the OpenLF
toolset [Too09], which contain images, geometry and
calibration data from acquired real-life objects. The
available information is highly accurate, and there-
fore well suited as ground-truth data to test our frame-
work’s performance and accuracy, without introducing
additional errors from various pre-processing steps.
However, the images provided by the OpenLF datasets
are photographs taken at discrete camera positions,
and the provided geometry is given as a complete mesh
instead of several range images. To simulate data
coming from a moving hand-held acquisition device
that is suited for our framework, a modified light field
viewer has been implemented that constructs surface
light fields from OpenLF datasets that are freely ac-
cessible by the user. Color and range images are gen-
erated by the viewer by sampling the currently ren-
dered image and depth information, and are provided
via network to our framework for further processing.
Using this setup, the simultaneous reconstruction of
geometry and appearance of the OpenLF datasets has
been performed. An example for the visual feedback
of the reconstruction progress can be seen in Figure 8.
A visual comparison between the “original” model and
the one reconstructed by our framework is shown in
Figure 6. Here, it can be seen that our framework
is able to successfully reconstruct the provided mod-
els with high geometric and visual accuracy. How-
ever, the SLF reconstruction tends to “smooth” visual
highlights, which is also a typical result of the original
online-SLF approach.

(a) (b)

Figure 6: Reconstruction of the star dataset: the original
model as rendered by our SLF viewer is shown in (a), the
model reconstructed by our framework is shown in (b).
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Due to the nature of the applied surface reconstruction
algorithm, different artifacts may occur during recon-
struction. One example is the erroneous extraction of
spurious ridges, as shown in Figure 7a. These artifacts
cannot be avoided in all cases, however, if identified,
they can be successfully discarded by removing all but
the largest connected submesh (Figure 7b). Also, the
reconstruction algorithm may not be able to close all
mesh holes. These reconstruction artifacts are mainly
caused by noisy input data and imperfect choice of
user-specified reconstruction parameters. As the op-
timal parameters for a given object cannot be deter-
mined analytically, most of them have to be found by
trial-and-error.

(a) (b)

Figure 7: (a) Extraction of spurious ridges at the horse
dataset. (b) The same mesh after final cleanup.

Tables 1 and 2 show average timings for the integra-
tion of new data into an existing reconstruction. The
values for “slf update” show the timings of the com-
plete surface light field update process, while the re-
maining values show timings of different parts of the
surface reconstruction and the different improvement
algorithms. As can be seen in these tables, the re-
construction speed highly depends on the resolution
of the depth images. When using higher resolutions,
the most time-consuming part of the reconstruction is
the update of the density function, which is also due to
the resolution of the function’s grid. Using lower res-
olutions, the grid’s density may be decreased accord-
ingly, and so the impact of this step vanishes. It can
also be noticed that, due to our GPU optimizations, the
surface light field update process only takes a fraction
of the whole update time. Eventually, it can be seen
that the incremental reconstruction process can be per-
formed at interactive frame rates when processing the
mentioned datasets.
Using our framework, we also started first experiments
with the acquisition of own datasets. As input de-
vice, we utilized the 2-D/3-D time-of-flight camera de-
scribed in [LHWL07], which has been calibrated using
the OpenCV library [Lib09]. The provided input data
was pre-processed in a simple way in order to reduce
noise of the depth information before it was delivered
to our framework. Using this setup, we were able to re-
construct information of a silicon liver model, which is
shown in Figure 9. Despite the pre-processing, the in-
coming depth information still exhibited a significant

Table 1: Performance of the reconstruction framework
for depth map size 176×144 (timings in s)

Table 2: Performance of the reconstruction framework
for depth map size 64×48 (timings in s)

amount of noise. Nevertheless, our modified recon-
struction method successfully recreated all parts of the
model that were seen by the camera – it can be recog-
nized that holes or gaps in the reconstruction mainly
appear in those areas where no information was pro-
vided to the framework. Note that the visual recon-
struction of the model looks less complete because of
our introduced update policy for the surface light field.

7. CONCLUSION AND FUTURE
WORK

We have presented a novel framework for the incre-
mental reconstruction of digital models from real-life
objects. The framework features an enhanced incre-
mental approach for interactive surface reconstruction,
as well as an online surface light field technique for
high-quality reconstruction of both geometry and ap-
pearance information.
The surface reconstruction approach has shown good
results for data with a moderate level of noise. How-
ever, as the noise intensity increases, there is also a
gain in the probability for reconstruction artifacts like
spurious ridges. Therefore, efficient pre-processing al-
gorithms that smooth data and remove outliers will be
necessary to significantly improve the overall quality
of reconstructions from “real-life” acquisition devices.
Due to our update policy of the surface light field, the
surface reconstruction part of our framework finishes
long before the construction of the light field reaches
sufficient quality. While the progress of the surface re-
construction is obvious to the user, the quality of the
light field is hard to determine and calls out for special
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Figure 8: Different iterations of a reconstruction of the star dataset from the OpenLF library.

(a) (b) (c) (d)

Figure 9: Partial reconstruction of a liver model. Figures (a) and (b) show the source images and calibration parameters,
while the reconstructed geometry and appearance is shown in figures (c) and (d), respectively.

visualization. Coombe et al. propose a quality heuris-
tic which directs the user to areas where more data is
needed. However, this quality measure does not indi-
cate the viewing direction for which the approximation
still lacks information. Therefore, we are interested in
investigating different approaches for feedback visu-
alization to further improve acquisition time and final
model quality.
Our first experiments with the acquisition and process-
ing of “real” data using a 2-D/3-D time-of-flight cam-
era have been quite promising. For improved recon-
struction results, we plan to integrate better pose in-
formation of the camera in our acquisition process.
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Efficient Non-Linear Editing of Large Point Clouds
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ABSTRACT
Editing 3D models is often performed on triangular meshes. We generalize editing operations based on differential coordinates
to work on point clouds without explicit connectivity information. This allows a point cloud to be interpreted as a surface
or volumetric body upon which physically plausible deformations can be applied. Our multiresolution approach allows for a
real-time editing experience of large point clouds with 1M points without any offline processing. We tested our method on
a range of synthetic and real world data sets acquired by laser scanner. All of them were interactively editable and produced
intuitive deformation results within few minutes of editing.
Keywords: Point clouds, non-linear editing, real-time, differential coordinates, subsampling.

1 INTRODUCTION

Virtual 3D objects are a common asset for movies and
games. In former years those were predominantly cre-
ated manually, but in later years it has become more
common to scan real objects and then edit and modify
their virtual counterparts. For some application areas,
e.g. structured light scanning, data is available only
as point clouds, though editing 3D models is predomi-
nantly performed on triangular meshes. Despite ongo-
ing efforts in the area of surface reconstruction, trian-
gulating point sets remains computationally demand-
ing and is error-prone in the presence of noise and out-
liers. Additionally, point clouds are usually sampled
much denser than meshes and thus contain amounts of
data, which are several times larger than for compara-
ble meshes. This in turn can negatively influence the
interactivity of editing operations.

To address this problem specialized editing ap-
proaches for point sampled models have been
proposed. However, to handle the larger complexity
of point clouds, these methods resort to relatively
simple deformation models like transformation in-
terpolation or linear models based on differential
coordinates. As recently analysed by Sorkine and
Botsch [SB09], a common problem of these simple
deformation models is a counterintuitive deformation
behaviour. For deformation of triangle meshes this
problem is well known, and subsequently non-linear
deformation models have been developed that do
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work for personal or classroom use is granted without fee provided
that copies are not made or distributed for profit or commercial
advantage and that copies bear this notice and the full citation on the
first page. To copy otherwise, or republish, to post on servers or to
redistribute to lists, requires prior specific permission and/or a fee.

not show these problems. The higher intuitivity
though comes at the cost of a significantly higher
computational effort.

Space deformations are a different approach towards
editing operations. They can conceptually be calcu-
lated quickly, but lack the ability to respond to the
structure of the edited model. Points which are far
apart in geodesic distance can be close in space and
thus be influenced by editing operations unintention-
ally. To overcome this limitation, cage-based tech-
niques try to separate such geodesically distant regions
from each other, but the user is required to create or at
least adjust the cage manually. In contrast, our solu-
tion does not require any manual intervention.

We present a novel method to enable direct real-time
editing of point clouds without the need for prior

Figure 1: Armadillo model after 3 editing steps:
head has been twisted by 45◦, left arm twisted by
90◦, right arm bent by 30◦.
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meshing. Our method shows intuitive, physically
plausible deformation behaviour and does not require
manual preprocessing like cage construction. It is
based on geodesic distances only and avoids the
problems of space deformation based approaches
described above. Using our method, large point
sampled geometry (Figure 1) can be edited as a whole
at interactive frame rates.

In summary our contribution is this:

• We present an approach for editing point clouds
while preserving local surface details. Due to an
underlying non-linear deformation model, the ob-
tained deformations are physically plausible, even
for large handle transformations.

• Our algorithm does not pose any specific assump-
tions upon the structure of the point cloud being
edited. The input requires solely the vertex posi-
tions in 3D space, but no explicit connectivity in-
formation. The point cloud may be irregularly sam-
pled or contain outliers. It is even possible to han-
dle point sampled volumes.

• As point clouds are usually sampled much denser
than comparable meshes, we present a means
of performing the deformation calculations on a
coarse scale and transfer the results to the fine scale
representation of the point cloud at interactive
frame rates. To the best of our knowledge, no other
system has been presented which could perform
similar non-linear deformations without offline
processing.

1.1 Related Work

As mentioned in the introduction, several methods ex-
ist for editing meshed input data, but which are not
directly applicable to point clouds. In the following
we concentrate on methods targeting point clouds.

The challenge of editing point clouds interactively has
been pursued in a number of papers. In an early work
of Pauly et al. [PKKG03] they deform point clouds in
real-time using linear interpolations between the han-
dles. Miao et al. [MFXP08] use a more sophisticated
method with differential coordinates. Like all linear
methods they both produce counterintuitive results for
large deformations.

Especially for editing large models the required
storage can exceed the available main memory, or
the computation time can become prohibitively high.
It is thus often necessary to use a simplified model
upon which the editing is performed. Wand et al.
[WBB+07] describe a method to visualize data sets
with a size of several gigabytes in a multi-resolution
out-of-core method. The direct editing operations are

limited to simple translations or deletions of vertices.
More complex operations can only be performed in
offline computations. Boubekeur et al. [BSS07] use a
streaming method to perform an offline simplification
of a large mesh into a smaller point cloud, which
can then be edited interactively. A second offline
streaming step applies the modifications to the original
mesh.

Wicke et al. [WSG05] use the concept of thin shells to
construct a network of so-called fibres on the surface
of a point cloud, which are then used to model and
calculate possible deformations. The fibres provide a
mesh representation at a coarse scale, and the defor-
mations are later applied to the detailed representation.
As both of the methods of Boubekeur and Wicke re-
quire time-consuming steps before and after the user
performs the actual editing, the user has to wait for the
post-editing steps to complete in order to view the fi-
nal result. We deem this unsuitable for ad-hoc editing,
because any corrections or further editing steps require
repeating the whole procedure.

In our method, the actual editing of the point cloud is
performed on a differential representation of its sur-
face. This has recently gained much attention in the
context of mesh editing. Sorkine and Botsch [SB09]
compare gradient-based methods and Laplacian-based
methods as the predominant methods used for differ-
ential representation-based deformations. They iden-
tify two classes: linear methods can provoke a counter-
intuitive behaviour for deformations, since they cannot
handle both rotations and translations of local frames
simultaneously, resulting in artifacts of different kinds.
Non-linear methods [BPGK06, SA07] solve these is-
sues, but are time-consuming to compute. The mesh
editing framework presented by Paries et al. [PDK07]
represents local frames using quaternions. By en-
forcing additional frame constraints they produce in-
tuitive results for translations, rotations and scaling.
Their non-linear approach is computationally demand-
ing and thus applicable only to medium sized meshes.
We generalize their approach to be applicable to large
point clouds.

Space deformations (see e.g. [HSL+06, XZY+07,
BPWG07, AOW+08]) are a different approach to-
wards editing operations. They do not directly manip-
ulate the points’ positions, but warp the space and thus
indirectly manipulate the points. The space deforma-
tions can conceptually be calculated quickly, but they
lack the ability to respond to the structure of the edited
model. Points which are far apart in geodesic distance
can be close in space and thus be influenced by edit-
ing operations unintentionally. To overcome this lim-
itation, Huang et al. [HSL+06] used a control mesh
enclosing the model to separate such geodesically dis-
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tant regions from each other. In their approach the user
is required to define the control mesh. In contrast, our
solution does not require any manual intervention.

The multiscale representation introduced by Pauly
et al. [PKG06] and extended by Duranleau et al.
[DBP08] encodes the displacement of points between
the representations at different scales. It allows to
edit the representation for a specific detail level
using a space warping function and then apply the
deformation to the other detail levels. This enhances
interactivity and controllability of the result, but still
has the mentioned limitations of space deformations.

Meshless methods, of which space deformations are
one specialization, provide further aspects. The phyx-
els proposed by Müller et al. [MKN+04] are used to
fill a volume and preserve it during editing operations.
The small amount of phyxels required to fill a volume,
allow for physically plausible deformations which can
be calculated quickly. However, as Müller et al. al-
ready mention, such volumetric approaches are not ap-
plicable to point clouds representing a surface.

1.2 Overview

First we present a brief explanation of the mesh editing
framework of Paries et al. [PDK07] in Section 2 as it
constitutes the basis upon which our work is built. Our
generalization to point clouds follows, including the
concepts developed to use the mesh editing framework
without the need for meshing the input data. In Sec-
tion 3 we explain our multiresolution method, which
allows editing point cloud data sets which are consid-
erably larger than comparable meshes. Although the
amount of data points may be up to two scales of mag-
nitude higher, our parallel GPU implementation still
provides several frames per second during editing op-
erations. We conclude this paper with an overview of
the results (Section 4) and our planned extensions for
the future (Section 5).

2 EDITING

2.1 Mesh Editing

As the underlying model for a mesh Paries et
al. [PDK07] employ a differential representation
of local surfaces. For each vertex in the region of
interest xi ∈ R they define an orthonormal local frame
Fi = (t1

i , t2
i ,Ni) with right hand orientation. Fi can be

interpreted as a rotation matrix and thus be expressed
in terms of a unit quaternion qi.

For each pair of adjacent vertices (i, j) in the mesh
M the difference between the quaternions is calculated
as q j

i = q̄i ·q j. During editing and user interaction the

mesh surface can be reconstructed from the differential
representation and the equation

qi ·q j
i = q j (1)

which is a linear system. Fixing a single unit quater-
nion qi0 is sufficient for getting a unique solution (ex-
cept for its rotation), by iteratively solving the remain-
ing equations.

Reconstructing the mesh solely based on the local
frames and ignoring the geometry can lead to unin-
tuitive results, because translations are not accounted
for. To overcome this, Paries et al. added constraints
which impede a change of coordinates of 1-ring neigh-
bors in the local frames Fi. They formulate the con-
straints as

qi(1,c j
i )

t q̄i = (1,x j− xi)t (2)

where c j
i := F−1

i (x j− xi) are the local coordinates of
x j in frame Fi.

User input consists of a set of handle vertices H which
specify additional frame constraints qconst

k and posi-
tional constraints xconst

k . Given those two sets of con-
straints, the frame differences q j

i and the local coordi-
nates c j

i , the constrained reconstruction problem is to
find a set of local frames ql and absolute vertex coor-
dinates xl for all vertices within the region of interest
R that satisfy Equations (1), (2) and

qk = qconst
k xk = xconst

k ∀k ∈ H. (3)

As the resulting equation system is overconstrained,
Paries et al. solve it in least squares sense using a non-
linear optimization procedure. They alleviate the com-
plexity issue by parting the original non-linear prob-
lem into several linear equation systems of which the
LU-matrices remain constant throughout one editing
step. Thus after specifying a region of interest and
editing handles, a precomputation step factorizes the
original matrices in parallel on the GPU. During the
actual editing the linear equation systems are solved
on the CPU with backsubstitution, which can be per-
formed at several frames per second even for medium
sized meshes with up to 100k vertices.

2.2 Editing Point Clouds

The intention to seek for a generalization of the editing
operations from mesh data structures to arbitrary point
clouds, comes from the observation that in practice
raw data from range scanning devices often is avail-
able only in form of 3D vertex coordinates. Depending
on the device, color information may also be available,
but it plays only a minor role for editing operations.
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Though advanced triangulation techniques like MLS
surface approximation exist, they are usually depen-
dant upon a specific structure of the point cloud, e.g.
a closed surface. Margins, outliers, or in general ar-
bitrarily distributed points pose severe problems. To
be more robust, most methods have the undesired ef-
fect of smoothing the surface represented by the point
cloud, thus degrading the quality of the data set. Fur-
thermore, the computation time for the triangulation
becomes notably high for large data sets.

Although the editing framework of Paries et al. relies
upon mesh data structures to ensure connectivity of the
vertices and to find a vertex’s 1-ring, the basic equation
systems are formulated without the need for an explicit
mesh. They do though require the definition of a local
neighborhood in order to calculate the local frames.
The simplest choice for a local neighborhood, which
comprises each vertex’s nearest neighbors in 3D space,
is sufficient for our needs and very fast to calculate.

In our approach we use the k nearest neighbors of each
vertex, which are computed in a pre-processing step.
To determine the nearest neighbors, we use an octree
to partition the point cloud, which can be calculated in
O(n logn) time. The choice of k was experimentally
determined, and may theoretically be any k ≥ 2, since
we need at least two neighboring points to define the
local frame for xi. In practice, choosing k too small,
like e.g. k = 2 leads to line-shaped disconnected com-
ponents, which are not treatable well as a surface by
the later algorithm steps. On the other hand, choosing
k too large linearly slows down all calculations which
iterate the nearest neighbors. We found k = 5 or k = 6
to provide a good tradeoff between speed and stabil-
ity, and it is also the average number of neighbors in a
regular triangulation.

Using only the initially found nearest neighbors for
each vertex can lead to non-symmetric relations, es-
pecially if the input point cloud is irregularly sampled.
This can prevent a complete traversation of the graph
induced by the nearest neighbors, and split it into sev-
eral seemingly disconnected components. Although
removing the non-symmetric neighbors reduces the
amount of data to process, it may lead to more frag-
mentation. Our choice of inserting the missing links to
create bi-directional nearest neighbors relations coun-
teracts the possible fragmentation. At the same time it
ties outliers to the main connected component(s). The
problem with auxiliary connected components which
do not include user-defined constraints is that they ren-
der Equation system (1)-(3) underdetermined, and thus
provide no stable solution. During the preprocessing
step these unconstrained components are detected and
removed from the editable part of the model.

2.3 Area and Volume Preservation

Volume preservation is a key feature used in mesh edit-
ing and has also been applied to point cloud editing
[MKN+04]. It is however not unambiguous how to
define this property, since a point cloud does not pos-
sess an inherent volume, as opposed to a closed mesh.
This is especially the case for point clouds originating
from single-image 3D capturing devices, which can
only capture one side of any given object at a time. As
our method strives to preserve the local neighborhood
of each point, the volume is only an affected property,
not one which is calculated or optimized.

In particular, if a surface is stretched using handles on
opposite sides, the surface is also enlarged in perpen-
dicular direction to preserve the local shape of each
point’s 1-ring. This is a rather counterintuitive be-
haviour, since most materials in nature exhibit the op-
posite behaviour of shrinking in perpendicular direc-
tion when stretched in the other direction (e.g. rub-
ber and metal). Nevertheless, auxetic materials exist,
which do enlarge in perpendicular direction (e.g. spe-
cial foams), and others which do not change their per-
pendicular size at all (e.g. cork). Our method can be
parameterized to exert any one of these elasticity be-
haviours by scaling the local frames qi in each itera-
tion before solving the equation systems, as detailed
in [PDK07].

3 SAMPLING

The matrix factorization step performed during pre-
computation is necessary to reduce the calculation
time during the actual editing of a model. We em-
ployed the SuperLU library [DEG+99] which is suited
well to decompose the sparse matrices. Although the
matrix size grows squarely with the number of han-
dle vertices, the sparsity leads to a computation ef-
fort which grows below quadratic. Nevertheless, from
100k vertices onwards this requires several minutes of
precomputation and eventually the matrix size grows
too large to be handled in main memory.

Since complex operations on large data sets are today
still limited in their speed by the available computa-
tion power, we devised a multiresolution scheme sim-
ilar to Wicke et al. [WSG05]. The time-consuming
solving of the Equation systems (1)-(3) is performed
on a coarse-scale subsample of the input point cloud,
and the fine-scale representation is then interpolated.
Pauly et al. [PGK02] survey different point based sim-
plification methods. For our subsampling we chose
a method from the category of hierarchical cluster-
ing methods, since they adapt well to point clouds
with varying point sampling densities. To generate the
subsamples, we use an octree partitioning the original
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point cloud. Taking the sample points from each leaf
of the octree allows us to handle arbitrary point clouds,
not only those representing implicit surfaces. At the
same time, areas of the original point clouds which
have a high sampling density will receive a higher
amount of sample points, thus preserving local details.

Calculating the nearest neighbors for the sample
points can be performed with the octree that was
already calculated. For some models like the dragon
model this can yield undesired connections between
points (Figure 2b), which cannot be considered
adjacent in the original, but become adjacent in the
sampled point cloud due to the lower point density.
In the work presented by Xu et al. [XZY+07] the
user is required to manually create a control mesh

Figure 2: a) Original point cloud with sample
points drawn in black. b) Sample points connected
using nearest neighbors. Wrong connections be-
tween originally separated parts are created due to
proximity. c) Calculating nearest neighbors on the
original point cloud with a breadth first search pre-
vents wrong connections.

which prevents such connections between originally
unconnected parts. Our connected sample points
are in effect similar to the control mesh used by
Xu et al., but we sought for an alternative working
without manual intervention. The idea is to find
the nearest neighbors in a geodesic sense instead
of the euclidean distance. As the geodesic distance
conceptually requires a surface to be applicable, using
the nearest neighbors relation of the original point
cloud satisfies this need, but still makes it applicable
to non-surface-like point clouds. With a breadth first
search (Algorithm 1) for each point in the original
point cloud, the geodesic nearest neighbors can be
found in O(n · r) time, where n is the number of
original points and r is the original-to-sample number
ratio. The result can be seen in Figure 2c.

After each iterative solving step for the basic equa-
tions, the new position p′i and normal n′i of each orig-
inal point is interpolated from the translations and ro-
tations of its nearest sample points:

p′i = ∑
s∈neighbors(i)

ws
i · (qs · ps

i + ps) (4)

n′i = ∑
s∈neighbors(i)

ws
i · (qs ·n0

i ) (5)

with
ws

i =
1

|ps
i |

2 / ∑
s∈neighbors(i)

1

|ps
i |

2 (6)

where ps
i = p0

i − p0
s is the coordinate of point pi in the

local coordinate system of ps, and qs is the quaternion
describing the rotation of s from its original to its new
orientation. The weights ws

i account for a smaller in-
fluence of neighbors which have a greater distance.

We implemented this interpolation method on the
CPU first, but the involved quaternion multiplications
proved to be a limiting factor to the achievable

Input: point i0; number of sample neighbors to find
k; Samples S; Original nearest neighbors relation N
init queue q⇐ i0
init geodesic neighbors G(i0) = /0
repeat

j = q.dequeue()
for all n ∈ N( j) do

if n not visited then
q.enqueue(n)
mark n as visited

if j ∈ S then
add j to G(i0)

until |G(i0)| ≥ k or q = /0

Algorithm 1: Geodesic nearest sample neighbors
for a point
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Model # points # sample Subsampling Precompu- Equation Upsampling
points tation solving

Bunny 35k 100 4.0 0.1 0.001 0.003
Bunny 35k 1000 0.5 2.0 0.019 0.004
Armadillo 172k 200 101.3 0.1 0.002 0.016
Armadillo 172k 5000 3.2 18.3 0.098 0.018
Dragon 437k 200 390.2 0.1 0.002 0.037
Dragon 437k 5000 13.7 23.3 0.116 0.040
Plain 1000k 200 1923.0 0.1 0.002 0.083

Table 1: Computation times in seconds on a 2.4GHz CPU and a NVidia GeForce 8800 GTX GPU. Subsam-
pling and precomputation are executed once, while equation solving and upsampling occur each frame.

speed, since multiplying two quaternions includes
16 floating point multiplications, and multiplying
a quaternion with a 3D vector includes 27 floating
point multiplications. The sheer amount of operations
required to perform the interpolations for large data
sets with over 1M points does not allow for a true
real-time editing experience using this approach,
as the frame rates can drop to 1-2 frames per sec-
ond. The implementation of the upsampling step
in CUDA for parallel computation on the GPU is
straightforward, since p′i and n′i can be computed
independently for each point on the available GPU
processors. Our current implementation running on
an off-the-shelf graphics card (NVidia GeForce 8800
GTX) performs on average 5-8 times faster than the
CPU version. During the editing operation, for 1M
points we measured 8 frames per second for the GPU
implementation, while the CPU variant yielded only
1.4 frames per second.

4 RESULTS

We tested our method on a variety of point clouds, in-
cluding both artificial and scanned models. All of the
models have been used without manual preprocessing.
Table 1 gives an overview of the computation time for
setup and each iteration step during the editing phase.
Usually the model converges to its final shape during
3-5 iterations.

As we have explained before, the equation solving
time consumption grows slower than O(n2) where n
is the number of sample points, while the upsampling
step requires only linear time depending on the num-
ber of points to be interpolated.

The visual quality of the result is largely independant
of the number of sample points, unless it falls below
a certain threshold depending on the complexity of
the model. This means e.g. for the Stanford Bunny
(Figure 3), which does not have a complex structure,
that the resulting point positions have very small de-
viations when calculated with 100, 1,000 or 10,000
sample points. Only with fewer than about 100 sam-
ple points the upsampling step produces artifacts for
large deformations (Figure 4). For the Dragon model

(Figure 5), which is more complex due to its wind-
ing body, sampling artifacts can be observed for less
than 500 points (Figure 4). Those artifacts could be
circumvented by a more sophisticated interpolation
scheme which does take into account not only the near-
est neighboring sample points, but a selection of sam-
ple points which are evenly distributed on the surface
around the point to be interpolated. A too low sample
density does however defeat the purpose of our non-
linear editing method by reducing it to the linear inter-
polation.

One minor drawback of our implementation using
quaternions is the inability to perform handle rotations
of more than 360◦ within one editing step. This
is due to the normalization of quaternions which
we perform for stability reasons when solving the
equation systems. In practice however this is not of
concern, as it is possible to perform several editing
steps with smaller rotations to achieve the desired
result.

Figure 3: Bunny model with 2 editing steps.

Figure 4: Bunny and Dragon models edited with
only 50 sample points each. Sampling artifacts can
be observed in the head area of the Bunny and neck
of the Dragon.
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Figure 5: Dragon model after rotation and trans-
lation of the head. Session time including sub-
sampling and precomputation for each result: 1
minute.

5 CONCLUSIONS AND FUTURE
WORK

We have presented a novel method to interactively edit
large point clouds. Using a non-linear deformation
model allows to produce physically plausible defor-
mations even for large modifications. The multireso-
lution approach faithfully handles the coarse scale de-
formations while the model details are preserved. Our
parallel implementation provides the speed necessary
for real-time editing scenarios, shortening the time re-
quired to produce a desired result. For models which
are larger than the available main memory, our method
could be extended with a further sampling level, for
which the upsampling step would be performed off-
line. Our method does not require any manual precon-
ditioning steps to create a control mesh, and is thus
suited for direct editing of arbitrary point clouds.

For the future we plan to incorporate the deformation
features into a model reconstruction framework
which can work on a number of scanner-acquired
time-varying point clouds.
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ABSTRACT 
We describe a real-time facade tracking system that uses, as setup information, only two images of a facade, 
captured on the moment. No more previous information is needed, such as a facade 3D model, dimensions or 
aspect ratio. Feature points and their local descriptors are extracted from that pair of images and used during the 
detection and tracking of the facade. Additionally, parallax and topological information is also used in order to 
increase the overall robustness of the tracking process.  Experiments show that the system can detect and track a 
wide variety of facades, including those that are not entirely planar, partially occluded or have few distinguisha-
ble visual landmarks. The reliance on on-the-spot information, alone, makes this system useful for Outdoor 
Augmented Reality applications, in an Anywhere Augmentation urban context. 

Keywords 
Outdoor Augmented Reality, Anywhere Augmentation, Facade Tracking, Computer Vision. 

1. INTRODUCTION 
The main purpose of Augmented Reality (AR) is to 
add, in real-time, virtual objects to real world images 
in such way that they appear to naturally belong to 
that world [Bar01]. 
Adding virtual objects to a real image is only visually 
convincing if they are perfectly registered with the 
real world. In order to do that, it is necessary to rend-
er them from a virtual camera that, ideally, should 
have the same pose as the real one. There are several 
methods that use a GPS, a gyroscope, an accelerome-
ter or other sensors to determine the camera pose 
[Rol01]. However, the methods that appear to have 
the greatest potential are those that use captured im-
ages. One way to determine the camera pose is to 
find a set of, at least, four matches between points in 
an image of a reference plane, taken with a known 
camera pose (usually, a frontal one) and points from 
the same plane in a image whose camera pose is to 
be determined [Lep05]. 
The reference plane must be continuously tracked. 
For this purpose, Lepetit et al describe several me-

thods. 
In indoor scenes, the reference plane is usually an 
easily identifiable synthesized pattern, as happens 
with the well known ARToolkit [Kat99, Art09]. 
In outdoor scenes, the use of synthesized patterns is 
not feasible for several reasons, namely, the need for 
a large pattern and the probable difficult positioning 
of the pattern in the surrounding environment. How-
ever, in an outdoor urban environment, the facades of 
the buildings can act as a suitable reference pattern.  
In the AR domain, some important contributions to 
facade tracking have been made during the current 
decade [Sim02, Jia04, Rei06, Xu08]. Generally, they 
can use a building facade as a reference pattern for 
achieving the registration between the virtual objects 
and the real world scenario. The affordability and 
overall good image quality of off-the-shelf digital 
cameras make the use of captured images a very 
common approach [Sim02, Xu08].  
However, using only captured images as input data 
has some drawbacks: the captured image can be 
blurred by jerky or fast camera movements and the 
reference pattern may become partially visible or not 
visible at all because of occlusion. These drawbacks 
make facade tracking very difficult or even impossi-
ble to achieve. To overcome them, some systems 
combine captured images with other types of data, 
taken from sensors like GPS and/or inertial sensors 
[Jia04, Rei06, Rei07]. 

Permission to make digital or hard copies of all or part of 
this work for personal or classroom use is granted without 
fee provided that copies are not made or distributed for 
profit or commercial advantage and that copies bear this 
notice and the full citation on the first page. To copy 
otherwise, or republish, to post on servers or to redistri-
bute to lists, requires prior specific permission and/or a 
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The first step of a facade tracking system is to detect 
the facade in the captured frames. This will allow the 
AR system to do the camera pose initialization (CPI). 
After that, most systems track the facade, based on 
what happened on previous frames, until the tracking 
fails, when the CPI must be redone. However, sever-
al systems cannot solve the CPI problem automati-
cally; some demand for user interaction [Sim02, 
Jia04] while others need to know the initial camera 
position in the real world [Rei06, Xu08]. 
When the tracking fails, the system must be able to 
detect the facade again. Although most systems can 
perform this task automatically, some of them need 
the camera pose to be similar to the last known pose 
(prior to tracking failure) [Sim02, Jia04] or to one of 
the previous known poses [Rei06]. 
To achieve a more robust tracking, some systems 
require a 3D model of the facade. It can be a wire-
frame model [Jia04], or a more elaborated textured 
one [Rei06]. Unfortunately, creating the model is not 
an easy task and may take considerable time. Addi-
tionally, since it must be created before the tracking 
phase, anywhere augmentation is an impossible goal 
for these systems. Such a goal is possible for systems 
that only need on-the-spot information to start track-
ing [Sim02, Xu08]. This information is limited to a 
single image of the facade or just a few ones. 
The determination of the camera pose can be based 
on the matching of feature points, as in [Sim02, 
Xu08], edges [Jia04] or a combination of the above 
[Rei06]. Reference image based systems try to match 
feature points in the captured image with those pre-
viously detected in the reference image, while 3D 
model based systems try to match edges in the image 
with the rendered 3D model edges.  
During the augmentation phase, reference image 
based systems, like [Sim02, Xu08], usually operate at 
relatively long distances from the tracked facade 
(distances superior to the overall dimensions of the 
facade).  
This paper presents a tracking system that can detect 
and track a building facade in a video stream, pro-
vided that the facade has a dominant planar surface 
and that two images of it, previously taken from dif-
ferent viewpoints, are available. This system over-
comes some of the limitations of other systems ex-
clusively based on captured images, namely: it only 
needs information gathered on-the-spot; the CPI 
problem is solved without user intervention; when 
the tracking fails, the camera pose does not need to 
be similar to a previously known one, for the facade 
to be detected again; and, finally, the camera does 
not need to be far from the facade. 
The paper is organized as follows: section 2 presents 
a brief overview of the system; sections 3 and 4 de-

scribe the most significant steps of its implementa-
tion; section 5 presents the results of the system 
evaluation and, finally, section 6 enumerates the 
most important conclusions retrieved from this work. 

2. OVERVIEW OF THE SYSTEM 
The proposed tracking system has two operating 
phases: a setup phase and a working phase. In the 
setup phase, the system acquires and prepares all the 
necessary information for the next phase, namely a 
set of feature points, coplanar with the dominant 
plane of the facade, and their topological relations.  
In the working phase, the system will try to detect the 
facade in a captured image, by matching the feature 
points detected in the video sequence images with 
those detected in the setup phase, by using feature 
descriptors and topological information. If the detec-
tion is successful, it will start tracking the facade, by 
using a conventional sparse optical flow technique. 
When the tracking fails, the system reverts to the 
detection phase and the process is repeated. 
To detect the facade in an image, it would be conve-
nient to have a reference image, in a frontal pose. In 
most cases, this pose is impossible to obtain. In addi-
tion, since most facades are not planar, a single im-
age, even in a frontal pose, may be insufficient for a 
correct detection of the facade. Instead, using two 
reference images of the facade, taken from different 
positions, will help to identify the coplanar points 
that, in the proposed way for determining the camera 
pose, are used in the matching process. 
The matching process between one of the reference 
images of a facade and an arbitrary image of the 
same facade, captured with an unknown pose, is not 
a simple task, for various reasons: first, because they 
have different poses; then, because facades rarely are 
truly planar; finally, because the two images can be 
significantly different due to lighting variations, ref-
lections, occlusions or even changes of the facade 
visual appearance (e.g. when a window blind is 
closed, between the captures). 
Several matching methods are based on feature point 
extraction from images. Feature point detectors, like 
SIFT [Low03], SURF [Bay06], FAST [Ros06] or 
FIRST [Bas08] have been used because of their ro-
bustness to changes in scale, view point, luminance 
and even to partial occlusions. For each extracted 
feature point there is an associated local descriptor. 
The comparison of the descriptors is the basis of the 
matching process. However, since there are many 
repeated visual landmarks in a facade (e.g. win-
dows), a straightforward comparison would, most 
likely, produce a large number of incorrect matching 
pairs. Therefore, additional processing is needed to 
remove those false matches. In the proposed system, 
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topological constraints are used for this purpose. 
Similar constraints have been used by other authors 
[Fer03] to help solving the matching problem be-
tween images acquired from different poses. 
In the following, the two above mentioned phases are 
described. 

3. SETUP PHASE 
The setup phase has the following steps: (a) capture 
of two facade reference images; (b) delineation of the 
facade region of interest (ROI); (c) detection of fea-
ture points; (d) identification of all the feature points 
that belong to the facade dominant plane and 
(e) topological characterization of the feature points. 
The information resulting from this phase is: the fa-
cade ROI in both reference images; the detected fea-
ture points that belong to the facade dominant plane, 
Π (a plane coplanar with a major part of the facade 
surface), and the characterization of the feature 
points. This characterization is achieved in two ways: 
by a local descriptor that will be used in the matching 
process and by two types of topological information, 
associated with each feature point: the collinearity 
information which tells if it is collinear with other 
feature points, making up a "line" of feature points 
and the sidedness information which tells on which 
side of each of these "lines" the point lies. 

Reference Images and ROI 
Two reference images of the facade are needed.  
These images, IL and IR, must be taken from different 
positions and preferably from opposite sides of the 
facade (Figure 1). This will increase the parallax 
effect which will help identifying the feature points 
that do not belong to the dominant plane, Π. 

 
Figure 1. ROIs delineation on IL and IR. 

The facade ROIs, RL and RR, must be delineated on IL 
and IR (Figure 1). This is the only step in the whole 
process requiring human intervention. This step is 
necessary to restrict the feature point detection to RL 
and RR and also to identify Π. RL and RR are manually 
delineated by the user, through the selection of the 
corners of the quadrilaterals, on IL and IR, corres-
ponding to a rectangle in the facade. This rectangle 
does not need to visually exist; only some of its 
edges and corners are needed, as a visual aid for the 
user. However, it must be coplanar with Π and cover 
a major part of the facade (ideally, all of it). 

Feature Point Detection 
To detect the facade in an image, IU, captured with an 
arbitrary pose, it is necessary to match feature points 
between IU and the reference images (IL and IR). In IL 
and IR, feature detection is restricted to RL and RR. 
Feature points are detected using the SURF algo-
rithm [Bay06], which is one of the fastest available 
and has a great potential for AR applications. This 
algorithm returns the coordinates of each detected 
point, its feature strength (Hessian value), size, orien-
tation and Laplacian value, as well as a descriptor of 
its neighborhood in the image. This descriptor is an 
array of 128 elements that describes the distribution 
of Haar-wavelet responses within the feature point 
neighborhood and has the important properties of 
being invariant to rotation, scale and luminance. 
These properties help the matching process to pro-
duce a higher rate of correct matches between differ-
ent poses. The detected SURF point sets in RL and RR 
will be named, respectively, SL and SR. Only points 
with a Hessian value greater or equal to 500 are re-
tained. For a better matching performance, both sets 
are filtered, in order to assure that all the remaining 
features have a minimum size and a minimum dis-
tance between each other. 

Identification of Points Belonging to Π 
In the working phase, the facade will be detected 
through the matching of two sets of coplanar points. 
Therefore, only points belonging to Π should, ideal-
ly, be used; all the other points should be removed 
from SL and SR. 
The identification of the points non-coplanar with Π 
has two important steps. In the first one, RL and RR 
are transformed into frontal pose (Figure 2), FL and 
FR. In order to rectify both RL and RR, the true dimen-
sions of these regions, or at least their aspect ratio, 
must be known. Usually, those dimensions are un-
known, but the aspect ratio of a rectangle can be cal-
culated from a non-frontal pose image of itself, 
through the use of the image vanishing points, as 
described in [Cip99]. 

 
Figure 2. ROIs in a frontal pose (FL and FR). 

In the second step, SL and SR are projected into a 
frontal pose. After this, the feature points, in RL and 
RR, which belong to Π can be easily identified, since 
their positions should be the same in FL and FR. 
However, it is also possible that a facade landmark 
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can generate a feature point in one of the reference 
images, but not in both of them.  
So, in order to identify the largest possible number of 
points belonging to Π, another approach, that does 
not require a feature point to be detected in both ref-
erence images, was adopted instead. Each feature 
point, in either RL or RR, is projected into both FL and 
FR. The neighborhoods of each projected point, in FL 
and FR, are compared using normalized cross correla-
tion and if they are similar enough (correlation factor 
superior or equal to 85%) then the point is identified 
as belonging to Π. A feature point resulting from a 
landmark, like a lamppost, that is away from Π, will 
usually have different neighborhoods, in FL and FR 
(Figure 3), being identified as non-coplanar with Π.  

 
Figure 3. Detection of feature points that do not 

belong to Π. 

Topological Characterization of the Fea-
ture Points 
Facades frequently have a large number of very simi-
lar visual landmarks. This contributes to a large rate 
of false matches. A possible solution for this problem 
would be to use only singular feature points (points 
whose descriptor is unique). However, in the case of 
a facade, this solution would probably reduce the 
number of useful points to a few.  
In this particular case, the topological characteriza-
tion of the points is a better solution to make each 
point more easily distinguishable from the others. In 
many facades, visual landmarks are usually concen-
trated along horizontal/vertical "lines". In both FL 
and FR, these "lines" can be easily identified, since 
they are approximately coincident with the 
rows/columns of the image. Rows/columns of FL and 
FR that have at least 12 feature points within a thre-
shold distance, T1=5 pixels (Figure 4) are retained as 
horizontal/vertical "lines". All feature points that do 
not belong to any retained "line" are removed. 

 
Figure 4. Identification of feature points concen-

trated near an image row, in FL or FR. 
The topological characterization process associates 
the following two types of information with each 
point, in FL and FR: collinearity and sidedness. Colli-
nearity identifies the horizontal and/or vertical 

"line(s)" of near-collinear feature points that the 
point belongs to. Sidedness identifies the side where 
the point lies relatively to each other "line".  

4. WORKING PHASE 
During the working phase, an image sequence is ac-
quired and processed. This phase is divided into two 
subphases: detection and tracking. In order to start 
tracking, the facade must be detected in one of the 
incoming frames. If the detection is successful, the 
facade is tracked in the following frames until the 
tracking fails. Then, the process is repeated. 

Facade Detection 
The detection subphase consists of the following 
steps: (a) capture of a frame, IU; (b) detection of fea-
ture points; (c) matching between the feature points 
detected in IU and those detected in IL and IR; (d) eli-
mination of false matches and (e) calculation of the 
homography between the matched feature points. 
Using this homography, it is possible to delineate the 
facade ROI in the captured frame and determine the 
camera pose. 

4.1.1 Feature Point Detection and Matching 
The first step is to capture a frame IU in which the 
facade will be either detected or tracked, whatever 
the case may be. The camera pose and the existence 
of the facade in IU are both unknown. Facade detec-
tion requires a matching process between the SURF 
feature points detected in IU and those detected in IL 
and IR (during the setup phase). In IU, feature point 
detection is applied to the whole image. The resulting 
set of detected points in IU will be named SU. 
In order to maximize the number of correct matching 
pairs, two matching processes, m(SU,SL) and 
m(SU,SR), are applied to the feature sets SU, SL and SR. 
To accelerate the matching process, each set is di-
vided into two subsets, based on the Laplacian signs, 
thus avoiding unnecessary comparisons between 
local descriptors of points with different signs.  
The Best-Bin-First (BBF) method [Bei97] is used for 
matching. This method uses local feature descriptors 
in order to find, for each point of the first image, the 
best match (nearest neighbor), in the second image. 
A k-d tree [Fri77] is used to store the local descrip-
tors of the points from one of these sets. The nearest 
neighbor of a given descriptor, on the other set, can 
be found, very efficiently, by searching only a rela-
tively small part of this tree. The returned nearest 
neighbor is considered valid, if the Euclidean dis-
tance between both descriptors is inferior to certain 
threshold (a value of 3 was used in our experiments). 
Two sets of matching pairs, PL=m(SU,SL) and 
PR=m(SU,SR), result from this matching process. If 
neither PL nor PR has enough pairs (at least 20), the 
detection is considered unsuccessful. Otherwise the 
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set with the largest number of matching pairs, named 
PS, is selected. 

4.1.2 Elimination of False Matches 
PS usually has some incorrect pairs whose number 
can be affected by several factors: images acquired 
with different camera poses; luminance variation; the 
used local descriptor; the matching method; and the 
visual content of both images. In order to obtain a 
more robust facade detection and a precise camera 
pose, it is imperative to reduce, as much as possible, 
the number of incorrect matches. 
A common method to solve this problem [Har03] 
uses the RANSAC algorithm [Fis81] to calculate, in 
a robust form, the homography that relates two im-
ages of the same plane. This method starts by ran-
domly selecting a set of matching pairs. This set is 
used to calculate a homography that will be used to 
project each point of the first image into the second 
one. The distance between the projected point and its 
matched pair is calculated. If the distance is too 
large, the pair is labeled as an incorrect one (outlier). 
This process is repeated until the number of correct 
matching pairs (inliers) is acceptable or a maximum 
number of iterations is reached. If a minimum num-
ber of inliers is not achieved, the facade detection is 
declared as failed. Usually, this method produces 
good results even in the presence of a large number 
of outliers. However, in a facade, its straightforward 
use may generate poor results.  
Usually, inliers display a common and uniform beha-
vior that set them apart from outliers, which show a 
behavior of a random nature. In the case of a facade, 
outliers may display a common and uniform beha-
vior, for example, when feature points belonging to 
one building floor match with similar points from 
another floor. If the number of matches is substantial, 
RANSAC may wrongly assume that they are inliers. 
The proposed solution for outlier elimination is based 
on the application of the collinearity and sidedness 
constraints to the selected set of matching pairs (PS). 

 
Figure 5. Extracted horizontal line with some 

outliers (represented by the symbol “+”).    

The collinearity constraint states that coplanar land-
marks that are collinear in FL or FR should also be 
collinear in IU. Feature points that do not verify this 
constraint are most likely outliers and must be re-
moved from PS (Figure 5). 
This constraint is applied in the following way: a 
"line" of feature points in SL or SR is taken; these fea-
ture points are matched with points in SU (the result-
ing subset is named LU); if LU has a minimum num-
ber (8) of matched points, a line is fitted to these 
points, using RANSAC; the resulting fitted line is 
considered valid if it fits a minimum number of 
points in LU (40%). The points in LU that do not be-
long to the line are marked as outliers and removed. 
In order to fit a line to the points in LU, it is necessary 
to define a threshold, T1, for the distance between 
each point and the line, beyond which the point will 
be labeled as an outlier. Since the size of the facade 
in IU depends on its distance to the camera, T1 must 
be updated by a scaling factor; this factor is calcu-
lated as the ratio between two distances d1 (measured 
between the two horizontal/vertical lines in FR or FL, 
having the largest sets of matched points in PS) and 
d2 (measured between the corresponding lines in IU) 
as shown in Figure 6. 

 
Figure 6. Distances d1 and d2 used to update the 

threshold T1. 
After the application of the collinearity constraint, 
some incorrect matches may still remain. To remove 
them, the sidedness constraint is applied. 

 
Figure 7. Verification of the sidedness constraint 

(point 2 violates the constraint). 
Let us consider a line fitted to LU and the correspond-
ing line in FL or FR; a point A, in IU, not belonging to 
LU; the point B, in FL or FR, matched with A. The 
sidedness constraint states that A and B must be on 
the same side of the line fitted to LU and the corres-
ponding line in FL or FR (Figure 7). Ideally, a single 
mismatch would be sufficient to mark a point as an 
outlier. However, since there are occasionally some 
poorly fitted lines, a single mismatch may be insuffi-
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cient to assume that conclusion. To overcome this 
problem, for each matched point, the number of 
times that sides match and mismatch, in both images, 
relatively to each fitted line, are totaled. If the first 
total is inferior to the double of the second one, then 
the point is marked as an outlier and removed. 

4.1.3 Facade Delineation 
If the number of matches remaining in PS is above a 
threshold (8 pairs), the facade is declared as being 
present in IU and the last step of the facade detection 
consists of delineating the contour of the facade in 
IU. In order to delineate the facade on IU and to ena-
ble the AR system to perform the CPI, a homography 
between the feature points of the reference image (IL 
or IR) and those of IU is calculated, using RANSAC, 
and refined, using the Levenberg-Marquardt method 
[Har03]. Using the final homography, the corner 
points of the facade ROI (RL or RR), in the reference 
image are projected into IU, thus delineating the ROI 
in this image. As a final validation step, the ROI 
shape must also pass a convexity test. Finally, the 
homography can also be used by the AR system to 
determine the initial camera pose. 

Facade Tracking 
The tracking subphase consists of the following 
steps: (a) capture of the next frame, IU+1; (b) tracking 
of a selected set of feature points via sparse optical 
flow; (c) replacement of the lost tracked points and 
positional correction of the ones with high tracking 
error, if feasible, and (d) calculation of the homogra-
phy between the feature points tracked in IU+1 and 
those detected previously in IL or IR.. 

4.2.1 Feature Point Tracking 
After the facade has been successfully detected in the 
current frame, the system will try to track it in the 
next one. To do that, a number of feature points must 
be selected for tracking. 
The selected points will be tracked by sparse optical 
flow between two consecutive frames (IU and IU+1). 
The optical flow implementation is based on the 
Bouguet sparse variant [Bou99] of the Lucas-Kanade 
optical flow algorithm [Luc81]. This implementation 
demands that the tracked points are good features to 
track which, in this case, means that they must be 
corner points. Unfortunately, not all SURF points are 
corner points so, during the setup phase, all the 
SURF feature points, coincident or near (within the 
feature size) to a Harris corner point [Har88], were 
labeled as good features to track. The position, in FL 
or FR, of the neighboring Harris corner point relative 
to the SURF point is stored, since the first one will 
be the point effectively tracked.  
The subset PK of matching pairs with good features 
to track is extracted from the current set of matching 
pairs PS.  From PK, the system will select the points 

that are near the corners and to the center of the ROI. 
The maximum number of tracked points depends on 
the performance of the hardware platform.  
The optical flow algorithm is applied to all the 
neighboring Harris Corner points of the selected 
SURF points in the current captured frame (IU) and 
the next one (IU+1). The algorithm returns the new 
estimated position for the tracked points in IU+1.  

4.2.2 Feature Point Replacement or Correction 
Some points can be lost or have a high tracking error. 
The system tries to replace the lost points with new 
ones and correct the position of the points that have a 
high tracking error. In order to do both, the SURF 
detector is applied to a very small region centered on 
the estimated point position in Iu+1. The local de-
scriptors of the detected points are matched with the 
single local descriptor of the replacement point or the 
point with high tracking error and if the match is 
successful, the point is replaced or its position is cor-
rected, whatever the case may be. 
If the number of remaining points is greater than 8, 
the homography is calculated by RANSAC, making 
it possible to delineate the ROI, and the tracking 
process will continue. Additionally, the AR system 
will be able to determine the camera pose in IU+1. 
Otherwise, if the number of remaining points is in-
sufficient, the tracking process is considered as fail-
ing and the system will try to detect the facade in the 
next frames, until the detection is successful. 

5. SYSTEM EVALUATION 
Since the proposed method depends on a large num-
ber of parameters, it would not be possible to eva-
luate its performance for each parameter combina-
tion. So, the parameters were selected through sever-
al experimental tests related to the particular result 
desired for each one. The global parameter setting 
was evaluated through a set of experiments described 
below. 
The evaluation of the system was divided into two 
parts for evaluating separately the detection subphase 
only and the whole working phase. The evaluation 
was done on a computer running at 2.4 GHz using 
images with a 640×480 resolution. 
In the first part, the system was forced to detect a 
facade in image sequences of four different buildings 
(Figure 8). These facades have some properties that 
can make the detection difficult, namely: landmarks 
non-coplanar with the dominant facade plane (all the 
facades, particularly no. 2), rounded lines (no. 4), 
small occlusions from trees, lampposts and traffic 
signs (nos. 1, 2 & 4). The used reference images 
were, for each sequence: 1.7 and 1.11, 2.2 and 2.9, 
3.1 and 3.2, and, 4.5 and 4.8. 
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In all the four sequences, the facade was delineated 
with an average reprojection error inferior to 2 pix-
els, respectively: 1.98 pixels, 1.83 pixels, 1.16 pixels 
and 1.45 pixels. The reprojection error in each image 
was calculated as the average distance between the 
four reprojected corners and the real ones, these be-
ing manually selected. 
The detection was robust even when the facade had a 
large number of visually similar landmarks (facades 
no.1 & no. 2) or non-coplanar ones (no. 2) and in the 
presence of small occlusions (nos. 1, 2 & 4). In spite 
of the large number of round visual landmarks and 
the existence of few horizontal/vertical lines on the 
facade the robustness of the detection (no. 4) did not 
decrease. The system was also able to detect a facade 
from viewpoints at larger distances than those used 
to capture the reference images (no. 3). As expected, 
the system is unable to robustly detect facades that 
do not have a dominant planar surface and those that 
have few visual landmarks or large occlusions.  
In the second part, a captured video was used to eva-
luate the working phase (Figure 9). The building has 
a large planar surface with some non-coplanar land-
marks (the balconies) and there is also a small occlu-
sion (the tree). The video sequence has 200 frames. 
The facade was detected in the first frame and 
tracked, without failure, until the last frame. The two 
images in Figure 1 were used as reference images. 
In order to evaluate the camera pose determination, 
an augmented wireframe box was registered to the 
tracked facade. By visual inspection of the aug-
mented video, it is possible to conclude that the 
augmented box was satisfactorily registered with the 
facade.  
In the setup phase, the identification of points be-
longing to the facade dominant plane took on aver-
age 334 ms to complete and the topological characte-
rization was executed with an average time of 356 
ms. During the tracking subphase, it was possible to 
achieve a real-time frame rate (superior to 25 fps). 
However, during the detection subphase, the frame 
rate dropped to a value between 3 to 10 fps (depend-
ing on the visual content of the frame). The drop on 
the frame rate was caused mainly by the feature point 
detection and by the two matching processes. On the 
other hand, the elimination of false matches by the 
application of the topological constraints took a me-
dian time of 52 ms to complete. 
Using a smaller local descriptor (with 64 elements) 
and a faster but more limited version of SURF, the 
U-SURF [Bay06], it is possible to boost the detection 
frame rate. Unfortunately, in this case, the detection 
phase generates a higher reprojection error that has a 
negative impact in the overall robustness of the 
tracking system.  

Many other factors should be considered for a more 
complete evaluation of the system, such as: the num-
ber of coplanar landmarks available, the camera pose 
of the reference images, the accuracy of the selection 
of the ROIs corners, the occlusions and lighting vari-
ations in the captured images, etc. However, such an 
evaluation is beyond the scope of this paper. 

6. CONCLUSION  
This paper has presented a tracking system that can 
detect and track a facade in a video sequence. The 
main contribution of this work is the use of parallax 
and topological information, namely the collinearity 
and sidedness constraints, to increase the overall ro-
bustness of the facade detection. 
This tracking system can be very useful for an Any-
where Augmentation AR system, operating in an 
urban environment. To start operating, it only needs 
two reference images of a facade, taken on-the-spot.  
Several types of facades can be detected and tracked, 
provided that they have a dominant planar surface 
and enough visual landmarks. Facades having many 
landmarks that are non-coplanar with its dominant 
plane or a large number of visually similar landmarks 
and those suffering from small occlusions were suc-
cessfully handled. 
Future work will be focused on two main develop-
ments: first the tracking of several facades and, as a 
generalization, the tracking of a building considered 
as an inter-related group of facades; second, the use 
of all the detected feature points in a facade, includ-
ing the, presently discarded, non-coplanar ones. Ad-
ditionally, a more complete and precise evaluation of 
the proposed tracking system will be done.  
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Figure 8. Samples of some of the image sequences used for the evaluation of the detection subphase. 
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ABSTRACT

In this article, we present a new 3D non-rigid surface registration algorithm for unstructured point clouds. The algorithm
has very low data requirements and can easily be adapted to use additional information other than vertex positions such as
texture information or prior knowledge about local deformations. It is robust to noise, outliers and to some extent to missing
data. The mathematical theory is based on probability density estimation. Furthermore, we use the mean shift formula for
fast computation. The algorithm is able to use different regularisation models for the deformation. Quantitative and qualitative
experiments are conducted on artificial surfaces and on real 3D face data.

Keywords: 3D non-rigid Registration, Mean Shift, Probability Density Estimation

1 INTRODUCTION

1.1 3D shape registration

Registration, defined as finding a mapping between two
(3D) images or other geometric data structures, is an
important computer vision research topic with many
applications, such as 2D automatic panorama stitching
[7] or object detection in 2D camera surveillance [2].
In medical imaging, registration is of key importance
to combine the complementary properties of different
imaging modalities like CT (Computed Tomography)
and MRI (Magnetic Resonance Imaging) [18], for com-
paring medical images of the same person but on dif-
ferent time points (where tumors might have grown or
shrunk, contrast has been injected [16]. . . ), or for the
alignment of intra-operative surfaces to pre-operative
images.

The subfield of registration we are concerned with
in this paper is 3D surface registration: finding a map-
ping between two 3D shapes, in our case represented
as point clouds. As 3D capturing devices become less
expensive and prove to be of value for face recognition,
registration of 3D surfaces also becomes important. It
is a problem of considerable interest in, e.g., computer
graphics, 3D shape aquisition and reconstruction and
statistical shape analysis in computer vision and medi-
cal imaging. For instance, the morphable statistical face
model of Blanz and Vetter [6] is a method based on 3D
face scans. For this method, all the faces have to be
represented by one topologically consistent mesh con-

Permission to make digital or hard copies of all or part of this
work for personal or classroom use is granted without fee provided
that copies are not made or distributed for profit or commercial
advantage and that copies bear this notice and the full citation on the
first page. To copy otherwise, or republish, to post on servers or to
redistribute to lists, requires prior specific permission and/or a fee.

figuration, meaning that all faces have to be represented
by a mesh with a constant number of vertices and trian-
gles. As this cannot be done at capturing time, a 3D
surface registration is needed.

1.2 Related work
Most of the 3D registration literature covers rigid regis-
tration, in which only translations and rotations can be
dealt with (a transformation is called rigid if the Eu-
clidean distance between any two points remains con-
stant). The most popular example is the Iterative Clos-
est Point (ICP) algorithm of Besl and McKay [5], which
has shown to be very successful and for which many
variants have been developed. In a nutshell, ICP is a
two-step iterative algorithm. In step one, the closest
points between two matches are sought, and in the sec-
ond step, the rigid transformation parameters that best
account for the ensemble of these correspondences are
calculated, after which this transformation is applied.
These two substeps are repeated until convergence.

The problem of non-rigid registration, in which more
general deformations besides translations and rotations
are admissible, is far more difficult. Recently, a num-
ber of 3D non-rigid registration algorithms have been
presented in the literature. Most of these algorithms are
based on the ICP-algorithm. One example is the opti-
mal step non-rigid ICP algorithm of Amberg et al. [1]
in which the ICP framework is extended to non-rigid
registration, while keeping the advantageous properties
of the original ICP (Iterative Closest Point) algorithm
[5]. It is robust to missing data, but as it is based on
the ICP framework, it is not expected to be robust to
outliers.

Another popular non-rigid registration algorithm re-
lated to ICP is Robust Point Matching introduced by
Chui and Rangarayan in [9]. RPM is also a two-step
iterative algorithm. The first step is the calculation of
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a soft-assign (fuzzy) correspondence matrix including
outlier handling. In the second step, the transforma-
tion that parameterizes the non-rigid registration is up-
dated by solving a least-squares problem including a
specific non-rigid deformation parameterization (more
specifically, the Thin Plate Spline deformation model
is chosen). The iterations are governed by an anneal-
ing scheme where the annealing parameter controls the
fuzziness of the correspondences computed in the first
step.

In the same paper ([9]), also another algorithm is de-
veloped and used as baseline: a non-rigid Thin Plate
Spline (TPS) ICP algorithm. Here, at each iteration,
hard point correspondences are calculated and then
TPS transformation parameters are optimized. The
hard point correspondences are found using the near-
est neighbor heuristic. To handle outliers, points too far
away are not considered. The second step is the cal-
culation of the transformation parameters for the TPS
transformation by minimizing

ET PS( f ) = ∑
i
||yi− f (xi)||2 +

λ

∫ ∫ [
(

∂ 2 f
∂x2 )2 +2(

∂ 2 f
∂x∂y

)2 +(
∂ 2 f
∂y2 )2

]
dxdy, (1)

with f (xi) = xi · d + φ(xi) · w and φ(xi) =
||x − xi||2log||x − xi|| the TPS kernel, d a matrix
representing the affine transformation and w a warping
coefficient matrix representing the non-affine trans-
formation. The parameter λ is set using an annealing
procedure.

An algorithm that is not based on ICP but bears close
resemblance to ours is the simultaneous non-rigid reg-
istration method for multiple point sets for atlas con-
struction of Wang et al. [19]. Here, the 3D model point
clouds that need to be registered are represented by a
Probability Density Estimate (PDE), which is also a
key feature in our algorithm. The algorithm of Wang et
al. proceeds by quantifying the distance between these
PDE’s using an information theoretic measure, which is
optimized over the parameters of a deformation model.

2 MEAN SHIFT REGISTRATION

2.1 Probability Density Estimation and
Mean Shift

In the majority of 3D surface processing algorithms, 3D
objects and surfaces are represented as a mesh: a bunch
of vertices (3D points) on the object’s surface connected
by polygons, mostly triangles. An example of a mesh
is shown in figure 1(a). But, as has already been men-
tioned, we will, in this work, represent 3D surfaces as
a Probability Density Estimate (PDE) based on a dis-
crete point cloud version of the surface. These points

(a) (b)

Figure 1: The Stanford bunny represented as (a) a mesh;
(b) a volume rendered Probability Density Estimate.

are most readily available and are the most basic repre-
sentation of surfaces, and are sometimes the only avail-
able information. By representing the 3D surface as a
PDE, every point in 3D space has a probability of lying
on the surface of the 3D object we are working with.
This statistical way of representing 3D objects will –
to a certain amount – give our algorithm the ability to
deal with missing data and outliers. An example of a
3D PDE can be seen in figure 1(b).

We construct the PDE of the 3D surface by using the
Kernel Density Estimation (KDE) technique. The PDE
is thus constructed in the following way:

p̂(x) =
1
n

n

∑
i=1

K(x−xi), (2)

where p̂ is the PDE itself, x1,x2, . . . ,xn are the 3D
points of the discretized surface, and K(x) is a scalar
function satisfying∫

R3
xxT K(x)dx = cKI, (3)∫
R3

xK(x)dx = 0, (4)

lim
‖x‖→∞

‖x‖3K(x) = 0, (5)∫
R3

K(x)dx = 1. (6)

Here, ‖ · ‖ is the Euclidean norm, and cK is a constant.
We follow the method of Comaniciu and Meer [10] for
Kernel Density Estimation and are thus only interested
in the special class of radially symmetric kernels sat-
isfying K(x) = ck,dk(‖x‖2) with ck,d a normalization
constant to make K(x) integrate to one (d stands for
the dimensionality of the problem). k(·) is called the
profile of the kernel. Using a kernel with bandwidth h,
the kernel density estimate is:

p̂(x) =
ck,d

nhd

n

∑
i=1

k(||x−xi
h
||2). (7)

If we define g(x) =−k′(x), we can write the density
gradient estimate as:
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∇̂p(x) =
2ck,d

nhd+2

[ n

∑
i=1

xig(||x−xi
h
||2)
]
·[

∑
n
i=1 xig(|| x−xi

h ||
2)

∑
n
i=1 g(|| x−xi

h ||2)
−x
]

(8)

The last factor is called the mean shift:

mh(x) =
∑

n
i=1 xig(|| x−xi

h ||
2)

∑
n
i=1 g(|| x−xi

h ||2)
−x. (9)

Because this can be written as

mh(x) =
1
2

h2c
∇̂ph,K(x)
p̂h,G(x)

, (10)

it can be seen that, at location x, the mean shift is
proportional to the density gradient estimate with ker-
nel K, normalized with the density estimate computed
with kernel G, and thus always points at the direction
of maximum increase in density.

Because of the normalization, the mean shift can be
thought of as an adaptive gradient estimation for use in
gradient ascent methods. The mean shift is adaptive in
the way that it is bigger in regions with low density,
and smaller in regions with high density. This is what
we will need for our registration algorithm.

In this paper, we will use the Gaussian kernel func-
tion G(x) = 1

(2π)
d
2

exp(− 1
2‖

x
h‖

2), leading to:

mh,G(x) =
∑

n
i=1 xi exp(|| x−xi

h ||
2)

∑
n
i=1 exp(|| x−xi

h ||2)
−x. (11)

It should be noticed that this theory and the associ-
ated algorithms are also valid for other kernel functions.

2.2 Rigid mean shift registration
If the PDE of interest represents a 3D surface, the mean
shift vector will always point in the direction that needs
to be followed to get closer to the surface. This is ex-
actly what we need for a registration algorithm. Also,
as can be seen from equation (11), the mean shift vec-
tor in every point x is not only dependent on the nearest
point xi in the (target) point cloud, but every point in the
(target) point cloud, weighted with its distance to point
x, is taken into account. This will assure the robustness
of our method against noise and outliers.

As a start, the two objects that need to be registered
are assumed to lie in the same 3D Euclidean space.
From now on, we will talk about the target surface, the
static surface to which the other surface, the moving
floating surface, has to be registered. We can now for
every point x in the floating point cloud compute the
mean shift vector mh,G(x) in the PDE of the target sur-
face by using equation (11). This is illustrated in figure
2.

(a) (b)

Figure 2: (a) The floating and the target surface in the
same Euclidean space; (b) the mean shift vectors of
the target surface, evaluated in the points of the floating
surface (subsampled for clarity).

After the calculation of the mean shift vectors, we
need to transform these vectors into one rigid transfor-
mation for the whole 3D model. We do this by calcu-
lating the optimal rigid transformation matrix that ap-
proximates these vectors in a least squares sense and
applying it. This is the same procedure as used in the
traditional ICP algorithm.

These two steps, the calculation of the mean shift
vectors and the computation of the optimal rigid trans-
formation matrix, are then iterated, until convergence.

The algorithm can thus be summarized as follows:

REPEAT
- Calculate mean-shift vectors at the

points of the floating surface.
- Calculate the optimal rigid

transformation matrix and
apply it.

UNTIL convergence

An example of a Mean Shift Rigid Registration be-
tween two different facial surfaces can be seen in figure
3 .

2.3 Non-rigid mean shift registration
The classical non-rigid registration algorithm scheme is
a two-step scheme very similar to the rigid registration:
first, compute a displacement vector for every point in
the floating surface, and then optimize the parameters of
a non-rigid transformation model with relation to these
displacement vectors.

We on the other hand use the mean shift vectors as
local estimates of a non-parametric deformation, and
in such a way we don’t need any explicit deformation
model . These displacement vectors are then regular-
ized using smoothing or quasi-interpolation and scaling
before they are applied to the points of the floating sur-
face.

For the regularization, we implemented two different
strategies, but of course there are a plethora of other
possibilities.
Radial Basis Function regularization The first strat-
egy is quasi-interpolation with radial basis functions
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(a) before registration

(b) after registration

Figure 3: A Sample Mean Shift Rigid Registration of
two different faces.

(RBFs). A radial basis function interpolant s(x) is a
function of the form:

s(x) =
n

∑
i=1

µiΦ(||x−xi||)− p(x), (12)

where xi are the interpolation data points, Φ(x) are
radially symmetric basis functions, p(x) is a low degree
polynomial and µi are the unknown RBF coefficients.
For interpolation, the RBF coefficients µi are computed
assuring

s(xi) = mi, i = 1, . . . ,N, (13)

with mi the values at the data points xi. For quasi-
interpolation, the RBF coefficients can be determined
by minimizing

ρ||s||2 +
1
N

N

∑
i=1

(s(xi)−mi)2, (14)

where ||s||2 denotes the smoothing penalty defined by

‖s‖2 =
∫

R2
((

∂ 2s(x)
∂x2 )2 +(

∂ 2s(x)
∂y2 )2 +(

∂ 2s(x)
∂ z2 )2

+2(
∂ 2s(x)
∂x∂y

)2 +2(
∂ 2s(x)
∂x∂ z

)2 +2(
∂ 2s(x)
∂y∂ z

)2)dx (15)

and ρ is a smoothing constant: the smaller ρ , the more
the interpolant is passes through the data points xi, and
vice versa. This approach is known as spline smooth-
ing [8]. For the regularization of the mean shift vectors

using radial basis functions, we make use of three radial
basis function interpolants sx,sy,sz: one for each com-
ponent dimension of the mean shift vector. This means
that we have to compute three RBF interpolants;

s(x) =

 sx(x) = ∑
n
i=1 µi,xΦ(||x−xi||)− px(x)

sy(x) = ∑
n
i=1 µi,yΦ(||x−xi||)− py(x)

sz(x) = ∑
n
i=1 µi,zΦ(||x−xi||)− pz(x)

,

(16)
with constraints

s(xi) = mh,i =

 mh,i,x
mh,i,y
mh,i,z

, (17)

where mh,i are the mean shift vectors from equation
(11). The regularized mean shift vectors are then com-
puted as

m̃h,i(xi) = λ · (sx(xi),sy(xi),sz(xi)), (18)

with xi the points of the floating point cloud and λ a
scaling parameter.
Gaussian smoothing as regularization Another pos-
sibility for regularizing the mean shift vectors is us-
ing Gaussian smoothing. Because the interpolation
points do not lie on a regular grid, we perform Gaus-
sian smoothing using the Gauss transform. Here, the
regularized mean shift vectors are computed using (18),
with xi the points of the floating point cloud, and

s(x) =


∑

N
i=1 mh,i,x exp(|| x−xi

hs
||2)

∑
N
i=1 mh,i,y exp(|| x−xi

hs
||2)

∑
N
i=1 mh,i,z exp(|| x−xi

hs
||2)

. (19)

Here, hs is the smoothing parameter. The regularized
mean shift vector at point x is thus computed as an in-
verse distance weighted sum of the mean shifts in all
points of the point cloud.
Algorithm The non-rigid registration algorithm can
thus be summarized as follows:

REPEAT
- Calculate (weighted) mean-shift

vectors at the points of the
floating surface.

- Regularize and scale the
displacement vectors.

- Move the points of the floating
surface using the computed
displacement vectors.

UNTIL convergence

2.4 Implementation
The algorithm was implemented in MATLAB. Both the
mean shift computation and the Gaussian smoothing
are essentially a series of Gauss transforms:
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N

∑
i=1

qi exp(‖
xj−xi

h
‖2),∀ j = 1 . . .M (20)

When solved naively, and M = N the Gauss trans-
form’s complexity is quadratic (O(N2)). The Fast
Gauss Transform (FGT) of Greengard and Strain [14]
reduced the complexity of the Gauss Transform to
linear (O(N)). The Improved Fast Gauss Transform
(IFGT) of Yang et al. [20] has further increased
the speed of the Gauss transform, mainly for high
dimensional problems.

In another class of fast implementations, the Gauss
Transform is computed using a space-partitioning data
structure for organizing the point clouds. These meth-
ods are often referred to as kd-tree methods (short for
k-dimensional tree methods) [13, 15].

The FIGTree algorithm of Morariu et al. [17] is an
implementation that combines various fast algorithms,
including a IFGT and kd-tree algorithm, automatically
selecting the best parameters for each problem. As
such, the speed of our registration algorithms can bene-
fit from using this package.

The RBF calculation is of a similar complexity. Con-
ventional methods for RBF calculation, using 3D bihar-
monic (thin-plate) splines are O(N3). Hierarchical and
fast multipole methods [3] can reduce this complexity
to O(N logN). These fast results can for instance be
obtained using the FastRBF Toolbox [12].

To increase the robustness of our algorithm, the itera-
tions are done in an annealing or multiscale way. In op-
timization, annealing is a way of iterative improvement
of the cost function by letting a temperature parame-
ter decrease in a controlled way. In our algorithm, the
Gauss transform’s kernel bandwidth parameter for the
mean shift computation is large in the beginning and is
decreased over the iterations.

3 EXPERIMENTS
In this section, we present some results for our regis-
tration algorithm. In this paper, we will focus on the
non-rigid registration. For results of the rigid registra-
tion, we refer to [11].

3.1 Proof of concept
To proof the concept of the mean shift based non-rigid
registration algorithm, we make use of meshes of su-
perquadric surfaces. Deformed meshes were then cre-
ated by non-rigidly transforming them using a thin plate
spline deformation field and resampling the deformed
meshes. Afterwards, the original configuration was es-
timated by applying the mean shift non-rigid registra-
tion algorithm from the deformed (floating) surface to
the original (static) surface. To make the challenge fair,
since the surfaces were deformed using a TPS deforma-
tion field, we used Gaussian smoothing as regularizer.

landmark number landmark name
1 nose tip
2 left inner eye corner
3 right inner eye corner
4 left outer eye corner
5 right outer eye corner
6 left mouth corner
7 right mouth corner

Table 1: The landmarks used in the registration of intra-
subject face scans experiment.

The results of these registrations as illustrated in figure
4, and prove qualitatively that the new non-rigid regis-
tration algorithm can lead to good registrations. The
non-rigid registration took less then 2 minutes on one
cluster node with a dual-core AMD Opteron 2220 pro-
cessor.

3.2 Registration of intra-subject face
scans with face expressions

To test the ability of our algorithm to deal with real-
world data, we make use of the Binghamton University
3D Facial Expression (BU-3DFE) Database [21]. This
is a database containing 100 subjects, with for each sub-
ject 25 scans for different face expressions. In this ex-
periment, we tried to register the neutral face scan of
one person to eight of the expression face scans, on
which seven anatomical landmarks were manually in-
dicated. A set of face scans with different expressions
are visualised in figure 5. To construct reliable statis-
tical models, it is required that the landmark locations
of one face instance are mapped as closeby as possi-
ble to the landmark locations of the target face, when
registered. The result of the non-rigid registration can
then be validated by the statistical distribution of the
Euclidean distances of the landmarks on the registered
face to the real landmark locations:

d =
√

(lo,x− lr,x)+(lo,y− lr,x)+(lo,z− lr,x), (21)

where lo = lo,x, lo,y, lo,z are the landmark locations be-
fore registration and lr = lr,x, lr,y, lr,z are the landmark
locations after registration . This is what can be found
in figure 6. For comparison, also results of the non-rigid
TPS-ICP registration described in the introduction are
included.

The landmark numbers are explained in table 1. The
experimental results show that the mean shift non-rigid
registration algorithm outperforms the TPS-ICP algo-
rithm, especially in regions where large expression-
induced shape variations are to be expected, at the
mouth corners. For these experiments, we tuned the
parameters of both algorithms as well as possible.

WSCG 2010 FULL Papers 125



Figure 6: Registration of intra-subject face scans with
face expressions. The red bars (1,4,7,10,13,16 &
19) represent the results after only rigid registration,
green bars (2,5,8,11,14,17 & 20) indicate results af-
ter mean shift non-rigid registration, and blue bars
(3,6,9,12,15,18 & 21) represent results after non-rigid
ICP registration. (Color version online.)

4 CONCLUSIONS AND FUTURE
WORK

We developed a novel non-rigid point cloud based sur-
face registration algorithm based on mean shift. The
algorithm shows to be able to perform good non-rigid
registrations. Quantitative experiments prove the power
of our algorithm.

The algorithm’s theory is stated in 3D, and we make
only use of the 3D point locations of the discretisized
surface representation. The framework can however be
expanded to N dimensions. A straightforward applica-
tion that can benefit from a 4D registration is recogni-
tion for 3D facial gestures, which can be seen as a 4D
surface [4]. We however plan to use the extendibility
to N dimensions for improving the performance of the
3D registration. In its current implementation, the al-
gorithm is expected to be more suitable for expression-
less inter-person registration than for intra-person reg-
istration where it has to deal with face expressions. We
want to tackle this problem by building a N dimensional
space consisting of 3 Euclidean shape space dimensions
and additional dimensions containing a.o. texture and
curvature information.

Furthermore, we plan to review variable kernel meth-
ods, to deal with unevenly sampled surfaces and the
non-uniform nature of face surfaces. A broad validation
of the algorithm on a 3D face database is also planned.
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 4: Results of the mean shift non-rigid registration algorithm. (a), (d) and (g) are the original surfaces. (b),
(e) and (h) are deformed, noisy version hereof. These were registered to the originals, and the result is shown in
(c), (f) and (g). Only the point clouds were used, but for clarity of visualization, the point clouds are displayed as
shaded meshes with black dots on the point locations.

Figure 5: Nine face surfaces captured from the same person but with different facial expressions.
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ABSTRACT

Eye gaze can be a rich source of information to identify particular interests of human users. Eye gaze tracking has been largely
used in different research areas in the last years, as for example in psychology, visual system design and to leverage theuser
interaction with computer systems. In this paper, we present an IR-based gaze tracking framework that can be easily coupled
to common user applications and allows for real-time gaze estimation. Compared to other gaze tracking systems, our system
uses only affordable consumer-grade hardware and still achieves fair accuracy. To evaluate the usability of our gaze tracking
system, we performed a user study with persons of different genders and ethnicities.

Keywords: Eye tracking, gaze tracking, human-computer interaction,interactivity, application.

1 INTRODUCTION
For us humans, the eyes may be the most important
source of information. Our gaze is the primary sense
for experiencing our environment. Recent improve-
ments in computer and image processing technologies
have allowed our gaze to influence the environment and
become an important branch of Human-Computer In-
teraction (HCI) via Eye and Gaze Tracking. Select-
ing icons simply by looking at them is a pleasant idea.
This can be continued up to the complete controlling
of a computer just by looking at the objects of interest
instead of selecting them with the mouse. Moreover,
this application can be necessary for handicapped peo-
ple that could write words on a monitor keyboard by
looking at the single characters and achieve interactiv-
ity with their environment.

As our gaze reflects our attention and our interests,
gaze tracking can be used for perceptive tasks as well.
What is the customer of the newly developed software
application looking at immediately? Can he find all the
functionality he needs, and where is he searching for
them? When we look at homepages or online-shops or
advertisement, what element is drawing our attention in
the first place? All those questions may be answered
when gaze can be tracked.

Permission to make digital or hard copies of all or part of this
work for personal or classroom use is granted without fee provided
that copies are not made or distributed for profit or commercial
advantage and that copies bear this notice and the full citation on the
first page. To copy otherwise, or republish, to post on servers or to
redistribute to lists, requires prior specific permission and/or a fee.
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Copyright UNION Agency – Science Press

In this paper, we propose an IR-based gaze track-
ing system for user applications working in real time
with consumer-grade hardware. Gaze tracking systems
that use head-mounted devices are usually more accu-
rate and allow free head movement compared to non-
intrusive systems (that make no contact with the sub-
ject), but such systems are frequently uncomfortable
and unnatural to the user. Therefore, we chose devel-
oping a non-intrusive gaze tracking system with a fixed
camera. Our system consists of a simple setup and does
not require expensive cameras.

In the following, we will give a short overview of the
related work (see Section 2) and discuss the advantages
and the liabilities of our system. In Section 3, our gaze
detection pipeline is introduced and each step explained
in detail. An application example is presented in Sec-
tion 3.5 and in Section 4 we present a simple user study
that was performed to evaluate the system usability. Fi-
nally, we conclude the paper in Section 5 with a short
summary and possible future work.

2 RELATED WORK

The most popular technique for gaze tracking is the use
of a single camera and IR light. The invisible light
produces the corneal reflection depicting a strong ref-
erence point. Research efforts in this area are focused
on simple calibration, accuracy and non-intrusive ev-
eryday execution.

Nahlaoui et al. [ANJKS05] developed a gaze track-
ing system using two IR point light sources for two ref-
erence points. Their field of application is the therapy
of visually handicapped people. Zu et al. [ZFJ02] used
two IR LED rings on a panel that can be turned on and
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Figure 1: The pipeline of our system.

off alternately in order to receive bright and dark pupil
illumination images in the even and odd field of the in-
terlaced image. Other approaches apply a cornea model
in order to estimate the gaze [LP07] or use face de-
tection and exploit symmetry to find the gaze direction
[MSWB04].

As the IR light shines directly toward the eye, glasses
can cause bright extra reflections disturbing or prevent-
ing the detection of the corneal reflection. Ebisawa and
Ohno et al. [Ebi98, OMY02] developed gaze tracking
system that tackles glasses reflections.

A large group of similar approaches is the 3D ap-
proach for gaze tracking. They use a stereo camera sys-
tem for 3D eye localization [OMK03, SL04, SEO96]
and derive the 3D center of the corneal curvature in
world coordinates. Other works [OM04, PCG+03] ad-
ditionally use a steerable IR camera on a pan-tilt unit
that follows the user so that free head movement is al-
lowed.

Another possibility that allows free head movement
is a head-mounted device that is always focused on the
user’s eye [LWP05, BP04]. Li et al. actually introduced
a new pupil detection method calledStarburstthat re-
quires a high eye image resolution, however. This is
usually not available when using a standard web-cam.

Morimoto et al. [MAF02] introduced a novel ap-
proach for free head gaze tracking, that even works
without calibration. This approach is based on the the-
ory of spherical mirrors and the Gullstrand’s eye model
[Gul09].

In contrast to those proposed methods, our system
does not use head-mounted devices because we aimed
to develop a non-intrusive gaze tracking system. This
decision also supports our goal to create a consumer-
grade gaze tracking system that doesn’t need fancy ad-
ditional devices.

We do not use stereo cameras or cameras on a pan-
tilt unit as we aimed for low-cost equipment. Instead,
we use a single web-cam that is placed on a tripod near
the user. The IR LEDs can be put anywhere near the

monitor facing towards the user. This guarantees a very
easy setup routine.

Furthermore, we apply two dimensional calibration
and detection methods instead of 3D approaches where
stereo cameras are necessary.

3 GAZE DETECTION PIPELINE

Fig. 1 depicts ourgaze detection pipelineconsisting of
four main steps. As input, the pipeline receives an im-
age of an ordinary web-cam adapted with an IR-filter.
The first step in the pipeline (Step 1) in Section 3.1 re-
duces the region of interest performing a face detection
in the input image, and in the detected face region, an
eye strip is cut out so that further computations only oc-
cur in this strip. Step 2 in Section 3.2 is the detection
of the corneal reflection, a small white reflection point
that is produced by an IR light point source. In Step 3
in Section 3.3, the pupil of the human eye is searched in
the direct neighborhood of the corneal reflection. From
this two points, thegaze vectorcan be determined and
the system is calibrated. Finally, the gaze vector is ap-
plied to the screen and the gaze can be estimated as Step
4 in Section 3.5.

3.1 Face Detection

Figure 2: A detected face via AdaBoost [VJ01].

In Step 1, a face is detected in the given input image.
We use AdaBoost for this task, the adaptive boosting al-
gorithm based on Haar-like features proposed in [VJ01]
and extended in [LM02]. The in OpenCV implemented
cascade was taken for our face detection. An example
for the detection can be seen in Fig. 2.
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Figure 3: The cut out eye strip from the detected face.

According to traditional rules of proportion, dividing
the human face into four equal-sized rectangles, 1×4,
we can determine that the eyes shall be positioned in
the second division. From this division, the eye strip,
Fig. 3, is generated. These four divisions are computed
individually by the face extent given in each face detec-
tion step.

3.2 Corneal Reflection Detection
The corneal reflectionis the first Purkinje image that
is visible when IR light shines toward the human eye.
It appears as a bright white spot in the adjacency of
the pupil. There are four Purkinje images that describe
where in the eye an object is reflected. The first Purk-
inje image is the reflection from the outer surface of
the cornea, the second from the inner cornea’s surface.
The third Purkinje image is the reflection from the outer
surface of the lens and the fourth from the outer lens’
surface.

In Step 2, our system uses the Canny edge detector.
It applies two thresholds to the eye strip image so that
only a small number of white pixels remain in the eye
strip image, Fig. 4. They mark edges of the corneal
reflection. For the center of the corneal reflection, the
centroid of those white pixels is taken, Fig. 5(b).

Figure 4: The output of the Canny edge detector, ac-
centuated. The two corneal reflections produce white
pixels in this image.

3.3 Pupil Detection
In Step 3, we assume that the pupil is near the corneal
reflection. Thus, we search in the neighborhood of the
earlier detected point. This is done via histogram back
projection and thresholding the histogram. An input
image for this method can be seen in Fig 6(a). The
corresponding histogram is shown in Fig. 6(c). This
histogram is thresholded with a low value and the dark-
est pixels are kept, Fig. 6(d). The threshold value was
determined experimentally.

Via histogram back projection, only the pixels cor-
responding to the thresholded histogram are back pro-
jected into a new image. With this method, the darkest
pixels from the input image that derive from the pupil
are marked in the new image. As we assume the pupil in

the adjacency of the corneal reflection, only pupil pixels
are considered, Fig 6(b). Again, the centroid of these
marked pixels is taken as the pupil center, Fig. 5(c).

(a) (b)

(c) (d)

Figure 5: Fig 5(a) shows the human eye reflecting IR
light as the corneal reflection. In Fig 5(b) and Fig 5(c),
a detected corneal reflection and pupil can be seen. A
resulting gaze vector is shown in Fig 5(d).

3.4 Calibration Method

Gaze Vector
A gaze vector~vinputi with i ∈N is computed between the
corneal reflection’s center and the pupil’s center. The
corneal reflection center is defined as the origin and the
pupil center is defined as the end. If we assume that the
human cornea is a perfect sphere and the user’s head re-
mains still, the position of the corneal reflection will not
change when the user moves his or her eyes. But as the
pupil position changes, the relative position between
corneal reflection center and pupil center changes, too.
This relative position is represented by the gaze vector
that can be used to estimate the user’s gaze.

An example of a gaze vector can be seen in Fig. 5(d).
The calibration method works as follows: The user has
to look at the four corners of the monitor. These four
calibration vectors~vcalib1,~vcalib2,~vcalib3 and~vcalib4, are
saved, where:

~vcalibi =

(
cix
ciy

)
, 1≤ i ≤ 4, (1)

with ~vcalib1 being the topleft calibration vector,~vcalib2

being the topright calibration vector,~vcalib3 being the
bottomleft calibration vector and~vcalib4 being the bot-
tomright calibration vector.

Although we are working on consumer-grade equip-
ment that provides no high definition resolution, a short
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(a) The input image. (b) The back projected image based on the thresh-
olded histogram.

(c) The corresponding histogram to the input image.
The red line indicates the threshold value.

(d) The thresholded histogram. The red line indi-
cates the threshold value.

Figure 6: The histogram back projection. The input image (Fig 6(a)) and its histogram (Fig 6(c)). It is thresholded
and the resulting histogram (Fig. 6(d)) is back projected asa new image (Fig. 6(b)).

gaze vector can still be used in order to achieve fair ac-
curacy. Therefore, a system ofgaze rectanglesis in-
troduced that divides the screen in a given number of
rectangles. This is defined asA[col, row].

The rectangle widthrectwidth and heightrectheight is
computed according to the smallest span of x and y co-
ordinates, respectively, as follows:

rectwidth =






|c1x −c2x |

columns
, |c1x −c2x| < |c3x −c4x |

|c3x −c4x |

columns
, otherwise,

(2)

rectheight =






|c1y −c3y |

rows
, |c1y −c3y | < |c2y −c4y |

|c2y −c4y |

rows
, otherwise,

(3)
with columnsbeing the total number of columns to dis-
play androwsthe total number of rows to display. Both
values can be determined by the user before starting the
system. columns× rows defines the system’s resolu-
tion.

3.5 Applications
In Step 4, the computed gaze vector (Section 3.4) is
used for the gaze tracking application. The system will

~vcalib1

~vnew1

~vnew2
~vnew3

~vinput1

~vinput2
~vinput3

Figure 7: The calibration system that translates every
input vector’s origin into the upper left corner.

highlight only the gaze rectangle the user looks at. In
order to determine which gaze rectangle has to be high-
lighted, the origin of each input vector is translated into
the image origin in the upper left of the screen. This
is achieved by subtracting the top left calibration vector
~vcalib1 from the input vector~vinputi , Fig. 7. In this way,
we have all input vectors’ origins in the upper left of the
screen. This results in new vectors~vnewi .

In order to determine the gaze rectangle the user is
looking at, defined asA[col, row], Equation 4 and 5 are
computed.

col =
|inputix −c1x |

rectwidth
, (4)

row =
|inputiy −c1y |

rectheight
, (5)
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with i ∈ N, inputix being the x component of thei-th
input vector andinputiy the y component, respectively.

4 RESULTS

Our gaze detection system was developed in a Linux
PC with an AMD Athlon 64 X2 Dual Core Processor
4600+. We used the Philips web-cam SPC 900NC with
a resolution of 640×480 at a frame rate of 15 fps. It has
an IR-sensitive CCD chip and was modified with an IR
filter. The camera has a F/2.2 lens with an angular aper-
ture of 55◦ and a focal length of 4.5mm. The system is
implemented in C++ and the OpenCV library.

In our experiments, a 6×4 gaze rectangle grid is dis-
played on the screen so that the system has a resolution
of 24 gaze regions. This can be seen in Fig. 8.

1

1

2

3

4

5

6

7

Figure 8:User Study: Displayed are seven target rect-
angles that the user study participants were asked to
look at for five seconds. The graph in Fig. 9 shows the
mean percentage of hits per target rectangle.
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Figure 9: User Study: The graph depicts the results
of the conducted user study with ten participants. For
each of the seven target rectangles (see Fig. 8), the mean
percentage of correct hits in the Moore neighborhood is
plotted including its variance.

User Study
To evaluate the accuracy of our gaze tracking system, a
user study was conducted with ten participants of dif-
ferent gender and different origins. Although neither of
them wore glasses, two wore contact lenses. The con-
testants sat down comfortably in front of the test sys-
tem. They were asked to place their heads in the cam-
era’s field of view and hold their heads still for the test
phase. The camera was placed on a tripod in front of
the participants and a little to the left. The IR LEDs
were positioned under the monitor facing the user. The
calibration was performed by looking at the four corner
points (Section 3.4). A test phase consisted of seven
target gaze rectangles which the contestants were asked
to look at. Per rectangle, their eye motion was recorded
for five seconds. The target rectangles are shown in
Fig. 8 and were located as follows: Two of them were
corner gaze rectangles, number 5 and 7, two were lo-
cated in the center of the screen, number 3 and 6, and
three in the periphery, number 1, 2 and 4. These seven
target rectangles provide well suited showcase results.

The graph in Fig. 9 depicts the average results of the
proposed system. For each rectangle position in the
grid, the mean percentage of correct hits in the Moore
neighborhood of the target rectangle during the record-
ing time is plotted. The vertical bars depict the variance
of the contestants’ results for each grid position.

Further results showed that every single targeted gaze
rectangle was hit at least once.

Infrared Safety
We are working on images that are taken under IR light
that has a wavelength of 780nmup to 1400nm. There-
fore, an IRED array is used that consists of two IREDs
with a wavelength of 880nmand a radiant intensity of
160mW/sr each, Fig. 10.

This results in an irradiance to the eye of
0.088mW/cm2 at a distance of 60cm. At a dis-
tance of 30cm, the irradiance is 0.355mW/cm2. In
[SW80], 10mW/cm2 are given as a safe amount of
IR light under chronic exposure. In [Lam77], the
maximum permissible exposure for 16 minutes up to 8
hours is 0.717mW/cm2 using our IRED array.

Both values are well below both recommended safety
levels.

Figure 10: The IRED array we used for our system.

WSCG 2010 FULL Papers 133



5 CONCLUSION AND FUTURE
WORK

We proposed an IR-based gaze tracking system for user
applications working in real time with consumer-grade
hardware. The user study showed that it achieves fair
accuracy. The system uses an easy calibration method
that requires only four calibration points.

In future work, the corneal reflection and pupil de-
tection should be improved for a more robust detection.
This could be done with adaptive thresholding and more
precise detection methods, e.g. ellipse fitting. The next
step would be to refine the 6×4 grid if the vector had a
much higher resolution. Therefore, we are planning to
try other cameras for example with a higher resolution
or a better image quality. As the system does not allow
head movements, another goal in future work would be
to use the face location provided by the face detection
in order to compensate head movements.

The calibration method requiring four calibration
points could be simplified so that only two calibration
points were necessary, namely two opposing corners
of the monitor. The gaze rectangle properties could
still be computed correctly with information of only
two corners. Another calibration method assuming
a linear correlation between input gaze vector and
output gazing point could be applied as well. This
method would require three calibration points for a
2× 2 scale and rotation matrix and a two dimensional
offset vector.
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ABSTRACT
In interactive physical simulation, contact forces are ap-
plied to prevent rigid bodies from penetrating and con-
trol slipping between bodies. Accurate contact force
determination is a computationally hard problem. Thus,
in practice one trades accuracy for performance. The
result is visual artifacts such as viscous or damped con-
tact response. In this paper, we present heuristics for
improving performance for solving contact force prob-
lems in interactive rigid body simulation. We formulate
the contact force problem as a nonlinear complementar-
ity problem, and discretize the problem using a splitting
method and a minimum map reformulation. The result-
ing model is called the Projected Gauss–Seidel method.
Quantitative research results are presented and can be
used as a taxonomy for selecting a suitable heuristic
when using the Projected Gauss–Seidel method.

Keywords: Nonlinear Complementarity Problem,
Contact Forces, Convergence Rate, Projected Gauss–
Seidel.

1 SLOW CONVERGENCE RATES
Most open source software for interactive real time
rigid body simulation uses the Projected Gauss–Seidel
(PGS) method for computing contact forces. This in-
cludes the two most popular open source simulators
Bullet and Open Dynamics Engine. However, the PGS
method is not always satisfactory as it suffers from two
major problems: a linear convergence rate [4] and in-
accurate friction forces in stacks [9]. The linear con-
vergence rate results in viscous motion at contacts, as
well as loss of high frequency effects. The viscous ap-
pearance results in a delayed contact response which re-
duces plausibility [15]. Improving convergence might
lead to increased animation quality and higher fidelity.
The prospect of improving a state-of-the-art method –
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the PGS method – has motivated this study of heuris-
tics, aimed at improving convergence.

With this paper, we present a rigorous novel math-
ematical derivation of the PGS method as well as ex-
perience gained from quantitative research results. The
results can be used as a taxonomy for selecting a suit-
able heuristic when using the PGS method.

2 PREVIOUS WORK

Rigid body simulation was introduced to the graphics
community in the late 1980’s [8, 12], using penalty
based and impulse based approaches to describe physi-
cal interactions. Penalty based simulation is not easily
adopted to different simulations. Mirtich [11] presented
an extended and improved impulse based formulation,
however stacking was a problem and it suffered from
creeping. These problems has since been rectified [7].
Constraint based simulation [2] has received much at-
tention as an alternative to penalty based and impulse
based simulation. Constraint based simulation can be
divided into two groups: maximal coordinate and min-
imal coordinate methods [6]. The focus of this paper is
maximal coordinate methods, which are dominated by
complementarity formulations. Alternatives to comple-
mentarity formulations are based on kinetic energy [10]
and motion space [16]. However, the former solves
a more general problem and is not attractive for per-
formance reasons, the latter does not include frictional
forces.

Complementarity formulations are either accelera-
tion based formulations [20] or velocity based formu-
lations [19]. Acceleration based formulations can not
handle collisions [1], in addition they suffer from inde-
terminacy and inconsistency [18]. Velocity based for-
mulations suffer from none of these problems, for this
reason we use a velocity based formulation for this pa-
per. The approach we present here is based on a refor-
mulation of the frictional problem as a nonlinear com-
plementarity problem. This results in a slightly inac-
curate model with relatively few variables to solve for.
This makes it advantageous in interactive simulations
from a performance viewpoint.

The state-of-the-art method for solving complemen-
tarity formulations in interactive rigid body simulation,
is the projected Gauss–Seidel method. To our knowl-
edge, no mathematical derivation of the PGS method
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Figure 1: Renderings of selected setups from the test data sets used to examine the performance achieved by using
different heuristics for the projected Gauss–Seidel method. The setups varies from 100-10000 interacting rigid
bodies in varying degrees of structured configurations.

for interactive rigid body simulation has been presented
in the Computer Graphics literature, nor has any studies
on its convergence behavior or rates been published.

3 THE NONLINEAR COMPLEMEN-
TARITY PROBLEM FORMULATION

The frictional contact force problem can be stated as
a linear complementarity problem (LCP) [19]. How-
ever, a slightly different formulation is used in interac-
tive physical simulations, we will derive this formula-
tion. Without loss of generality, we will only consider
a single contact point. The focus of this paper is on the
contact force model, so the time stepping scheme and
matrix layouts are based on the velocity-based formu-
lation in [5]. We have the Newton–Euler equations,

Mu−JT
n λn−JT

t λt = F, (1)

where Jn is the Jacobian corresponding to normal con-
straints and Jt is the Jacobian corresponding to the tan-
gential contact impulses. M is the generalized mass ma-
trix and u is the generalized velocity vector. We wish to
solve for u in order to compute a position update. For
clarity and readability we have, without loss of gener-
ality, abstracted the discretization details within the La-
grange multipliers λn, λt and generalized external im-
pulses F. Since the contact plane is two dimensional,
we span this plane by two orthogonal unit vectors, t1

and t2. Any vector in this plane can be written as a lin-
ear combination of these two vectors. Thus, J t has only
two rows corresponding to the two directions. From (1)
we can obtain the generalized velocities,

u = M−1F+M−1JT
n λn +M−1JT

t λt . (2)

Let the Lagrange multipliers λ =
[
λn λ T

t

]T
and con-

tact Jacobian J =
[
Jn Jt

]T
, then we write the relative

contact velocities y =
[
yn yT

t

]T
such that,

y = Ju = JM−1JT
︸ ︷︷ ︸

A

λ +JM−1F︸ ︷︷ ︸
b

. (3)

To compute the frictional component of the contact
impulse, we need a model of friction. We base our
model on Coulomb’s friction law. In one dimension,
Coulomb’s friction law can be written as [2],

y < 0⇒ λt = μλn, (4a)

y > 0⇒ λt =−μλn, (4b)

y = 0⇒−μλn ≤ λt ≤ μλn. (4c)

For the full contact problem, we split y into positive and
negative components,

y = y+−y−, (5)

where

y+ ≥ 0, y− ≥ 0 and
(
y+

)T (
y−

)
= 0. (6)

For a frictional contact problem, we define the bounds
−lt(λ ) = ut(λ ) = μλn and for normal impulse ln(λ ) =
0 and un(λ ) = ∞. Combining the bounds with (4), (5)
and (6), we reach the final nonlinear complementarity
problem (NCP) formulation,
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y+−y− = Aλ +b, (7a)

y+ ≥ 0, (7b)

y− ≥ 0, (7c)

u(λ )−λ ≥ 0, (7d)

λ − l(λ )≥ 0, (7e)
(
y+

)T
(λ − l(λ )) = 0, (7f)

(
y−

)T
(u(λ )−λ ) = 0, (7g)
(
y+

)T (
y−

)
= 0, (7h)

where l(λ ) = [ln(λ ) lt(λ )]T and u(λ ) =
[un(λ ) ut(λ )]T . The advantage of the NCP for-
mulation is a much lower memory footprint than the
LCP formulation. The disadvantage is solving the
friction problem as two decoupled one dimensional
Coulomb friction models.

4 THE PROJECTED GAUSS–SEIDEL
METHOD

The following is a derivation of the PGS method for
solving the frictional contact force problem, stated as
the NCP (7). Using a minimum map reformulation, the
ith component of (7) can be written as

(Aλ +b)i = y+
i −y−i , (8a)

min(λi− li,y+
i ) = 0, (8b)

min(ui−λi,y−i ) = 0. (8c)

where li = li(λ ) and ui = ui(λ ). Note, when y−i > 0 we
have y+

i = 0 which in turn means that λi− li ≥ 0. In this
case, (8b) is equivalent to

min(λi− li,y+
i −y−i ) =−(y−)i. (9)

If y−i = 0 then λi − li = 0 and complementarity con-
straint (8b) is trivially satisfied. Substituting (9) for y−i
in (8c) yields,

min(ui−λi,max(li−λi,−(y+−y−)i)) = 0. (10)

This is a more compact reformulation than (7) and elim-
inates the need for auxiliary variables y+ and y−. By
adding λi we get a fixed point formulation

min(ui,max(li,λi− (Aλ +b)i)) = λi. (11)

We introduce the splitting A = M−N and an iteration
index k. Then we define ck = b−Nλ k, lk = l(λ k) and
uk = u(λ k). Using this we have

min(uk
i ,max(lk

i ,(λ k+1−Mλ k+1−ck)i)) = λ k+1
i . (12)

When limk→∞ λ k = λ ∗ then (12) is equivalent to (7).
Next we perform a case-by-case analysis. Three cases
are possible,

(λ k+1−Mλ k+1− ck)i < li⇒ λ k+1
i = li, (13a)

(λ k+1−Mλ k+1− ck)i > ui⇒ λ k+1
i = ui, (13b)

li ≤ (λ k+1−Mλ k+1− ck)i ≤ ui⇒
λ k+1

i = (λ k+1−Mλ k+1− ck)i. (13c)

Case (13c) reduces to,

(Mλ k+1)i =−ck
i , (14)

which for a suitable choice of M and back substitution
of ck gives,

λ k+1
i = (M−1(Nλ k−b))i. (15)

Thus, our iterative splitting method becomes,

min(uk
i ,max(lk

i ,(M
−1(Nλ k−b))i)) = λ k+1

i . (16)

This is termed a projection method. To realize this, let
λ ′ = M−1(Nλ k−b) then,

λ k+1 = min(uk,max(lk,λ ′)), (17)

is the (k + 1)th iterate obtained by projecting the vector
λ ′ onto the box given by lk and uk. Valid splittings of
A are

M = D ∧ N =−D−U, (18a)

M = D+L ∧ N =−U, (18b)

M = D+ ωL ∧ N =(1−ω)D−ωU, (18c)

for ≤ ω ≤ 2. L, D and U are strict lower triangular,
diagonal, and strict upper triangular parts of A. These
choices results in the projected versions of the Jacobi,
Gauss–Seidel and Successive Over Relaxation (SOR)
methods respectively. When using the Gauss–Seidel
splitting (18b), the resulting PGS method (16) can be
efficiently implemented by a forward loop over the
components and a component wise projection. Pseu-
docode for this is,

1 : for k = 1 to kmax do
2 : for i = 1 to n do

3 : λ ′i ←
−∑i−1

j=1 Ai, jλ j−∑n
j=i+1 Ai, jλ j−bi

Ai,i

4 : λi←min(ui,max(li,λ ′i ))
5 : for all j dependent on i do
6 : (l j,u j)← update(λi)
7 : next j
8 : next i
9 : next k
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To our knowledge no known convergence theorems ex-
ist for (16) in the case of variable bounds l(λ ) and u(λ ).
However, for fixed constant bounds the formulation can
be algebraically reduced to that of a LCP formulation.
In general, LCP formulations can be shown to have lin-
ear convergence rate and unique solutions, when A is
symmetric positive definite [4]. However, the A matrix
equivalent of our frictional contact model is positive
symmetric semi definite and uniqueness is no longer
guaranteed, but existence of solutions are [4].

5 HEURISTICS FOR CONVERGENCE
IMPROVEMENTS

If permutations to the ordering of contacts are made
prior to (7) then this is equivalent to use a different sort-
ing order in the splitting (16). Adding a permutation Π
to the PGS method alters line 2 of the pseudocode,

2a : for p = 1 to n do
2b : i←Π(p)

There exists a sorting which yields substantial improve-
ments in convergence behavior [3]. Knowing the opti-
mal sorting heuristic for a given problem will improve
overall performance.

We have researched numerous heuristics, measuring
improvements in convergence, speedup and accuracy.
In an effort not to obfuscate the interesting and impor-
tant results, we will only present the most interesting
or promising heuristics. We have divided the heuris-
tics into three groups, physics-based, geometry-based
and splitting-based. To represent physics-based heuris-
tics, we have chosen an impulse propagation permuta-
tion (IPP) heuristic. This is interesting as it is based on
the impulse-based formulation of rigid body dynamics.
From the group of geometry-based heuristics, a coordi-
nate permutation (CP) heuristic is examined. Inspired
by [9], the splitting-based heuristics are represented by
both an extreme staggered permutation (ESP) heuristic
as well as a greedy staggered permutation (GSP) heuris-
tic.

Impulse Propagation Permutations: The PGS
method solves the contact problem sequentially,
which is numerically similar to sequential impulse
propagation methods [11]. However, the basis of the
PGS method is a simultaneous contact model, while
a sequential model is used for impulse propagation
methods. Impulse propagation methods attempt to
model the propagation of collision impulses through
rigid bodies, so perhaps a similar physical principle is
beneficial with the PGS method. The idea is to apply
a permutation of the problem, mimicking impulse
propagation. We base the permutation on a sorting
of the relative contact velocities y. The sorting is
performed as a preprocessing step, the same sorting
is used throughout the PGS method. The permutation

could be incrementally updated, possibly improving
the convergence. This increases the time complexity of
each Gauss–Seidel iteration by O(nlgn). Experience
showed that this was to costly, so we only performed
an ascending and decreasing pre-processing sorting.
Results are presented for an ascending ordering
permutation heuristic.

Coordinate Permutations: Consider computing
contact impulses for a stack of boxes, this problem
has a distinctly dominating up/down direction. If one
solves for contacts from bottommost boxes before
uppermost boxes, then the solution may propagate
in a bottom-up fashion similar to [5]. This indicates
there might be certain directions, where shocks can be
propagated and vanish in a single sweep. We sort the
contact points by their position along each coordinate
axis, considering both ascending and descending order-
ing. Different choices for coordinate axes has also been
examined. We also considered a symmetric blocked
approach. Blocking was introduced to make sure
normal impulses where solved prior to the dependent
friction impulses. This set of heuristics are represented
by a descending ordering by y coordinates.

Staggered Permutations: A simple adaption of the
staggered approach consists in a permutation such that
the normal and frictional impulses are separated into
two disjoint sequences. There are two approaches, ei-
ther one alternates between normal impulse and friction
impulse at each iteration or one could perform a num-
ber of iterations on one set of impulses before switching
to iterating a number of times on the other set of im-
pulses. The number of iterations between the switches
is determined by a given rule. The latter principle is
adopted for the GSP heuristic. The GSP heuristic com-
putes an error measure for the normal impulses and fric-
tional impulses, and the set with the largest error mea-
sure is the next to be iterated over. In some cases this
heuristic would iterate over one set of impulses until
convergence, before moving on to the other set.

As in [9], the full problem can also be split into
two coupled subproblems, where one alternate between
solving normal and friction impulses in each iteration.
To realize the benefit of this extreme staggered ap-
proach, let us first split (3) into two coupled subprob-
lems by partitioning the matrix-vector equation into two
coupled equations according to the normal and friction
sequences such that,

[
JT

n u
JT

t u

]
=

[
Annλn +Antλt +bn

Attλt +Atnλn +bt

]
, (19)

where Aab = JaM−1JT
b , where a,b∈ n,t. This problem

can be decoupled into two subproblems,

JT
n u = [Annλn +Antλt +bn] (20)

and
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JT
t u = [Att λt +Atnλn +bn] . (21)

Assuming that λt is constant in (20) and λn is constant
in (21), we can define the constants b ′n = Antλt +bn and
b′t = Atnλn +bt , who are updated when we change sub-
problem. Instead of solving one problem A ∈R

n×n, we
solve two subproblems Ann ∈R

n
3× n

3 and Att ∈ R
2n
3 × 2n

3 .

6 EXPERIMENTS AND RESULTS
We define a residual function from (10) as,

H(λ ) = min(u(λ )−λ ,−min(λ − l(λ ),y)) (22)

The natural merit function of (22) is,

Θ(λ ) =
1
2

H(λ )T H(λ ), (23)

which we use as an absolute error measure for the
PGS method. We use Q-convergence measures for
our analysis [13]. A comparison of convergence rates
is done by visual inspections of logarithmic plots of
(iteration, log(Θ)), observe Figure 2.

The test data has been generated using a number of
setups from [14]. The setups uses the negative z-axis
for the direction of gravity and the x-axis and y-axis
span the horizontal plane. The only exception is the
diku-setup, where the negative y-axis is the direction of
gravity. For each setup, A has been examined by plot-
ting nonzero elements and eigenvalues. Many setups
have a spectral radius ρ(M−1N)≥ 1, which is cause for
concern when considering convergence proofs for the
Gauss–Seidel method for linear equation systems. The
A-matrices are positive semi definite, having a large
ratio of zero valued eigenvalues, ranging from (50%-
90%) – only the diku-setup has no zero valued eigen-
values.

To clarify the experimental results, the test data has
been partitioned into equivalency classes [5]. For this
paper, only one representative data set from each class
is presented.

Non-structured: Few contacts are present, J is small.

Loose structured: Large number of contacts without
too much structure. This means that normal and tan-
gent directions will be varied. This results in a large
J with some redundancy.

Dense structured: Large number of contacts with
similar normal and tangent directions. This results
in a large J with a high degree of redundancy. This
increases the number of zero valued eigenvalues in
A.

All tests were performed on a system with Intel Core 2
Duo P8600 2.4GHz CPU and 3GB RAM, running Win-
dows XP SP 3 after a clean boot. In total, 35 heuristics

Setup Type # Contacts # Bodies
diku Non-structured 105 1001
card Loose structured 154 43
box stack Dense structured 68 10

Table 1: Sample setups and their complexity.

were examined using 10 data sets. The heuristics were
implemented and evaluated using MatLab. For each it-
eration, the error (23) and computation time were mea-
sured. Most of the plots exhibit piecewise linear conver-
gence, and seem to converge towards some local min-
imum of the error function. The time measurements
have been used to compute the time speedup

Speedup =
tPGS

theuristic
. (24)

Table 3 and 2 show the speedups that were significantly
different from 1.

Impulse Propagation Permutation: Inspection of
Figure 2 shows that the IPP heuristics performs similar
to the pure PGS method. There seems to be no benefit
from using this heuristic.

Coordinate Permutation: A number of CP heuris-
tic variations have been investigated sorting by x, y, and
z coordinates. The most interesting results arose when
sorting descending by y coordinate, which is shown on
Figure 2. This particular permutation performs well
on dense and non-structured setups, but badly on loose
structured setups. While not shown, sorting by de-
scending y coordinates performs better than sorting by
the direction of gravity.

Extreme Staggered Permutation: The ESP heuris-
tic performs similar to the pure PGS method. However,
it uses much less time per iteration than the pure PGS
method, see Table 2. The speedup is more pronounced
for the larger data sets than for the smaller data sets.

Setup Type Time Speedup
diku Non-structured 1.4
card Loose structured 2.2
box stack Dense structured 1.9

Table 2: Speedup measures of the extreme staggered
permutation heuristic compared to the pure projected
Gauss–Seidel method. Numbers larger than 1 indicate
smaller time usage per iteration.

Greedy Staggered Permutation: As Figure 2
shows, the GSP heuristic performs at least as well
as the pure PGS method, and often better. When
changing from normal iterations to friction iterations
(or vice versa), a short burst in the rate of convergence
is experienced. This causes the jagged shape of the
convergence plots. Another noticeable feature of the
GSP heuristic is the speedup. As Table 3 shows, the
GSP heuristic is roughly twice as fast as the pure PGS
method.
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(a) Non-structured setup.
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(b) Loose structured setup.
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(c) Dense structured setup.

Figure 2: Comparative convergence plots for four dif-
ferent heuristics. Convergence for the PGS method
without heuristics is included as a baseline for the com-
parison. In some cases, PGS is obfuscated by the im-
pulse propagation permutation heuristic.

Setup Type Time Speedup
diku Non-structured 1.7
card Loose structured 2.0
box stack Dense structured 2.7

Table 3: Speedup measures of the greedy staggered
heuristic compared to the pure projected Gauss–Seidel
method. Numbers larger than 1 indicate smaller time
usage per iteration.

The GSP heuristic has been implemented in Open-
Tissue [14]. A comparison of the visual improvement
over the PGS method, when used on the box stack-setup
is shown in Figure 3. Note that the box stack is more
stable when using the GSP heuristic, compared to using
the pure PGS method.

7 CONCLUSION AND DISCUSSION

Based on our test data, using a greedy choice for decid-
ing between performing a normal or friction iteration
results in an improved convergence rate in most cases,
but consistently lower time usage per iteration. The ex-
treme staggered permutation (ESP) heuristic splits the
problem into two sub problems, thereby reducing the
time usage per iteration.

Sorting by the y-axis yields improvements in the rate
of convergence. We believe this is due to contact points
of each sub sequence being spread over the entire prob-
lem. It is not surprising that exploiting geometry in-
formation can improve convergence rate. However, the
problem lies in obtaining this prior knowledge at run
time, unless such information is given at design time.
Therefore, as a general heuristic coordinate permuta-
tion seem to have only little practical usage. Another
interesting result is that any of the symmetric coordi-
nate permutations seems to perform worse than the pure
projected Gauss–Seidel (PGS) method.

In our opinion, staggered permutations are the most
promising heuristics. It is interesting to hypothesize
on why this is so. Are their success the result of im-
proved numerical behavior of the method when decou-
pling normal impulses from friction impulses? Normal
impulses control the bounds of the friction impulses,
whereas the friction impulses have an indirect, yet sig-
nificant, effect on normal impulses through the dynam-
ics of multiple contacts. Or is it because the friction
model used in the nonlinear complementarity problem
(NCP) formulation is too poor a model? Should future
work focus on creating improved contact models for
interactive simulation that has a better friction model
component? Or should future numerical schemes be
based on the splitting idea? The results by [17] sug-
gest that convergence rate for the friction component of
the NCP formulation is much slower than for the nor-
mal component, This indicates to us that the NCP for-
mulation is a poor friction model. In [9] an accurate
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(a) 1.0 secs (b) 1.0 secs

(c) 2.0 secs (d) 2.0 secs

(e) 4.0 secs (f) 4.0 secs

(g) 10.0 secs (h) 10.0 secs

Figure 3: The box stack handled by pure projected Gauss–Seidel on the left and using the greedy staggered heuristic
on the right. Note that using the greedy staggered heuristic makes the box stack more stable. After 10 seconds, the
bottom three boxes are still stacked when using the GSP heuristic.
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linear complementarity problem (LCP) formulation is
used to model friction, and they obtain nice results for
friction. This again indicates that the current friction
model widely used in interactive rigid body simulators
is too poor. We will leave these questions open for fu-
ture work on interactive rigid body simulation.
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ABSTRACT 
Lattice-based B-spline driven deformation has become a useful method in shape matching applications. Here, the 
challenge is to find a configuration of the B-spline deformation model that effectuates a deformation that 
spatially aligns one shape (the source) to another shape (the target). Literature study indicates that few B-Spline 
deformation based algorithms were implemented that target polygonal meshes. In contrast, in the field of 
medical image registration, B-spline deformation has been extensively applied in matching shapes that use a 
voxel-based shape representation. For exploring the opportunities of applying these voxel-based methods to the 
shape matching of polygonal meshes, in this paper we propose to match polygon meshes by transforming them 
to voxel models and apply established techniques from the field of medical imaging. Two voxel-based methods 
are selected and implemented: Global Optimization methods, which globally optimize the B-spline model, and 
Markov Random Field methods, which locally optimize the B-spline model. These methods are compared to 
parameterized B-spline-based shape matching methods previously proposed by the authors. These methods 
directly match polygon meshes. Results indicate that the proposed methodology outperforms the parameterized 
approach in terms of accuracy and computation time and therefore is a promising alternative to existing methods. 

Keywords 
Shape matching, B-spline deformation, freeform deformation, Markov Random Fields, active shape models. 
 

1. INTRODUCTION 
In 1986, Sederberg and Parry introduced the concept 
of lattice-based B-spline driven deformation that 
allowed the freeform deformation of (in their case) 
solid geometric models [Sed86]. B-spline driven 
freeform deformation makes use of the 
correspondence between a target shape and an 
overlying grid of B-Spline control points. A change 
in the configuration of the B-Spline control points 
results, through a trivariate Bernstein polynomial 
function, in a deformation of the underlying shape 
(see figure 1). B-spline deformation has turned out to 
be an intuitive method of shape modeling, as the 
nature of the B-Spline paradigm allows both global 
and local deformation. Long after its introduction, B-
spline driven deformation has been and is being 

applied in shape modeling applications (e.g. [Igar99], 
[Karp06], [Song06], [Pern05]). However, there is 
also another important application of B-spline driven 
freeform deformation: that of shape matching. In 
shape matching the challenge is to find a 
transformation that spatially aligns two shapes. This 
transformation can be given as a transformation 
matrix, but it can also be enacted by a matrix of B-
Spline control points. 
B-Spline driven shape matching techniques have 
been applied to reverse engineering [Lang07][Ver01] 
and shape retrieval. In addition, B-spline driven 
shape matching has found an application in the area 
of medical image registration [Glo08], [Rue99], 
[Mattes03]. Here, the main advantage of the B-spline 
deformation model is that it is successful in 
mimicking natural tissue deformation and expressing 
anatomical variance. 
When looking closely at the existing literature on B-
spline driven shape matching, one cannot fail to 
notice that shape matching has been given much 
more attention in the field of medical image 
registration than it has in the registration of 
polygonal meshes or solid models.

Permission to make digital or hard copies of all or part of 
this work for personal or classroom use is granted without 
fee provided that copies are not made or distributed for 
profit or commercial advantage and that copies bear this 
notice and the full citation on the first page. To copy 
otherwise, or republish, to post on servers or to 
redistribute to lists, requires prior specific permission 
and/or a fee. 
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Figure 1: Example of B-Spline driven freeform deformation (taken from [Sed86]) 

 
Partly, this can be explained by the fact that for voxel 
models, B-spline driven shape matching is less 
computationally costly. Because the validity of 
voxels is easier to maintain (through interpolation) 
than the validity of polygonal models, computation 
costs are considerably lower, especially for large 
and/or complex shapes. In this paper we therefore 
propose a new technique for matching shapes 
represented by polygonal meshes (see figure 2).  

 
Figure 2: The direct (left) and the proposed shape 

matching method (right) 
In a first step, both meshes are converted to a voxel 
model. Then, using proven techniques from the field 
of medical image registration, these voxel models are 
registered. This  results in a transformation that can 
also be applied to the original polygonal mesh to 
align it with the target mesh, after which only some 
finetuning is needed. The purpose of this approach is 
to reduce the computation cost of the shape matching 
of polygonal meshes, and hopefully increase the 
accuracy. 

In this paper we will investigate two medical image 
registration methods: global optimization and 
Markov Random Field minimization. Both will be 
applied to polygonal models after they have been 
converted to a voxel model, and the result will be 
compared to a method that makes use of parametric 
models for matching polygonal models without 
converting them to voxel models (i.e. as depicted on 
the left side of figure 2). This method is an adaptation 
of a method previously proposed by the authors 
([Song05],[Lang07], [Lang08]). 
In section 2 we will first define the B-Spline 
deformation model. In section 3, we will review the 
three employed shape matching techniques. In 
section 4 we will compare the performance of all 
three techniques when applied to four polygonal test 
models and investigate if the techniques that are 
taken from the field of medical image registration 
outperform parametric models. Finally, in section 5 
we will draw conclusions and speculate on future 
research. 

2. B-SPLINE DEFORMATION 
MODELS 
The basic principle of the B-spline deformation 
model is the duality between the parametric 
coordinates of the model and the spatial coordinates 
of the shape that is being deformed. The basic 
elements of a B-spline deformation model are its 
control points. Although theoretically there is no 
reason for a specific starting point of the B-spline 
control points, usually they are assumed to be 
initially positioned in a uniform lattice, as in figure 1, 
left. Alternatively, they can be positioned with regard 
to a previously identified shape [Song05], or in 
lattices of arbitrary topology [Mac96]. 
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2.1 Definition of the Deformation Model 
In three dimensions, the B-spline deformation model 
B can be defined as B { }dP,=  with P  being a set 

of nml ××  control points ( ), ,ijk ijk ijk ijkP x y z= . 

For i, j and k  it holds that li <≤0 mj <≤0  and 
nk <≤0 ; d is the degree of the B-spline model. 

Without loss of generality we assume here that B-
Splines are uniform and rational, for the reason that 
most of the methods that are dealt with in this paper 
have only been described for these types of B-
Splines. A NURBS deformation model would also 
incorporate knot vectors and control point weights 
and although this makes the B-spline deformation 
more complex, in an application to shape matching 
the only relevant difference lies in the dimensionality 
of the shape similarity function. 
 A deformation T  can be denoted as a function 
( ), ,T I B Δ , where Δ  is a set of l m n× ×  vectors that 

contains, for each control point, a three-dimensional 
spatial transformation vector ( )ijkijkijkijk zyx ΔΔΔ=Δ ,, . 
The coordinates of the B-spline control points can be 
expressed both in a ( ), ,x y z  coordinate system and in 
a ( , , )u v w  coordinate system. The ( ), ,x y z  coordinates 
indicate the spatial location of the control point. 
These coordinates can be directly manipulated 
manually or automatically, and are therefore the main 
focus of both shape modeling and shape matching 
techniques. The ( ), ,u v w  coordinates indicate the 
position of the control point in the parametric space 
of the B-spline model and it is an important notion of 
B-spline deformation that this position is invariant 
under freeform deformation. 

Given the ( ), ,u v w  coordinates of an arbitrary point in 
an image I , the corresponding ( ), ,x y z  coordinates 
can easily be found using the trivariate Bernstein 
polynomial: 

0 0 0

( , , )
l m n

ijk
i j k

I x y z Pμ
= = =

=∑∑∑ , where 

( ) ( ) ( )1 1 1l i m j n k i j kl m n
u v w u v w

i j k
μ − − −⎛ ⎞⎛ ⎞⎛ ⎞
= − − −⎜ ⎟⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠⎝ ⎠

 

Then, the deformation of an arbitrary point in the 
image I  can be described as: 

( )( ) ( ) ( )zyxIPzyxIT
l

i

m

j

n

k
ijkijk ,,,,,,

0 0 0
∑∑∑
= = =

−Δ+=Δ μB  

Unfortunately, ( ), ,u v w  coordinates are not always 
readily available and must first be found. Given the 
( ), ,x y z  coordinates of a point, this can be done by 
iterative subdivision of the B-spline control point 

lattice, for example by using one of the many 
variants of Newton’s iteration. 

2.2 The Shape Matching Problem 
In this paper we will focus on an application of the 
lattice-based B-spline deformation model to shape 
matching. Using the definitions given before, this 
problem can be defined as follows: 
Given a source image sI , a target image tI , a shape 
similarity function ( )δ  and a B-Spline deformation 
model B , find the set of translation vectors Δ such 
that ( )( )ts IIT ,,, ΔBδ  is minimal. 

In other words, to align two images, coordinates for 
each control point in the B-spline deformation model 
must be found such that the resulting deformation 
minimizes the distance between source and target 
image. Since there are many strategies to approach 
this problem, without loss of generality the following 
assumptions are made in this paper: 
1. Only the source image is deformed 

In some applications, it may be logical to deform 
both the fixed and the moving image and end up 
somewhere in the middle [Yang08], to average 
the deformation fields of both, or to enforce that 
both registrations are consistent [Chri01]. Such 
strategies may be beneficial in cases where one 
or both of the images contain noise. In general, a 
deformation of the target image can be 
approximated as a deformation of the source 
image through a process of interpolation, but this 
process may suffer from many off-topic 
difficulties and for simplicity’s sake we therefore 
assume that deformation only occurs in one 
direction. 

2. B-spline models are non-hierarchical 
A common strategy for B-spline driven shape 
matching uses a multi-resolution approach, in 
which the resolution of the B-spline control 
point mesh increases in a step-wise fashion, so 
that in each step the level of detail of the 
procedure is increased [Szel97]. By performing 
global deformations first, and gradually 
increasing the resolution of the deformation, 
local deformation becomes less dependent on the 
global image similarity. However, in each 
resolution, the formulation of the problem is the 
same and because our findings can easily be 
generalized to multiple resolutions, we assume 
that the shape matching procedure only takes 
place within a single resolution. 

3. Source and target image have been affinely 
registered prior to B-spline deformation. 
In the normal practice of image registration, a 
rigid or affine transformation is performed 
before applying a B-spline deformation, to make 
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sure that scale and position do not have an effect 
on the B-spline deformation and to reduce the 
risk of getting stuck in a local minimum of the 
search space. Similar to multi-resolution 
registration, this improves the local effects of a 
B-spline deformation. Because a rigid or affine 
transformation can in principle be expressed as a 
strictly constrained B-spline deformation, such a 
registration does not compromise the validity of 
our deformation model. 

2.3 Regularization 
Although B-spline driven deformation is a powerful 
deformation model that is particularly well-suited to 
performing local deformations, there is also a risk: 
because the variables of the shape matching problem 
are the B-spline control points rather than the 
underlying image, it may happen that a configuration 
of the B-spline control point network results in a 
deformation under which the underlying image 
violates some validity constraints. The most common 
violation of image validity is folding, which occurs 
when two or more control points swap their relative 
position.  Rather than checking the validity of the 
underlying image during the shape matching 
procedure, often a regularization mechanism or 
penalty is included in the optimization routine, such 
that the problem of shape matching can be 
reformulated as: 

Given a source image sI , a target image tI , a shape 
similarity function ( )δ , a B-Spline deformation 
model B and a regularization function ρ ,  find the 
set of translation vectors Δ  such that 

( )( ) )(, Δ+ ρδ ts IIT  is minimal 

The difficulty here lies in constructing the 
regularization function and throughout the literature 
several options have been proposed. 
The most common approach is to relate the 
regularization function to the elastic energy of the B-
spline deformation [Rue99][Kybic03] [Sorz05], such 
that the translation of a single B-spline control point 
is penalized depending on the magnitude of the 
translation vector. In [Hart00] it has been shown that 
folding can be detected using the Jacobian 
determinant of the deformation field and in [Rohl03] 
it has been shown that deviations of this Jacobian can 
be used to obtain an incompressibility constraint that 
can be used to guarantee a volume-preserving 
deformation. Staring et al. [Star06] propose a local 
rigidity constraint that can be used to penalize large 
deformation in some areas, but less so in other areas.  

3. DEFORMATION METHODS 
As the deformation that is enacted by the B-spline 
model depends on the position of its control points, a 
logical approach to the optimization problem 

described in section 2 is to treat the coordinates of 
these control points as variables of the minimization 
problem. Although this seems straightforward, there 
are several approaches to this problem, which will be 
discussed in this section. This section will review two 
approaches that are used in the area of medical image 
registration, and will also discuss a parametric 
approach that the authors of this paper have 
successfully applied in the area of reverse 
engineering. In section 4, we will test all three 
methods in an application to polygonal meshes to see 
if they lead to comparable results. 

3.1 Global Optimization 
The most straightforward way of finding a 
deformation that minimizes the distance between 
source and target image is a global optimization 
approach. A global optimization approach treats all n 
B-spline control point coordinates as if they are 
coordinates of a global vector Δ , which can be 
defined as { }0 1, , , , nx y zδ δ δΔ = K K , where n i j k= ⋅ ⋅  
This vector can be minimized using any known 
multi-dimensional function optimization technique. 
Most approaches use a gradient descent (GD) 
approach [Rue99][Matt03], in which an iterative 
approach to the minimization of Δ  is taken. In each 
iteration step, a number of points are sampled in the 
target image and projected backwards onto the source 
image. The distance between the sample points and 
their backwards projection is used to calculate the 
distance between the source and target image and in 
the next step the direction of further optimization is 
chosen to be the direction of steepest descent of the 
distance function. This method is straightforward but 
computationally costly because it requires a 
computation of the gradient of the distance function. 
Although gradient descent is the most popular global 
optimization approach, other (gradient-based) 
methods are also possible. Klein et al. [Klein07] 
compare different methods, including gradient 
descent, quasi-Newton, nonlinear conjugate gradient, 
simultaneous perturbation, evolution strategy, 
Robbins-Monro and Kiefer-Wolfowitz. Although 
small differences between the methods can be 
observed, it is unclear to what extent these 
differences are application-independent. 

3.2 Markov Random Fields 
Another approach to the shape matching problem, in 
which there is no need to compute the gradient, is to 
formulate it as a discrete Markov Random Field 
(MRF) objective function [Glo08]. Basically this 
boils down to treating the deformation vectors for 
each point as independent, such that the movement of 
a single control point is evaluated regardless of the 
movement of its neighbors. Note that under certain 
constraints, this approach is similar to Powell’s 
direction set approach to global optimization. 
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Clearly, such a search covers a much larger part of 
the search space, involving all the risks and benefits 
that go along with it. In addition, a MRF approach 
requires a much more thoroughly defined (and, 
ideally, an adaptive) regularization term: the 
independent movement of control points increases 
the risk of folding and violation of other validity 
constraints. A primary-dual linear programming 
approach can be used to quickly compute the optimal 
MRF [Komo07]. 

3.3 Parametric Models 
Both of the previous methods assume that no 
information is available when translating the B-spline 
control points. In other words: these methods look for 
any deformation that is optimal given a certain shape 
similarity measure: it is not guaranteed, however, that 
this deformation is valid or that it is the least 
complex way of deforming the source image. 
Imagine, for example, the alignment of two 2D 
pictures of faces: in this case from the point of view 
of the shape similarity function it is valid to deform 
the source image in such a way that the eyes are 
swapped while the rest of the model is kept constant. 
However, in practice this deformation is invalid and 
unnecessary and therefore an undesirable result of the 
shape matching procedure. 
In this particular example, it makes much more sense 
to incorporate knowledge of the shapes in question 
into the shape matching procedure. Models on the 
way a shape can be deformed are called Active Shape 
Models (ASM) or Active Appearance Models 
(AAM) [Cootes95]. In the application of reverse 
engineering, a similar concept is the freeform feature 
model [Song05],[Lang07]. In terms of the definitions 
given earlier in this paper, these models operate by 
enforcing a set of displacement vectors 

{ }0 1, , , , nx y zπ π π πδ δ δΔ = K K , such that the shape 

matching procedure is reduced to finding the set of 
scalar values { }0, , nπ πΠ = K , such that 

{ }0 0 1 1, , , , n nx y zπ π ππ δ π δ π δΔ = K K . If πΔ  is 

unknown, then it can be estimated and iteratively 
maximized using an expectation-maximization 
approach (as suggested in [Lang08]), but such an 
estimation is only meaningful if there is indeed a 
(perceived) parametric difference between source and 
target image. If this is not the case, the shape 
matching routine is likely to become over-
parameterized. Π  can be optimized using global 
optimization methods or MRF models, but the latter 
would be difficult to implement because a 
regularization penalty cannot be directly defined on 
Π . Song et al. [Song05] use a quasi-Newton 
approach to match a parameterized shape, or feature, 
to a target shape. In [Lang07] an evolutionary 
approach to global optimization is proposed, which is 

computationally costly but turns out to be successful 
in traversing the search space in meaningful 
directions. 

3.4 A Comparative Analysis 
The main difference between global optimization and 
Markov Random Fields lies in two aspects: 
computational complexity and allowed deformation. 
Global optimization allows less deformation during 
the shape matching procedure, but is more stable as a 
result and converges to a solution in a much 
smoother way. The fact that the global deformation is 
taken into account during the optimization means that 
it is slower, especially so when the gradient is used. 
In an application to the registration of voxel models, 
the need for a gradient descent approach is justified 
by the fact that shape similarity measures are often 
dependent on other aspects than spatial 
correspondence. 
Markov Random Fields methods have the advantage 
that they explore much more of the search space, and 
although this also increases the risk of getting stuck 
in a local minimum, there are plenty of strategies 
available in the literature to reduce this risk. That 
deformation is not looked at from a global 
perspective allows for fast computation, for example 
using linear programming. MRF optimization has 
been reported to be up to four times as fast as global 
optimization. 

4. RESULTS 
To test the merit of the method proposed in section 2 
we have applied both shape matching using 
parametric models and shape matching using the two 
reviewed approaches to the registration of voxel 
models to four polygonal meshes. These meshes have 
been selected to pose a variety of problems that are 
commonly encountered in shape matching problems, 
specifically varying polygon density and complex 
topology. In addition, the test cases had several 
characteristics that can be expected to be a challenge 
in converting them to voxel models, most 
importantly the aforementioned varying polygon 
density and connectivity. The four test models are 
shown in figure 3. Test models a) and b) are 
industrial parts that have been obtained from the 
practice of computer-aided design and that pose 
various challenges: model a) exhibits a large variety 
in the level of detail while model b) has a complex 
topology. Models c) and d) were taken from the 
internet. Model c) has a straightforward topology but 
a large number of polygons, due to the texture of the 
skin of the figure. Model d) poses a challenge 
because of its topology. In addition, some parts of the 
model are connected only through thin strips, which 
may form a challenge when converting the model to 
a voxel model. In table 1, data for all four models is 
given. 
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(a)   (b) 

 
(c)   (d) 
Figure 3: The four test shapes 

 
Of each model, a region was selected to serve as the 
target polygonal mesh (see figure 3). This region was 
chosen to be smaller than the source image, because 
this is a requirement of the reviewed image 
registration methods due to the backwards projection 
of the sample points used to compute the shape 
similarity. Table 1 also displays the data for the 
selected regions, as well as the dimensions of the 
voxel models that were generated. 

Table 1: Basic data on experiment models 
 Model (a) Model (b) Model  (c) Model (d) 

Model:  

#polygons 46930 57914 71924 53688 

#voxels 53x57x38 112x61x23 62x97x63 72x59x123 

Selected 

Region 

    

#polygons 6441 2967 48703 6083 

#voxels 

 

31x11x33 42x61x23 62x68x63 64x52x48 

 
The original polygonal meshes were chosen as the 
source images and are denoted as  0

sI  to 3
sI  . The 

selected regions were used as the target images and 
denoted as 0

tI  to 3
tI .  

The proposed method proceeded in the following 
steps: 

1. Noise was added to the target images as follows: 
a B-spline control point lattice with a resolution 
of 20x20x20 was constructed around each target 
image, such that the entire part was contained in 
the lattice. All B-spline deformation vectors 
were initialized with a zero displacement vector, 
to which white Gaussian noise in the domain 
[ ]1,1− was added. The resulting deformation 
was applied to the polygonal meshes and the 
displacement vectors were recorded as the set of 
vectors noiseΔ . 

2. The source images were registered to the target 
images using a parametric model that was 
initialized by the normalized vector set noiseΔ , 
such that it indicated the direction but not the 
magnitude of the deformation that was 
performed in step 1. Although in practice noiseΔ  
is not known, in this case we felt that using it 
was justified because no obvious 
parameterization is available. In section 5 we 
will argue why this does not affect our findings. 

3. Both source and target images were voxelized 
using the VoxelModeller algorithm implemented 
in the Visualisation Toolkit (VTK) Library. The 
voxelization took less than a minute for models 
a, b, and d, and a little over two minutes for 
model c. 

4. All voxelized source images were registered to 
the corresponding voxelized target image using 
both an MRF approach and a global optimization 
approach, using a 20x20x20 B-spline control 
point grid. 

5. The transformation that resulted from step 4 was 
applied to the original polygonal meshes. 

For the registrations, the following methods were 
used: 

• For the gradient descent registration of the 
voxel models, we made use of the open 
source software library Image Registration 
Toolkit (ITK). 

• For the registration of voxel models using 
Markov Random Fields, we used the DROP 
package, as described in [Glo08] 

• To register the polygonal meshes we used a 
reimplementation of the method given in 
[Lang07]. 

For the experiments with the voxel models, mutual 
information was used as a shape similarity measure. 
For the polygonal meshes, the Mean Directed 
Hausdorff Distance was used. Values for the 
regularization penalty were experimentally 
determined. Unfortunately this had to be done for 
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each test model individually and therefore the values 
for the regularization penalty could not be compared. 
The experiments were done using a computer with 
four 1.6 GHz processors and 8 GB of RAM memory. 
Table 2 shows the results of the experiments, where 
accuracy is measured as the distance in mm. of the 
source and target image after shape matching. 

Table 2: Results of the direct registration 

(acc./time) GO  MRF Par. 
Model (a) 4.8/6min 3.9/7min 3.4/24min 
Model (b) 4.5/5min 4.1/6min 3.4/16min 
Model (c) 4.8/6min 4.1/6min 3.3/48min 
Model (d) 6.2/8min 5.3/8min 2.8/31min 

 
Of the three methods, parameterized registration was 
the most accurate. This is not surprising, because this 
method alone made use of additional information 
regarding the optimal direction of a search for the 
most optimal deformation. To come to a more fair 
comparison between the methods, in a post-
processing step we applied the parameterized shape 
matching method to the results of the voxel-based 
methods until A) the accuracy as given in the 
rightmost column of table 2 was achieved and B) 
until convergence (but forced to stop when the time 
given in table 2 was reached). A) gives an indication 
of the improvement in computation time that can be 
achieved and B) gives an impression of the 
improvement in accuracy that can be achieved. In 
table 3, the computation times and accuracy 
including this post-processing step are given. As an 
example, for model (c), Global Optimization and 
MRF minimization achieved an accuracy of 3.3 mm. 
in respectively 25 and 27 minutes, where this took 48 
minutes using a parametric approach. In respectively 
37 minutes and 44 minutes, an accuracy of 2.9, 
respectively 3.0 was achieved, compared to the 3.3 
using a parametric approach. 

Table 3: Results of the post-processing stage 

 A  B  
 GO  MRF GO  MRF 
Mode
l (a) 

3.4/4min 3.4/4min 2.8/12mi
n 

2.6/17mi
n 

Mode
l (b) 

3.4/2min 3.4/3min 3.0/16mi
n 

3.1/11mi
n 

Mode
l (c) 

3.3/19mi
n 

3.3/21mi
n 

2.9/31mi
n 

3.0/38mi
n 

Mode
l (d) 

2.8/4min 2.8/5min 2.5/19mi
n 

2.3/24mi
n 

 

5. CONCLUSION AND DISCUSSION 
The purpose of this paper was to demonstrate that 
voxelizing a polygonal mesh may be beneficial for 
the registration of the mesh. Voxel images can be 
registered much quicker than polygonal meshes, 
because the validity maintenance of a voxel model is 
much easier than that of a polygonal mesh. 
Our results show that for the four presented test 
models, voxel-based shape matching is indeed much 
quicker than matching the polygonal meshes directly. 
In addition, in a post-processing, the results of the 
voxel-based methods can be used to improve the 
accuracy of the shape matching. As we said in 
section 4, making use of the noise vector does not 
affect our results: without this additional information, 
parametric shape matching would have performed 
even worse. 
Although the results of these tests are interesting, one 
must keep in mind that four test models is not enough 
to reach a strong conclusion on the results of the 
reviewed methods. In addition, the parametric 
approach to shape matching has not been optimized 
to the extent that image registration techniques have 
been optimized. Optimization of the parametric 
approach may lead to better and faster results, but 
this also applies to the post-processing step of which 
the results are shown in table 3. 
Nevertheless, the results indicate that, to obtain a 
better registration accuracy, it may pay off to first 
voxelise a polygonal mesh and then apply known 
registration methods. We intend to more thoroughly 
investigate this line of research in the future. 
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ABSTRACT 
This paper introduces an efficient and reliable algorithm to create soft shadows for ray traced implicit surfaces. 
In a classical soft shadow creation process, many rays have to be traced to calculate how much of the area light 
is visible from a point. In our approach, we trace from a point a beam that covers the area light. If the beam is 
not occluded, the point can be safely discarded because the use of Interval Arithmetic guarantees that the point is 
fully lit by the area light. In this case, extra rays are not traced, thus extra intersection tests are not required. Our 
soft shadow algorithm is then 38% to 59% faster than an algorithm based in a regular number of beams traced 
for each point. Besides, the using of beams based on Interval Arithmetic guarantees that thin details of the 
surfaces are not lost during the process.  

Keywords 
Soft shadows, Implicit Surfaces, Beam tracing, Interval Arithmetic. 

1. INTRODUCTION 
An implicit surface can be defined as the set of 
points from the equation defined by f(x,y,x)=0, where 
f : Ω  R3  R. Finding methods to perform a 
reliable ray tracing process of these surfaces has been 
the subject of study by several authors in the last two 
decades  [Kal89a,Mit90a,Har97a]. However, the 
most extended technique to perform such work is a 
root finding process using Interval Arithmetic 
[Mit90a,Cap00a,San03a]. 
Ray tracing of implicit surfaces is a slow process. 
Furthermore, the use of Interval Arithmetic decreases 
the performance of such algorithms. This is because 
every interval operation requires many floating point 
operations. For that reason, the creation of effects 
like soft shadows are often avoided due to the vastly 
increased number of rays required.  
Another problem is that some special implicit 
surfaces are still not correctly rendered. This occurs 
because the rays miss the thin parts of the surfaces 
crossing a pixel, causing aliasing problems. This is 
more noticeable in the shadows produced by the 

implicit surfaces. 
In this paper, we propose an efficient and reliable 
algorithm to create soft shadows for implicit surfaces 
using Interval Arithmetic. Our method is based on 
the use of shadow beams instead of rays, having the 
following advantages: 
 A shadow beam can be used to replace the 

process of many shadow rays. If the beam is not 
occluded by any object in the scene, then the 
trace of the single rays is avoided, saving the 
computational time required for such intersection 
test. 

 Our reliable beam can detect any feature (even 
the smallest ones), avoiding aliasing problems in 
the shadows. 

Previous Works 
There are a huge number of articles related with soft 
shadows in literature. The most widely used 
algorithms are based in rasterization techniques like 
shadow maps [Kir03a,Arv04a,Ann08a], in which a 
pre-filtered depth map of the shadows are created, 
and shadow volumes [Asr03a,Leh06a] which defines 
the shadow boundary using a geometric algorithm for 
a silhouette extraction. Guennebaud et al [Gue06a] 
developed an algorithm which computes a 
percentage of light seen from every pixel in the 
image. This is done by backprojecting the occluders 
in a shadow map onto the light plane and 
determining the magnitude of the occlusion. These 
techniques can run very fast in graphics hardware. 

Permission to make digital or hard copies of all or part of 
this work for personal or classroom use is granted without 
fee provided that copies are not made or distributed for 
profit or commercial advantage and that copies bear this 
notice and the full citation on the first page. To copy 
otherwise, or republish, to post on servers or to 
redistribute to lists, requires prior specific permission 
and/or a fee. 
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However, they can not be easily adapted to work 
with a pure ray tracing process for implicit surfaces. 
An approach that can be easily applied to create soft 
shadows for ray tracing is Monte Carlo sampling 
[Coo84a]. Here, many rays have to be traced against 
the area light, which is inefficient for implicit 
surfaces where the root finding process is slow. To 
solve that problem, coherence approaches can be 
applied.   
In pencil tracing [Shi87a], the rays nearby to a 
special ray (called the axial ray) are grouped. These 
rays (called paraxial rays) are represented by a 4D 
matrix that represents the deviations in position and 
direction from the axial ray. This matrix system can 
be combined with the matrices for every surface in 
the environment to represent the propagation of the 
rays. The disadvantage of this method is that the 
surfaces have to be smooth, because the system can 
not deal with discontinuities. In those cases, the 
method requires of individual rays instead of pencils.   
In cone tracing [Ama8a], the rays are represented by 
a cone conformed by an apex, a center line and a 
spread angle. To calculate reflections and refractions, 
the new center line is calculated using a standard ray 
tracing technique. This technique can deal with the 
aliasing problems in the soft shadows by means of 
the calculation of the part of the cone blocked by the 
objects. However, due to the complexity in the 
calculation of intersections and parts of the cone 
covered by the objects, the method only deals with 
spheres, planes and polygons.  
Beam tracing [Hec08a] replaces individual rays with 
beams. A beam consists in a set of rays with a 
common apex crossing planar polygons. When a 
beam intersects an object, a new beam with a new 
polygonal section is generated. The remainder of the 
beam can be complex forms that require a method 
that can operate with arbitrary polygons. However, 
this technique is slow, only works for planar 
polygons facets and require complex intersections 
test. 
There are some techniques that improve the beam 
tracing process, which can be used to accelerate the 
soft shadow generation. [Over07a] introduced a 
technique based in algorithms for efficient beam-
triangle intersection, and beam-kd-tree traversal to 
generate the soft shadows. In [Car09a] a frustum 
tracing technique is introduced. Here, shadow rays 
are generated in every frustum on demand. This 
technique is well suited for SIMD architectures, and 
was specially designed for the Larrabee architecture 
of Intel. These techniques represent the beam by 
means of four rays, which are traversed in the 
acceleration structures. Those techniques can be 
easily adapted to work with implicit surfaces. 

However, they could miss small features of the 
implicit surfaces that lie inside the beam represented 
by four unconnected rays. 
In [Over99a] there is a proposal to create an 
approximation of the soft shadow for implicit 
surfaces. However, it only works for simple implicit 
surfaces and generates only approximations of the 
shadows. 

2. PRELIMINARIES 
Our proposal is based in the use of beams and 
Interval Arithmetic to accelerate the creation of the 
soft shadows, as well to guarantee that any part of 
the surfaces is not missed during the beam traversing. 
Besides, our algorithm was implemented for GPU 
using the Nvidia’s CUDA architecture to improve the 
rendering time. Using a CPU, a ray tracer using 
Interval Arithmetic could take minutes for naïve 
implicit surfaces [Cap00a,San03a]. Other approaches 
based on GPU have demonstrated that the rendering 
time for the ray tracing of implicit surfaces could be 
decreased up to 3 orders of magnitude 
[Col08a,Woo04a]. 

Beam Definition 
Using interval arithmetic, a beam is defined by: 

)( xsx cXTcX   

)( ysy cYTcY   

)( zsz cZTcZ   

Where X, Y, Z; Xs, Ys, Zs; T are intervals (in this 
paper, intervals are defined as capital letters). (cx, cy, 
cz) is the origin or view point; Xs, Ys, Zs are the 
intervals defining the direction of the beam, and T is 
the interval parameter of the beam, which determines 
how much the beam is advancing in the direction Xs, 
Ys, Zs. 
The intersection between a beam and an implicit 
surface defined by f(x, y, z) = 0, is defined by:  

),,,(0 TZYXF sss  

where F(Xs ,Ys ,T)  is called the “inclusion function” 
which is equivalent to: 

))(),(),(( zszysyxsx cZTccYTccXTcf   

So, the intersection test for the beam consists in 
finding a space of solutions (T) for all the rays that 
conforms the beam. The value T can be found using 
a classical Interval Bisection method or an Interval 
Newton method [Cap00a]. 
Interval Arithmetic guarantees that for any value 
xX, f(x)  F(X), where F(X) is the inclusion 
function. Hence, the advantage of the beam 
definition using Interval Arithmetic is that any part 
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of the surface crossed by the pixel is not missed (see 
figure 1). 
If 0  F(Xs ,Ys ,Zs ,T) then it is sure that there is not an 
intersection between the beam and the surface for 
any value t T.  
If 0  F(Xs ,Ys ,Zs ,T) then it is possible that there are 
some intersections between any of the rays included 
in the beam and the implicit surface. In this case, if a 
subdivision process is performed over the parameter 
of the beam T, the current value of T must be 
subdivided and every new interval evaluated again. 
The subdivision algorithm needs to arrive to machine 
precision because in that case 0  F(Xs ,Ys ,Zs ,T) is 
often achieved [Cap00a]. 

 
Figure 1. (Left) Some rays can miss thin parts of 
an implicit surface. (Right) Using beams, it is 
possible to discover such thin details. 

Acceleration Structure 
In our implementation we use a regular grid to 
accelerate the beam traversal. The nature of the 
rendered scenes, composed by arbitrary implicit 
surfaces uniformly distributed, makes a regular grid a 
good candidate to accelerate the beam tracing 
process [Fuj01a]. Moreover, using a regular grid the 
complexity of the beam traversing is reduced.  
We found that a regular grid is an approach that fits 
perfectly in the SIMT architecture (Single-
Instruction, Multiple-threads) of CUDA. Here, each 
independent thread can perform the evaluation of a 
cell of the grid, so the evaluation of many cells can 
be performed very fast. In our implementation this 
time is meaningless compared with the time spent in 
the rendering process. 
To create the regular grid, the object space in the 
scene is subdivided in a predefined number of boxes 
or cells, and each one is scanned to look for the 
implicit surfaces crossing them.  
Having an implicit surface f(x,y,z)=0, to know if the 
surface crosses a cell defined by the intervals (X,Y,Z), 
the united extension F(X,Y,Z) is used. If 0F(X,Y,Z), 

the region may be crossed by the surface. In the other 
case, the region can be definitively discarded. 

Beam Traversal 
To determine the boxes intersected by the beam, the 
direction of the beam in x, y or z (in space 
coordinates) is selected. This is done taking the 
normalized directions of the four vectors composing 
the corners of the beam and selecting the one with 
the bigger absolute value. The boxes are scanned 
advancing in the coordinate selected as direction, but 
only for the boxes covered by the other two 
coordinates of the beam. 
Figure 2 represents a 2D scenario to facilitate the 
understanding of the process. In this case, the output 
is a line instead of an area. The propagation direction 
is supposed to be in the z axis. The adaptation of this 
process to a 3D case is straightforward. 

0

Selected 
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Figure 2. Traversing of a beam inside a regular 
grid structure. 
Every row in direction z is checked, but only the 
cells covered by the interval X are considered for the 
evaluation of the intersection test (cells in blue). The 
interval covering the cells in x coordinate is 
calculated as follows: 

X = x0+T(Xa - x0) 

having: 

T = (Z - z0) / (Za - z0)  

in which Xa and Za are the intervals representing the 
direction of the beam, and x0, y0 are real values 
representing the viewpoint. The value of Z is 
obtained taken the minimum and maximum values of 
z for the current row of cells in the grid. 
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The algorithm continues looking for cells covered by 
X in every row in the grid. 
In every cell, the corresponding interval value of the 
parameter of the beam (TC) must be calculated. This 
value represents the minimum and maximum value in 
which the roots are searched for the parameter T. 
This value is calculated as: 

],min[],,[max[ xzxzC TTTTT  , 

where 
xz TT ,  are the lower bounds, and 

xz TT , are the 

upper bounds of the intervals . Moreover:  xz TT ,

Tz = (Vz - z0) / (Za - z0),   Tx = (Vx - x0) / (Xa - x0), 

where the cell is defined by the intervals Vx and Vz. 

Root Searching 
When a beam intersects a cell crossing a part of a 
surface, a root must be searched in the space Tc 
corresponding to the current cell. Usually, recursion 
is used for the root searching algorithms. However, 
in the GPU the recursion is not allowed. For that 
reason, we made an algorithm which work making 
bisections over the value Tc and evaluating the 
inclusion function in the two sections created in 
every step. We use two variables to control the 
bisection process: one variable, ns, keeps the number 
of subdivisions currently performed over the 
parameter Tc in power of two (number of bisections 
= 2ns), and the other, cs, is pointing to the section 
currently scanned. For instance, if ns = 2 and cs = 3, 
then Tc is currently subdivided in four sections, and 
the section in which the inclusion function is 
evaluated is the third one. This means that cs < 2ns 
during the bisection process. 
The subdivision process must start with ns = 1 (Tc is 
subdivided in two sections), and cs = 1 (pointer to 
the first section). If we find that 0  F(Xs, Ys, T) (the 
root could be in the current section), the current 
section is bisected, the level of subdivision is 
incremented (ns = ns + 1) and the cs is set to the first 
section of the current subdivision level (cs = cs*2 - 
1). 
If for the current section 0  F(Xs, Ys, T) (there are 
no roots in this section), then we must check if the 
pointer is in the first or the second section. If the 
remainder of cs/2 is different than 0, then cs is 
pointing to the first section. In this case, cs is set to 
the next section (cs = cs + 1). If the remainder of cs/2 
is equal than 0, then cs is in the second section of the 
current subdivision. In that case, the two sections are 
rejected, the level of subdivision is reduced (ns = ns - 
1), and two new sections are selected, just following 
the two evaluated sections in the last step (cs = cs/2 + 
1). 

The process continues evaluating pairs of sections 
until a section reached a predefined small size. In our 
implementation, we finish the process when the 
width of the currently evaluated section is less than 
10-5. The process is also finished if cs > 2ns. This 
occurs when the bisection process did not find any 
intersection between the beam and the surface. 

3. ALGORITHM SPECIFICATION 
In our implementation, a PBO (Pixel Buffer Object) 
is created and sent to the GPU. We use the PBO to 
keep the final color values corresponding to every 
pixel of the window. After that, the surface to be 
rendered can be defined by the user. The surfaces 
were previously loaded, so the user only has to 
define an index indicating which surface has to be 
rendered. Once the surface is defined, the CUDA 
programs are executed, and the CPU waits until the 
results are collected from the GPU. Finally, OpenGL 
is used to show the contents of the PBO in a window.  

Creation of the Grid 
In our algorithm, the first step performed in the GPU 
is the definition of a grid to accelerate the beam 
tracing process. This task can be performed directly 
in CUDA or can be performed in CPU. For the last 
case, the data of the grid must be saved in an array to 
be sent to the GPU.  

Beam Casting Process  
Having the grid in the GPU, a beam casting process 
is performed, tracing a beam for every pixel in the 
screen. The objective is to trace a beam covering all 
the area of the pixel, and traverse the beam to find 
the intersections with the surfaces. For this task, we 
divided the screen in many tiles, which are sent to the 
GPU to be processed in one block each one. The 
result of this task is saved in an array with size equal 
to the number of pixels in the screen. The array has 
two floats for each position. Those values are used to 
keep the lower and upper bounds of the space of 
solutions (T) for the corresponding pixel. This value 
can be replaced in the definition of the beam to 
obtain the corresponding intersection values for X, Y 
and Z. 
Because the intersection points are intervals, we use 
the midpoints to obtain the initial point of the shadow 
beam.  

Soft Shadow Beam Tracing 
Having the initial point, a shadow beam is traced 
from the initial point at a distance  to avoid self 
intersections. The beam must cover all the area of the 
light.  
In our implementation, we define the area lights as 
squares that are parallel to the x,y or z axis. We use 
three intervals to define the light (Lx,Ly,Lz), but one 
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of them is a point-wise interval. The intervals 
defining the light are used as the direction of the 
beam. 
We use the shadow beam to analyze what happens 
with the rays included in the beam. There are two 
possible situations: 
 Case 1: An occluder is not found between the 

initial point and the light. It means that all the 
rays inside the beam are not occluded by any 
surface in the scene. 

 Case 2: the beam intersects a surface in the 
scene. It means that some or all the rays that 
conform the beam are occluded by an object. 

In the first case, the point is not covered by a 
shadow. This means that further rays are not needed; 
so we finish for this point and continue with the next. 
This represents a lot of time saved in the calculation 
of the intersection test for new rays, which is the 
more expensive step in a ray tracing process (see 
figure 4).  

Case 1 Case 2

Light

Case 1 Case 2

Light

 
Figure 4. Two cases detected during the beam 
tracing process. Case 2 can represent a lot of 
points in a scene, saving the tracing of new rays. 
For the second case more rays are needed. It is 
possible to apply a classical Monte Carlo sampling or 
any other method based in rays. In our 
implementation, we opt to trace more sub-beams 
instead or rays to guarantee that small features are 
not missed. Our idea is to avoid aliasing problems in 
the visualization of the shadow (see figure 5). 
If the beam intersects any of the surfaces in the 
scene, the area light is subdivided in many tiles. 
Many sub-beams starting in the same point are traced 
against these tiles. The count of sub-beams hitting 
surfaces over the total number of traced beam is used 
to create an index of the percent of the area of the 
point under the shadow. The value of this index 
varies from 0 for points not covered by shadow, to 1 
for surfaces in the umbra 

In our implementation, the light is subdivided in a 
regular number of tiles, tracing new beams against 
them. Initially, we thought that subdivision process 
like a quadtree could reduce the number of beams 
needed, and hence reducing the processing time. 
However, we found that our implementation using a 
quatree for the subdivision of the light, was up to 1.5 
times slower than an implementation using a regular 
subdivision. This occurs because GPU is faster with 
a completely parallel approach, in which every beam 
can be traced independently of the others. A quadtree 
requires more conditionals, and its irregular structure 
makes this approach slower than the tracing of a 
regular and predefined number of sub-beams against 
the light. 

  
Figure 5. A twister surface with thin features. 
Left: using rays, the shadow is not well defined. 
Right: using beams, the thin details are revealed 
in the shadow. 

4. EXPERIMENTATION 
To test our algorithm, we used four surfaces: 
Orthocircle, Chubs, Kusner Schmitt and McMullen 
(figure 6).  
The soft shadows were generated using 49 sub-
beams. We found that this number of beams is good 
enough to obtain the results in figure 6. We use an 
area light of 0,1 of the size of the area of the screen. 
The images were generated at a resolution of 
512x512 pixels in a GPU NVIDIA 9600M GT. 
Table 1 shows the results of our algorithm compared 
to an algorithm in which 49 sub-beams are traced for 
every intersection found during the beam casting 
process. Our method can drastically reduce the 
number of beams needed for the soft shadow 
creation. Time reduction in all the cases is over 38% 
(arriving up to 59% for the Orthocircle) for the 
shadow creation process.  
In Table 1, the column “initial beams occluded” 
indicates the number of initial beams traced, for 
which an occlusion was detected. Note that the 
number of “pixels in shadow”, which are detected 
when the sub-beams are traced, is smaller than the 
pixels detected by the “initial beam occluded”. This 
occurs because the overestimation of the intervals 
produces a beam that increases its real size. For that 
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reason, some pixels are detected to be in a shadow 
but they are not (see figure 7).  

 
Figure 6. Surfaces used in our experimentation, 
from left to right and top to bottom: Chubs, 
Kusner-Schmitt, McMullen and Orthocircle. 
The overestimation is proportional to the width of the 
used intervals. In this algorithm, this effect depends 
of the size of the light: for a bigger light, more pixels 
will be detected to be in a shadow when they really 
are not. However, if the intervals are subdivided, and 
each one is computed independently, the effect of 
overestimation is reduced [rev05a]. In our algorithm, 
when the small beams are traced (the size of the 
intervals is smaller) a correct representation of the 
soft shadow is found. The overestimation represents 
an extra cost in the rendering time, because 49 rays 
are traced from some points fully lit by the light. 
However, this matter does not affect the quality of 
the image. In the case of a really big light, instead of 
tracing an initial beam, it is possible to trace four, 
and perform the same analysis presented in this 
paper.  
The efficiency of the algorithm is related to the 
number of pixels covered by a shadow. For example, 
the Orthocircle have a 5% of the pixels under a 
shadow, and the improvement is 59% over the 
approach based in a regular number of beams. For 
the McMullen surface, the shadow covers the 21% of 
the pixels, with an improvement of 38%. 
Another issue to be taken into account is that a beam 
detects pixels under a shadow where a ray can miss 
thin features of the surface. The same occurs for the 
borders of the surface: the beam detects more pixels 
under a shadow than an approach based in rays. 
Indeed some of these pixels could be fully lit. The 
overestimation contributes to obtain this effect. 

However, this issue does not affect the quality of the 
images obtained (see figure 6).   

 
Figure 7. Left: The blue and red regions indicate 
the pixels detected to be in a shadow by the initial 
beams. The red region indicates the pixels that are 
indeed under the shadow. Right: the surface and 
its soft shadow. 

5. CONCLUSIONS 
In this paper we introduced a reliable soft shadow 
algorithm for implicit surfaces. Here, we propose the 
use of beams based on interval beam arithmetic to 
accelerate the rendering process and to detect thin 
features of the implicit surfaces.  
We prove that using beams, the creation of soft 
shadows can be accelerated. Using only one beam it 
is possible to detect if a pixel is under a shadow. If 
occlusions are not detected, then the tracing of more 
rays for the same point are avoided, thus saving 
computational time. This is more efficient than 
tracing many rays to detect the soft shadows in every 
intersection found during a ray casting process. 
Besides, Interval Arithmetic allows the creation of 
convex hulls in which none of the solutions is lost. A 
beam based on Interval Arithmetic can guarantee that 
either small or thin parts of the surfaces are not 
missed in the final image. 
As a future work, we are going to study the 
application of Affine Arithmetic in order to improve 
the computational time. Affine arithmetic promises to 
reduce overestimation problems, and to keep all the 
advantages of the interval arithmetic. 
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Figure 1: An example sequence of blocks. Initially large blocks (shown in saturated colors) are recursively re-
fined and terminated individually as the image converges. Note that complex areas in the image, where indirect
illumination dominates the appearance (e.g. the ceiling), are detected and refined by the algorithm.

ABSTRACT
We introduce a hierarchical image-space method to robustly terminate computations in Monte Carlo image synthe-
sis, independent of image resolution. The technique consists of a robust convergence measure on blocks which are
either recursively subdivided or terminated independently, using a criterion which separates signal and noise based
on integral estimates from two separate sample sets. The technique can be easily implemented, as the evaluation
of the error measure only requires a second framebuffer and a list of non-terminated blocks. Based on the stopping
criterion, one can furthermore sample both the image plane as well as the light sources adaptively. Adaptive sam-
pling reduces the number of samples required to gain the same root mean square error to one quarter in some of
our test cases.

Keywords
Monte Carlo, Global Illumination

1 INTRODUCTION AND PREVIOUS
WORK

Monte Carlo methods are among the most general tech-
niques to solve the global illumination problem. Unbi-
ased Monte Carlo methods are guaranteed to converge
to the correct solution but the number of samples re-
quired for generating an image where the remaining
noise is hardly visible is not known in advance.

We therefore propose a stopping algorithm which ro-
bustly separates the remaining noise in the rendered im-
age from the variation due to the scene content, which is
easy to implement, requires very little additional mem-

Permission to make digital or hard copies of all or part of
this work for personal or classroom use is granted without
fee provided that copies are not made or distributed for profit
or commercial advantage and that copies bear this notice and
the full citation on the first page. To copy otherwise, or re-
publish, to post on servers or to redistribute to lists, requires
prior specific permission and/or a fee.

ory and we also show how to use it to adaptively sample
from the light sources. Following the idea of Dippé and
Wold [DW85], we estimate the rate of change as the
difference between images generated with two differ-
ent sample sets.

A lot of work has been done to quantify the
perceived differences by the human visual sys-
tem [Mys98, BM98, RPG99, YPG01, SCCD04, FP04,
SGA∗07, Dal93, MDMS05], error measures based on
confidence intervals, contrast, variance, saliency and
entropy have been investigated. For simplicity and
fast evaluation, we base our stopping criterion on the
remaining color noise in relation to the logarithmic
luminance of the sample, but any other error measure
could be used as well.

Rigau et al. [RFS03] presented a similar method
based on entropy, but they only consider the image as a
whole and sub-pixel refinements, not blocks of pixels.

Hachisuka et al. [HJW∗08] also subdivide a hi-
erarchy of samples very similar to the MISER
algorithm [PTVF92], but our error measure is based



on two integral estimates, which is able to separate
signal from noise. Also, additional reconstruction is
not necessary because sampling is dense enough (at
least one sample per pixel), and the samples do not
have to be stored explicitly in our case.

In [ODR09] the authors describe an adaptive wavelet
rendering that is similar to our approach but their scal-
ing functions are more restrictive than our blocks and
additionally we also adaptively sample the light source
and are not restricted to 2d.

For a reliable error estimate, it is not sufficient to look
at the variation inside a single pixel, due to the limited
number of samples [Mit87]. To overcome this, we eval-
uate the error measure on a hierarchy of blocks, which
are recursively refined only as the remaining error drops
below a certain resolution-independent threshold (see
Figure 1 for an illustration of the refinement process).
This makes sure the algorithm adapts to the true sig-
nal, not a noisy estimate. Assuming that the samples
available so far have not completely missed any major
light contribution (i.e. one “firefly”-path is enough), our
scheme operates conservatively.

Painter and Sloan [PS89] also used a hierarchy, an
image-space kd-tree, but explicitly stored all samples
and all levels of the hierarchy. We, on the other hand,
simply store the integral estimates of the two sampling
sets per pixel in two framebuffers. Furthermore, we
only keep track of the leaf blocks, which significantly
simplifies bookkeeping.

Based on our convergence estimate, adaptive sam-
pling can be performed by simply supersampling only
those blocks which are not yet terminated.

Note that this is different to most existing adaptive
sampling approaches, since it is not based on placing
samples in regions considered interesting at an early
stage but splits and terminates rather conservatively.
This is why the common problem of missed features
such as small objects is not a problem.

Furthermore, as the technique is framebuffer-based,
it is completely independent of the underlying render-
ing algorithm.

2 A HIERARCHICAL CRITERION
To make sure the algorithm does not stop computations
before all important features have been detected, a lot
of samples should be drawn before making a decision
(see Figure 2 for an illustration, and Figure 3 for a com-
parison to a pure per-pixel approach). Since it is not
desirable to shoot a lot of possibly unnecessary rays per
pixel, we initially base the evaluation of the error on the
image as a whole.

As the variance in the image will be distributed un-
evenly, depending on the problem and the type of path
space sampler used, the stopping decision should be
done locally. This is reflected by splitting the blocks
when the algorithm has enough confidence not to have

Figure 2: A caustic rendered with way too low sampling
density. It is not sufficient to make decisions based on
only a few samples, i.e. on small blocks or even pixel-
wise. The magnified block for example appears to be
converged already, but it still misses important features
(evident through adjacent bright pixels) and thus needs
more samples.

Figure 3: This shows the problem of using a per pixel
termination criterion. Due to the nature of Monte
Carlo sampling some pixels terminate too early which
is clearly visible in the left image. The right image
shows our proposed termination criterion with equal
sample count.

missed any important features, i.e. the per-block error
measure drops below a certain threshold εs.

A block only consists of an axis-aligned bounding
box covering an area of the image. The blocks are man-
aged in a linear list. That is, if a block is split, it is
simply removed and the two resulting child blocks, dis-
jointly covering the same area of the image, are added
to the list again. This way, no explicit hierarchy has to
be maintained.

The algorithm continues by drawing new samples
(one for each pixel in each remaining block in our
implementation). If stratification in image space can
be guaranteed, e.g. by using a simple backward path
tracer, only non-terminated blocks have to be sampled
further. If certain sampling methods cannot be re-
stricted in this way, such as for example light tracing
methods, their contribution can still be used, as the stop-
ping condition is not directly coupled to adaptive sam-
pling. In fact, it is also possible to sample adaptively
from the lights (see Section 3.2).
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Figure 4: Illustration of a rendering algorithm using the
stopping algorithm.

The image is converged when the error of all blocks
is smaller than a threshold εt < εs. For an overview of
the algorithm see Figure 4. An example sequence of
blocks is depicted in Figure 1. Note how the algorithm
automatically adapts the block size to the image and is
thus independent on the resolution.

2.1 Error Metric

We use an error metric based on the pixels in the final
image, but to get a robust criterion we always evaluate
a block of pixels. We compare two independently com-
puted images with the same number of samples similar
to [DW85, DS04].

In the implementation, the evaluation of the error
metric can be simplified by introducing just a single
additional accumulation buffer and keeping the normal
accumulation buffer used to compute the final image.
In the second buffer we accumulate only samples every
second rendering pass. This is based on the simple ob-
servation that computing a single image I with an even
sample count can be split into two images A and B with
I = A/2 + B/2⇒ B/2−A/2 = I−A. Thus, using an
RGB buffer we estimate the per pixel error as

ep =
|Ir

p−Ar
p|+ |I

g
p−Ag

p|+ |Ib
p−Ab

p|√
Ir
p + Ig

p + Ib
p

.

The square root in the denominator is motivated by
the logarithmic response of the human visual system to
luminance. The term here behaves similarly, is easier to
evaluate and was found to yield slightly better results.

The error per block is computed by summing over all
pixels:

eb =
r
N ∑

p
ep

where N is the number of pixels contained in this block
and r is a scaling factor computed as

√
Ab/Ai. Ai is

the area of the image, Ab the area of the block under
consideration.

2.2 Block Splitting and Block Termina-
tion

The user specifies a single error value v that is used
in all further decisions. From this user-specified value
we compute two error thresholds εs (splitting) and εt
(termination). For simplicity we use εt = v but it is of
course possible to rescale v to a more intuitive parame-
ter range. In all our tests we used v = 0.0002. Given εt ,
we compute εs = 256 · εt . This is an empirical choice
that worked well in all our tested scenes.

The splitting is performed axis-aligned by choosing
the axis where the block has the largest extent. The
split position is chosen such that the error measure is as
equal as possible on both sides.

3 RESULTS
In this section we analyse our proposed stopping crite-
rion for different scenes and additionally examine how
well the proposed error metric can be used as an adap-
tive sampling criterion. In the first subsection we use a
path tracer with next event estimation. In Section 3.2
we propose a simple method to extend this adaptive
sampling to a light tracing algorithm.

3.1 Image Space
Figure 5 on the left shows a simple test scene of a dif-
fuse sphere illuminated by an area light source casting
a large smooth shadow. The right image shows the dis-
tribution of the number of samples in the final image as
a heat map. White is the maximum number of samples
and black the minimum. As each block is sampled uni-
formly the block structure is still apparent in this image.
The graph in Figure 6 shows the number of samples re-
quired by the normal rendering algorithm and by our
technique to achieve an RMS error below 0.01. In this
simple scene the sample count was reduced from 700M
to 400M (57%). This indicates that our error metric is
meaningful also with respect to the RMS error. The
evaluation of the error metric costs about 10% of the
rendering time in our implementation.

As another example we show a living room scene in
Figure 7. Again on the left the final image can be seen
and on the right the sample count distribution. This is
a more realistic scene as it is closed and strong indirect
illumination is present. The complexity is distributed
almost equally over the whole image. This explains
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Figure 5: A simple sphere scene rendered with the
proposed stopping condition (left) and the respective
heat map (right) representing the number of samples
required for a converged block. Most effort has to be
spent in the penumbra regions.
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Figure 6: This graph shows the RMS error of the image
shown in Figure 5 with increasing number of samples,
for normal and adaptive sampling.

why in this scene sampling adaptively does not present
a huge benefit. This is also visible in the RMS error
graph shown in Figure 8. Still our termination criterion
works robustly and also isolates the two small areas in
the image where the illumination is more complex due
to glossy objects and a small caustic cast by the monkey
head on the table (see Figure 9).

3.2 Light Space
In this section we show how to extend our criterion to
also be able to adaptively sample in a light tracing set-
ting [Vea97]. A light tracer starts paths only from the
light sources and connects hit points to the camera. This
is very well suited to compute caustics but it is not pos-
sible to directly refine samples on the image plane as it
is unknown where exactly a light sample will connect.
For our termination criterion this is not a problem as it
works equally well independent of the used rendering
algorithm. Adaptive sampling of the image plane is not
straightforward for light tracing, so all samples need to
be distributed equally.

To facilitate adaptive sampling also from the light
sources, we back-project the image error metric to an
importance map around each light source. Such an
importance map consists in a quantized hemisphere
around each emitting triangle, thus representing only
outgoing directions, ignoring the starting point on the
triangle and higher-dimensional bounces. This works
well under the assumption that triangles are small with

respect to the illuminated area. This can always be
achieved by subdividing the emitting triangles which
does not change the final image. We chose this ap-
proach over explicitly storing the starting point as well
to reduce the dimensionality and thus the size of the
map. This also simplifies the integration into an exist-
ing rendering system. The algorithm proceeds by calcu-
lating an initial image calculating a few samples. After
that each new light sample accumulates the remaining
image error back into its importance map bin at the light
source side. This way, the image error metric is back-
projected with a delay of one iteration. The importance
map can then be used in the next iteration to importance
sample light directions (similar to [CAM08]).

As test scene we chose a distorted glass object cast-
ing a large caustic (see Figure 10). The top row of Fig-
ure 11 shows three importance maps at three different
iterations. The bottom row shows the associated image
space error blocks. While the top row is heat-map col-
ored by the importance, the colors in the bottom row
are solely to distinguish the different blocks. It can be
clearly seen how large areas of the hemisphere do not
contribute at all to the final image and also how the ter-
mination of regions in image space is reflected in the
hemispherical importance map. Figure 12 shows the
RMS error graph using no adaptivity at all and using
the described back-projected importance map. In this
case the number of samples required to get an RMS
error below 0.01 is reduced from 570M light paths to
160M light paths (28%).

4 CONCLUSION
We introduced a stopping condition for Monte Carlo
image synthesis which automatically adjusts itself to
image resolution, robustly adapts to local variance, and
is very simple to implement on top of any rendering sys-
tem. Due to this simplicity it can be easily integrated in
GPU based ray tracing systems. The criterion can also
be used to facilitate adaptive sampling. Additionally,
we have shown how back-projection of the image er-
ror metric onto hemispheres around the light sources
can be used to profit from adaptive sampling also when
starting paths at the light sources.

In the future, it should be possible to extend the sys-
tem to complete bi-directional light transport. That
is, combine adaptive image space sampling and start-
ing the light paths in important directions based on the
back-projected image space error at the time and also
consider all deterministic connections. It would also be
interesting to extend the method to higher dimension-
ality, similar to Hachisuka et al. [HJW∗08], i.e. to re-
move the dependency on the framebuffer. Furthermore,
a mathematical analysis of the variance in path space
should be done to gain some knowledge about the worst
case integration error at a given sampling density. This
way, the initial sampling rate required to assure no fea-
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Figure 7: Final image (left) and sample density heat map (right) for the living room scene. The algorithm robustly
finds the two spots with significantly higher variance than the rest of the image.
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Figure 8: This graph shows the RMS errors of normal
and adaptive sampling of the image shown in Figure 7
with increasing number of samples.

Figure 9: Four images taken from the sequence of ac-
tive blocks when rendering the living room scene seen
in Figure 7. The difficult spots are isolated quickly.

tures are missed when first evaluating the error measure
could be determined.

The adaptivity of the method could also be improved
upon, if one does not only wish to use it as a termi-
nation condition, but also increase efficiency. In anal-
ogy to building fast spatial acceleration hierarchies for
ray tracing, the image space block splits could be op-
timized to cut off empty space, i.e. always separate
blocks which are likely to terminate in the next itera-
tion.

Figure 10: The light tracing test scene. The glass object
is black because a pure light tracer cannot deterministi-
cally connect singular materials to the camera.
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Figure 11: Hemispherical importance map at the light
source (top row) and respective image error blocks for
the caustic scene (Figure 10).
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Figure 12: RMS error graph for the light tracing exper-
iment comparing no adaptivity and our proposed back-
projection. The curves terminate when the RMS error
drops below 0.01.
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Abstract

We present in this work a new method to classify regions extracted from scene images by morphological filters in text or non-
text region using a decision tree. Our technique can be divided into three parts. Firstly, we extract a set of regions by a robust
scheme based on morphological filters. Then, after a refinement, a set of text attributes is obtained for each region. In the last
step, a decision tree is built in order to classify them as text or non-text regions. Experiments performed using images from
the ICDAR public dataset show that this method is a good alternative for practical problems involving text location in scene
images.

Keywords: text region classification, text localization, text information extraction, morphological filters.

1 INTRODUCTION
In the last years, several algorithms for text informa-
tion extraction (TIE) from scene images have been pro-
posed [4, 9, 7, 12, 19, 18]. In spite of such studies, it
is not easy to design a general-purpose TIE system [11]
for scene images, since texts that are present in these
type of images are considered as an integral part of the
scene and their presence are almost always accidental
and non-intentional. Owing to this factor, text occur-
rences in these scene images can be significantly dif-
ferent from one another with respect to slopes, sizes,
font styles, illumination and also they can be partially
occluded. In Fig. 1, we show some examples of scene
images.

Figure 1: Scene Images extracted from the ICDAR
dataset [13].
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redistribute to lists, requires prior specific permission and/or a fee.
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According to Jung et al. [11], the TIE problem can be
divided into five subproblems: (1) detection; (2) local-
ization; (3) tracking; (4) extraction and enhancement;
and (5) recognition. Our work focuses on the second
subproblem whose main objective is to locate text re-
gions within an input image. Since text regions usually
are composed by characters aligned along a line such
that for any two adjacent characters there is a high con-
trast with a uniform background, we can consider, as
the first step for solving the problem of text region lo-
calization, the problem of localizing region candidates
that contain uniform background and similar shapes
with high contrast with respect to their background that
are aligned along a line. As the second step, we can
label these candidates into text or non-text regions us-
ing a built classifier. Thus, let us define a text region
candidate in the following way.

Definition 1 (Text Region Candidate) Let ε be a
small positive real number. A text region candidate
R is defined as the smallest involving rectangle with
a uniform background that contains objects with
similar shapes and high contrast (with respect to their
background) positioned along a line such that for any
two adjacent objects Ci and Ci+1 belonging to R, we
have that dist(Ci,Ci+1) < ε , where dist is a distance
function.

Text location methods can be classified into
two types: texture-based [4, 12] and region-
based [6, 9, 7, 18, 19]. The texture-based methods
assume that the character attributes are different from
their background in the text region making them
possible to be discriminated. Techniques such as
Gabor filter, wavelets, fast Fourier transform can
be used to extract text attributes from potential text
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regions in order to classify them. The region-based
methods [6, 9, 7, 18, 19] use several attributes already
present in the image. In general, their procedure
can be divided into three parts: (i) obtain a set of
region candidates by emphasizing the high contrast
between text and their background; (ii) then, merge the
obtained candidates by a geometrical analysis of their
spatial arrangements; (iii) and finally, determine if the
obtained regions are text or non-text using heuristics or
classifiers.

In this work, we present a new region-based method
to classify regions extracted from scene images by mor-
phological filters in text or non-text region using a deci-
sion tree. Our technique can be divided into three parts.
Firstly, a set of region candidates (connected compo-
nents) is selected by using a robust scheme based on
morphological filters. A refinement of the obtained re-
gion candidates is performed in order to emphasize re-
gions with text presence. Then, a set of text attributes
is obtained for each region. Finally, a decision tree is
built in order to classify them as text or non-text re-
gions. Experiments performed using images from the
ICDAR public dataset show that this method is a good
alternative for practical problems involving text loca-
tion in scene images.

After this short introduction, Section 2 presents a
brief review of some related works with the commonly
main hypotheses used for text region localization.
Then, our method is presented in Section 3. In
Section 4, we show the experimental results. Finally,
Section 5 concludes this work and points out some
future research.

2 RELATED WORK
Region-based methods usually have the strategy of se-
lecting a set of region candidates and then eliminate the
non-text regions. In this context, morphological filters
have been widely used to extract set of text region can-
didates [6, 7, 9, 18, 19]. Once these candidates are ex-
tracted, some methods use heuristics [6, 9, 19], others
classifiers [10, 18] to select the text regions.

Wu et al. [19] proposed a scheme based on mor-
phological filters to locate candidates for text regions
based on the high contrast between texts and their back-
ground, and afterwards they applied some heuristics
to find the actual text regions. Hasan and Karam’s
method [9] uses morphological filters to extract region
candidates and then non-text regions are eliminated by
heuristics. Lixu et al. [7, 6] proposed a method based
on the difference of top-hat transforms to segment re-
gion candidates and then subsequently text regions are
reconstructed using conditional dilations. Retornaz and
Marcotegui [18] developed a method based on ultimate
opening to extract the characters from text regions, and
thereafter they use a classifier based on linear Fisher
discriminant to classify text regions. Renjie et al. [10]

proposed a two stage text region classification: (i) elim-
inate impossible regions using heuristics; (ii) and then
separate text from non-text regions using an SVM clas-
sifier. The same ideas to classify text regions are used
in [3, 8, 18].

This work, as well as others [9, 10, 18, 19], assumes
as true some hypotheses that take account the contrast
between text regions and their background and the geo-
metric regularity of the font within the text region. Such
hypotheses (called here as text region hypotheses) are
classified as following:

1. Contrast

(a) There is a contrast between text region and its
background.

(b) The text gray levels within the same region are
similar.

2. Font Geometry

(a) Characters within the same region:

• they have similar heights and widths.
• they are aligned along a line.
• distances between any two adjacent charac-

ters are similar.

3. Prior Knowledge

(a) A text region consists of at least three characters.

3 PROPOSED METHOD
The proposed method consists of three stages (see
Fig. 2): (i) extraction of regions; (ii) selection of
regions; and (iii) classification of the selected regions
in text and non-text.

Extraction of regions: In this stage, a set of region
candidates is extracted from the input image using mor-
phological filters.

Selection of regions: The next stage consists of refin-
ing the extracted regions in order to emphasize the most
probable text regions. This is done by using heuristics
based on the text region hypotheses.

Classification of regions: The last stage of the method
consists of obtaining a set of features from the selected
regions that will be later used as an input to a decision
tree in order to classify them as text or non-text regions.

3.1 Extraction of Region Candidates
The extraction of region candidates from the input im-
age must be orientation invariant and also highly noise
tolerant. It is well know that morphological operators
can be successfully used to accomplish these tasks. In
Fig. 3, we show a simple flow chart of our extraction
procedure.
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Figure 2: Overview of the proposed method.

The extraction procedure of the region candidates
(based on the contrast hypotheses) can be briefly de-
scribed by the following steps. (1) Firstly, if the input
f is a color image, then it is converted into a gray scale
image using the following equation [5]:

f (x) = b0.299 · fr(x)+0.587 · fg(x)+0.114 · fb(x)c,

where fr, fb, fg are the three RGB components of the
input image. (2) Then, an opening and a closing top-
hats are applied to the image f using as the structur-
ing element (SE) the disk of radius λ , producing two
output images fw and fc, respectively. (3) Afterwards,
build the image fm by taking the maximum between
fw and fc pixel-by-pixel. The image fm contains all
the characters with thickness less than or equal to the
radius λ of the SE. (4) The next step is to apply the
closing to the fm by a 3×3 square SE in order to close
small borders within the extracted regions. (5) In the
sequence, the image fm is binarized by the local Otsu’s
thresholding method [15] obtaining the binary image
fa. (6) Then, an area-opening filter is applied to fa
(producing the binary image fb) to eliminate connected
components smaller than the area of the disk of radius
λ . (7) Thereafter, the image fb is decomposed into n
connected components Λ( fb) = {R1,R2, . . . ,Rn} to be
latter used in the next parts. In Fig. 4, we present an
example of the application of extraction procedure.
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gray-scale
image

yes

no
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Top-Hat by
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Area-opening
filtering
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Labeling

Step 7

Figure 3: A simple flow chart showing our procedure
for extraction of candidate regions.

3.2 Selection and Merging of Regions
After obtaining the set Λ( fb) of region candidates from
the input image f , a subset ζ ⊆Λ( fb) with the potential
text regions are selected based on the contrast and ge-
ometric hypotheses. Afterwards, a geometric analysis
is performed on the selected regions to merge the ones
that may belong to the same text region.

Selection of Regions Based on the rectangularity cri-
teria [9, 19], we build a subset ζ ⊆ Λ( fb) containing
the potential text regions. Let R∈Λ( fb) be a connected
component candidate for a text region and let Rθ de-
note the rotated version of R along its longest axis [5].
The connected component R is said to be a text region
candidate if the following statements hold:

1. the density must be between 0.2 and 0.95, that is,

0.2 <
|R|

WRθ ·HRθ

< 0.95;

2. the width of the rotated connected component Rθ

must be larger than its height, that is,

WRθ

HRθ

> 1.5,
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(a)

(b)

Figure 4: Extraction of region candidates using mor-
phological filters. (a) Input image; (b) connected com-
ponents obtained by the application of the extraction
region candidate procedure.

where |R| denotes the area of the component R; WRθ and
HRθ are the width and height of the rotated connected
component Rθ along the direction θ , respectively. The
first criterion eliminates small and large components
that are impossible to be text regions; while the sec-
ond criterion is a characteristic that must be satisfied by
the most characters. These two criteria (based on the
works [9, 19]) can eliminate a large number of regions
that could not be text regions.

Merging of Regions Two distinct components Ri,R j ∈
Λ( fb) belong to the same text region if their orienta-
tions, heights and alignments are similar. So, Ri and R j
are in the same text region if the following statements
hold:

1. The difference between their orientations must be
less than 15 degrees, that is,

dθ (Ri,R j) = min
{
|θRi −θR j |,

|θRi −θR j +360|, (1)

|θRi −θR j |−360
}

< 15,

where θRi and θR j are the orientations of Ri and
R j, respectively. This criterion comes from the
work [19].

2. The heights of Ri and R j must be similar, that is,

dH(Ri,R j) = |HRθ
i
−HRθ

j
|< min

{
HRθ

i
,HRθ

j

}
, (2)

where HRθ is the height of the rotated component
Rθ . This criterion was inspired from the work [18].

3. The third criterion requires that the centroids of Ri
and R j must be similar, that is,

dC(Ri,R j) = ‖CenRi−CenR j‖2

< max
{

WRθ
i
,WRθ

j

}
, (3)

where CentR is the position of the centroid of the
component R and WRθ is the width of the rotated
component Rθ . This criterion was inspired from the
work [19].

4. Let LR be the longest axis of R obtained by the equa-
tion y = mR · x+bR. Then, the distance between the
axes LRi and LR j of Ri and R j, respectively, can be
defined as:

dL(Ri,R j) =
|yCenR j

−mRi · xCenR j
−bRi |

2
√

1+m2
Ri

+
|yCenRi

−mR j · xCenRi
−bR j |

2
√

1+m2
R j

,

where xCenR and yCenR are the coordinates of the cen-
troid CenR. This criterion requires that

dL(Ri,R j) < min
{

HRθ
i
,HRθ

j

}
. (4)

This criterion was inspired from the work [19].

Although all these four criteria come from other
works [18, 19] (and consequently, they are not so
original), the thresholds given by the right side of the
last three inequalities (Eqs. 2, 3 and 4) are computed
using the values taken from regions instead of single
characters or constant numbers (differently from the
corresponding original works [18, 19]). This approach
makes our method more robust when applied to a set of
distinct images.

Based on these four criteria, it is possible to decide if
Ri and R j are merged or not, that is, R′← {Ri,R j} will
be put into ζ and, at the same time, Ri and R j are taken
out from ζ .

The main advantage of applying the merging of re-
gions is that the attributes (features) taken from regions
with larger number of characters are likely to give more
information to the classifier that will be used later to
discriminate text and non-text regions. Besides, text re-
gions that have been fragmented in the extraction of re-
gions stage can be recovered in this stage.

In Fig. 5, we present an example of the application of
these criteria applied to the connected components of
the image shown in Fig. 4(a).
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(a)

(b)

Figure 5: Results by the application of the selection and
merging region candidates. (a) Image containing the la-
beled connected components of Λ( fb) after candidates
extraction; (b) image showing (marked by green rect-
angles) the selected regions obtained from ζ .

3.3 Classification of Text Region by Deci-
sion Tree

After selecting a set ζ that contains all the potential
text regions, the next step consists of building a clas-
sifier to discriminate whether a given element R ∈ ζ is
a text or a non-text region. In the following, we will de-
scribe how to obtain features from the connected com-
ponents R ∈ ζ that will be later used for classification.
Most ideas presented in this section for feature extrac-
tion have been taken from the work [9, 19]. Differently
from [9, 19], we use these features to construct a vector
that will be later used as the input for the decision tree
classifier.
Features Extraction The features considered for text
and non-text region classification are extracted based
on the hypotheses described in Section 2. Given a re-
gion R ∈ ζ , the x-projection can be used to extract ge-
ometric features from R [1, 19]. If R is an actual text
region, then the characters presented in R have similar
widths and heights and in addition their centroids are
aligned along the same line. The x-projection technique
projects onto a line all pixels within the region R, col-
umn by column (see Fig. 6). The deepest valleys pro-
vide important information to segment the characters in
R. Let XPR be the vector that stores the x-projection of
R. Then, the deepest valleys of XPR can be detected by
thresholding it. In this way, several characters Ci can

be extracted from R. Let WR and HR be, respectively,
the average width and height of all characters Ci ∈ R.
Then, the width and height variances can be calculated,
respectively, by the following equations:

Figure 6: Example of the result by the application of
x-projection. Note that yellow and green lines indicate,
respectively, the beginning and the end of a character
segmentation.

σ
2
W,R =

1
NC
· ∑

Ci∈R
(WCi −WR)2, (5)

σ
2
H,R =

1
NC
· ∑

Ci∈R
(HCi −HR)2, (6)

where NC is the number of characters within R. In ad-
dition, all character centers form a line and satisfy the
equation y = mC

R ·x+bC
R, where mC

R and bC
R can be easily

obtained by linear regression [16]. Then, the linearity
of R can be measured by

Lin(R) =
1

NC
· ∑

Ci∈R

|yCi −mC
R · xCi +bC

R|√
(mC

R)2 +1
. (7)

Besides considering geometric aspects of R, we also
take account that all characters within a text region must
have similar gray levels. Let µ be the average gray level
of all characters Ci ∈ R within the image input f . Then,
the homogeneity of R can be measured by

Hom(R) =
1

NP
· ∑

Ci∈R
∑

(x,y)∈Ci

( f(x,y)−µ)2 (8)

where NP is the number of pixels of all characters Ci ∈
R. This measure was inspired from the work [9].

Therefore, the considered features to classify text and
non-text regions are:

1. Contrast based feature

(a) Gray level homogeneity (Eq. 8).

2. Font geometric based features

(a) Number of characters obtained from the
x-projection;

(b) Height variance of the characters (Eq. 5);
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(c) Width variance of the characters (Eq. 6);

(d) Linearity of the characters (Eq. 7).

Classifier Design In this work, a decision tree is used
to classify R ∈ ζ in text or non-text region. For that, a
training set P = {(pi,ci) ∈ R5×{1,2} : i = 1,2, . . . ,n}
of labeled feature vectors (obtained by the application
of the measures described in the previous subsection
to text and non-text regions) was built. In Figs. 7(a)
and 7(b), we present some examples of text and non-
text regions used to build the set P.

(a)

(b)

Figure 7: Examples of (a) text regions (class 1) and
(b) non-text regions (class 2).

We have used the C4.5 algorithm [17] (implemented
in WEKA1 software) for training the decision tree. The
training set P has 683 patterns extracted from 50 images
of ICDAR dataset [13] in which 203 patterns belong to
class 1 (text region) and 480 patterns to class 2 (non-
text region). The traditional cross-validation technique
has been used to validate the classifier performance [2].
The training error obtained for the built decision tree is
4%.

4 EXPERIMENTAL RESULTS
In order to evaluate the proposed method, we have se-
lected other 84 images from the ICDAR dataset with
different colors, illuminations, scales and orientations
as well as images with partial occluded text regions.
Like other methods [9, 18, 19], the performance of the
proposed method is measured in terms of recall and pre-
cision rates.

The 84 test images contain 367 text regions (total
text regions) with at least 3 characters. Performed tests
showed that 323 text regions were correctly classified

1 http://www.cs.waikato.ac.nz/ml/weka/

(true positives) and only 7 were wrongly assigned as
text regions (false positives). In this case, the recall and
precision rates are 88% and 97%, respectively. Table 1
shows the obtained confusion matrix and Fig. 8 presents
some images with text regions marked with red rectan-
gles after the application of the decision tree classifier.

Table 1: Confusion matrix.

Classes True positive False positive

Text region 323(88%) 7(1.9%)

Non-text region (98%) 44(12%)

Since our method builds the set ζ of the potential text
regions (see Section 3.2) and this set may not contain all
the actual text regions within the input image, we can
evaluate the proposed method by calculating the recall
and precision rates considering only the text regions in
ζ . In our experiment, the cardinality of ζ is 347. This
means that 20 text regions of the input images have not
been detected by the selection and merging procedure.
Thus, in this case, the recall and precision rates are 93%
and 97.8%, respectively. Table 2 presents the confusion
matrix considering only the selected regions.

Table 2: Confusion matrix (considering only the selected
regions).

Classes True positive False positive

Text region 323(93%) 7(2.1%)

Non-text region (97.9%) 24(7%)

In order to have a comparison between our method
and at least another one, we have applied the Wu’s
method [19] to the same image dataset. Perfomed tests
showed that only 280 text regions were corrected clas-
sified, corresponding to the rate of 77%. However, the
Wu’s method had a larger number of false positives (75
regions wrongly assigned as text regions) correspond-
ing to the rate of 20%. This happens mainly because
Wu’s method uses simple thresholds (constant values)
in several heuristics for text region classification and
consequently it is not sufficiently robust to deal with
a large number of images containing text regions with
different scales and orientations. Table 3 presents the
confusion matrix obtained by Wu’s method [19].

Table 3: Confusion matrix of method [19].

Classes True positive False positive

Text region 280(77%) 75(20%)

Non-text region (80%) 87(23%)

We should remark that the performance of Wu’s
method [19] can be drastically affected in the feature
extraction stage where it would have a big difficult to
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Figure 8: Scene images. (a− f ) The classified text regions are marked by red rectangles.

extract text regions containing characters that (1) are
not horizontally aligned along a line or (2) have differ-
ent sizes. This is due to the fact that in this stage it uses
a fixed (1× 7) horizontal line as a SE to perform two
morphological operators: an opening and a closing.

We should remark that the performance of Wu’s
method [19] can be drastically affected in the fea-
ture extraction stage, since, at this stage, it uses a
fixed (1× 7) horizontal line as a SE to perform two
morphological operators: an opening and a closing.
Consequently, it would have a big difficult to extract

text regions containing characters that (1) are not
horizontally aligned along a line or (2) have different
sizes. Just for a quick comparison, Fig. 9(a) shows
an application of Wu’s method [19] to a scene image;
while in Fig. 9(b), we show the result for the same
image using our method.

5 CONCLUSION AND FUTURE
WORK

We presented a new method to classify regions ex-
tracted from scene images by morphological filters in
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(b)

Figure 9: Scene images containing text regions with
different scales. Result from the application of (a) Wu’s
method [19] and (b) our method.

text or non-text region using a decision tree. Our tech-
nique can be divided into three parts. Firstly, we ex-
tract a set of regions by a robust scheme based on
morphological filters. Then, after a refinement, a set
of text attributes is obtained for each region. In the
last step, a decision tree is built in order to classify
them as text or non-text regions. The obtained results
show a good performance of text region classification
with the overall recall and precision rates equal to 88%
and 97%, respectively. These results show that our
method can be a better alternative for text localization in
scene images. For future work, we envisage the follow-
ing points: (i) perform a comparative analysis of our
method with others using the metric proposed in [14];
(ii) propose a scheme for extracting text region candi-
dates with different character sizes presented in the in-
put image using the ultimate closing and opening oper-
ators [18]; (iii) propose an algorithm to adjust the exact
location of the classified text region in the input image.
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ABSTRACT

We present a new method for smooth global analysis and representation of image-based motion data with topological methods
for flow fields, useful for further activity analysis. A video sensor captures motion of subjects and yields discrete samples of
velocity vectors in the image domain. We show how to construct a smooth, continuous, globally defined bidirectional flow field
which approximates the directional part of given samples. We then apply a topological analysis of this continuous flow field
which yields a segmentation into regions of similar flow behavior, i.e., regions of similar motion. This segmentation (topology)
can be seen as global model of typical motions and used for further analysis like detecting atypical motions. We tested our
method empirically and provide results for two different scenarios with human motion and traffic motion, respectively.

Keywords: motion analysis, flow field topology

1 INTRODUCTION
Motion analysis is an important research topic in com-
puter vision with a great variety of applications. In the
present scenario, our goal is to "learn" typical motion
within a spatial domain that is captured by digital video.
Such analysis provides the fundamentals to classify mo-
tion and to decide algorithmically whether subjects are
moving in an admissible way.

There are many applications for such a tool. Exam-
ples are automatic monitoring of traffic, e.g., in a fac-
tory environment with self-directed vehicles and human
workers interacting. The aim is to detect potentially
dangerous situations such that action can be taken to
avoid any damage or injuries.

Another example is automatic control of security ar-
eas like airports, where atypical behavior of subjects
within the moving crowd is detected. It is quite easy to
imagine that vector fields may provide a good tool to
model such crowd movement.

In this paper, we present a method for motion analy-
sis based on vector field topology which was introduced
in [4]. The input is a video sequence from which trajec-
tories of moving subjects are extracted. Figure 1 shows
example scenes, arrows indicate possible motion direc-
tions. The set of all trajectories are converted into a flow
field, more specifically into a tensor field as vector ori-
entation, i.e., their sign, should not have any influence.
We then regard the topology of the tensor field to seg-
ment it into regions of similar flow behavior. The result-

Permission to make digital or hard copies of all or part of this work
for personal or classroom use is granted without fee provided that
copies are not made or distributed for profit or commercial advantage
and that copies bear this notice and the full citation on the first page.
To copy otherwise, or republish, to post on servers or to redistribute
to lists, requires prior specific permission and/or a fee.

ing segmentation may serve as basis, e.g., for methods
that detect atypical flow. A typical result of our method
is shown in Figure 10.

The remainder of the paper is organized as follows.
In Section 2 we start with previous work on the field
of image-based motion detection and trajectories clas-
sification. In Section 3 we describe the data acquisition
process. Section 4 presents our approach to generate
a bidirectional vector field from scattered vector sam-
ples. Topology extraction is discussed in Section 5, and
we show experimental results in Section 6. Section 7
concludes the paper with a summary and discussion on
future work.

2 RELATED WORK
Video-based analysis systems generally have a very
complex structure. They span different levels of ab-
straction: from the low-level detection and tracking
of moving objects in video streams (trajectories) to
the high-level behavior analysis (scene understanding)
[16]. A common aim is to describe the observed data
and to detect atypical or threatening events in real-time,
i.e., to find a high-level interpretation. This becomes
complicated when complex situations (i.e. scenes con-
taining many objects and interactions) in a completely
unsupervised ways are observed and evaluated.

Our work can be seen as bridge between these two
levels. The input to our method are extracted trajecto-
ries, and the output is a global representation as the so-
called topological skeleton of these motion data, which
provides a segmentation.

Analysis of human motion and analysis of traffic are
two big areas of research. We refer to surveys in [7] and
[11] for detailed overview of human and traffic motion
analysis respectively.
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Figure 1: Motion scenes of persons (left) and vehicles (right)

Most related to our work is the approach of Hu et
al. [6] which considers environments where tracking
of individual objects is hard or even impossible (i.e.
crowds): first, flow vectors are computed for each video
frame, then after some filtering a global motion flow
field is generated, and representative modes (sinks) for
each motion pattern are extracted and tracked. A col-
lective global representation of the discovered motion
patterns (super tracks) is used for event-based video
matching. This approach is suitable when no individ-
ual analysis of moving objects is required. In contrast
our method provides potential for both, global and in-
dividual analysis.

Figure 2: Raw motion data

Motion data analysis using trajectory data gained in-
creasing interest recently [8, 10]. A lot of trajectory
classification methods have been developed in the fields
of pattern recognition [1] and video surveillance [14].
One important characteristic of those methods are that
they use the shapes of whole trajectories to do classifi-
cation. For example such as the hidden Markov model
(HMM) [1] by modeling a whole trajectory with a sin-
gle mathematical function.

Many approaches employ neural networks such as
self-organizing maps (SOM) and use whole trajectories
for classification. For instance in [14], each trajectory

is encoded to a feature vector using its summary infor-
mation (e.g., the maximum speed). But some valuable
information (e.g., time, motion direction, etc.) could be
lost due to this encoding.

Moving-object anomaly detection is a hot topic of
research and very closely related to trajectory classi-
fication. Li et al. [10] propose an anomaly detection
method based on motifs (i.e., trajectory features). This
method is limited to extracting motifs without taking
other attributes into account.

Morris and Trivedi [12] learn topology scene descrip-
tors (POI) and modeled the activities among POIs with
HMMs. The approach is suitable to detect abnormal
activities and shows good performance when used in
structured scenes.

Pusiol et al. [17] propose a method to learn scene
logical regions (scene topology) in an unsupervised
way. Topology of the scene is learned using the regions
where the person usually stands and stops, so-called
slow regions. Transitions among these slow regions are
learned as primitive events from which histograms are
generated to recognize activities of other subject.

Generation of semantic-based trajectories can be
used to simulate real-world behavior. Pfoser and
Theodoridis [15] present several examples of how
real-world movement characteristics can be described
with appropriate semantics. While we do not aim at a
semantic analysis in this work, we are confident that
our resulting global model of motion may serve as
basis for such analysis.

Another approach to classify trajectories is clustering
(see, e.g., [8]). However, significant features are likely
to appear only locally at parts of trajectories, they do not
characterize trajectories globally as a whole. Also dis-
criminative features appear not only as common move-
ment patterns but also as regions.

In contrast to this, we propose a different approach
based on a global model: significant features are ex-
tracted as topology of motion data which are repre-
sented by a smooth flow field.
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3 DATA ACQUISITION
We use a video camera in combination with optical flow
to extract motion data from a video sequence. We chose
an off-the-shelf video sensor Vitracom SiteView EP for
this purpose.

In our setup the sensor is fixed and captures a certain
region (see Figure 1). For any detected motion of any
subject we are provided with a sequence of a subject’s
id, its positions in image-space and a time-stamp. These
data can be used to construct trajectories of individual
subjects. All our computations are performed in image-
space which is sufficient for our purpose as in this work
we do not combine data from multiple sensors.

Due to the complexity of the scene the acquired data
suffers from disturbing effects like distortion, overlap-
ping, occlusion, or fusion of moving objects. In order to
extract reliable raw data, we apply a smoothing step on
the individual trajectories. The rationale for this prepro-
cess consists firstly in the fact that filtering in this way
respects the temporal and spatial coherence as motions
are processed individually. Secondly, we can rely on a
simple and efficient finite differences scheme for curve
smoothing rather than smoothing scattered vector data.
In order to achieve this, we minimize a certain bending
energy for trajectory smoothing.

Finally, we overlay velocity samples from all trajec-
tories within the image domain. The result is a set of
vector samples scattered in the domain. Figure 2 shows
such raw data.

4 VECTOR FIELD GENERATION
While the scattered vector samples describe our vector
field, we cannot apply them directly for topology
extraction and segmentation. We need to generate a
suitable continuous parametric model from the given
discrete set of data points. A standard approach is
least-squares approximation of a bivariate function,
e.g., tensor-product B-spline.

Unfortunately, this approach does not work in our
setting: our goal is fitting a bidirectional vector field (or
a tensor field), i.e., we want to fit accurately the direc-
tion of velocity vectors but not their orientation. This
orientation-invariance cannot be modeled by a linear
least-squares fit.

In the following, we provide a different formulation
of the problem which leads to solving an eigenvalue
problem.

Given are samples of velocity vectors vi = (ui,vi)
> ∈

IR2, i = 1, . . . ,m at points (xi,yi)
> in the image plane.

We want to find a parametric vector field

w(x,y) =
n

∑
j=1

b j(x,y)(U j,Vj)
> , (1)

such that w(xi,yi) is as parallel as possible to vi. Here,
b j(·) represent any suitable bivariate basis functions,

e.g., tensor-product B-splines. And we have to deter-
mine the unknown coefficients U j,Vj, j = 1 . . . ,n.

Note that we are only interested in matching the di-
rection of vectors and disregard both, orientation and
magnitude. The first property is essential to our ap-
proach, while the latter one can easily be restored in
a second step by a linear least-squares fit of a scalar
magnitude field.

4.1 Eigenvalue problem
In order to model the problem as a minimization, we
reformulate it: instead of w and v being parallel, we re-
quire that w(xi,yi) are as orthogonal to v⊥i =: (−vi,ui)

>

as possible, where (·)⊥ denotes a rotation by π

2 . For the
best fitting bidirectional vector field we have

E =
m

∑
i=1

(
w(xi,yi)

>v⊥i
)2
→min , (2)

i.e., we penalize non-orthogonality. We rewrite (2) in
matrix notation such that

E = r>r .

Then we have each element of r ∈ IRm as

ri = w(xi,yi)
>v⊥i

= −vi b(xi,yi)
>U + ui b(xi,y j)

>V

=
(

uib(xi,yi)
>
)

V −
(

vib(xi,yi)
>
)

U .

Here, we write the two components of w(x,y) in (1)
as scalar products b(xi,yi)

>U and b(xi,y j)
>V, respec-

tively, with a vector b = (b1(x,y), . . . ,bn(x,y))> of ba-
sis functions and coefficient vectors U = (U1, . . . ,Un)

>

and V = (V1, . . . ,Vn)
>.

Then r is expressed as

r = CV+DU = (C,D) (U,V)> ,

and the definition of the matrices C,D ∈ IRm×n is given
by the element-wise notation above.

For the quadratic energy term E = r>r we obtain

E = (V>,U>)
(

C>C C>D
D>C D>D

) (
V
U

)
=: x>Ax> .

It is obvious that the global minimum E = 0 is attained
at x> = (V>,U>) = 0. This trivial solution, however, is
not the one we are looking for. By adding the additional
constraint ||x||2 = 1 we avoid the trivial solution.

(Note that we are interested only in directions of vec-
tors and not in their magnitude, so there is an infinite
number of feasible solutions which differ only in scale.
Hence, we may restrict the above norm of x to any pos-
itive number.)
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Figure 3: Vector field without (left) and with (right) regularization.

Introducing the Lagrange multiplier λ the minimiza-
tion problem now reads as

E ′ = x>Ax> −λ (x>x−1)→min

The matrix A is symmetric and positive definite, and
we find the minimum by setting the gradient ∇E ′ = 0,
which yields

Ax−λx = 0 ,

and which in turn means that the minimum is attained
for an eigenvector of A. In fact, we are looking for the
eigenvector corresponding to the smallest eigenvalue.

There are efficient numerical methods for solving the
eigenvalue problem, i.e., for computing the smallest
eigenvalue and hence a single eigenvector.

While the dimensions of the matrix A ∈ IR2m×2m can
be rather large — on a N ×N grid we have m = N2

— A is sparse if the basis functions b j(x,y) have local
support which is the case for B-splines. State-of-the
art algorithms exploit the sparsity pattern of the system
matrix [9].

In summary, we compute a parametric vector field
w(x,y) from discrete samples vi by solving an eigen-
value problem. The solution satisfies the condition that
w is as parallel as possible to vectors vi in least-squares
sense.

4.2 Regularization
There may be relatively large parts of the domain,
which do not contain any vector samples. We are aware
of the fact that the approximation method described
above may not be able to “interpolate” meaningful
vectors across such regions. (Instead, the solution to
the eigenvalue problem yields arbitrary vectors of very
small magnitude, see Figure 3 (left).)

This is a well-known effect that depends on the par-
ticular choice of basis functions: roughly speaking, one
cannot expect a contribution from basis functions with-
out having enough samples within their support. For B-
splines, this means the Schoenberg-Whitney conditions
should be satisfied, which is generally not the case in
our setup (see, e.g., [5]) The standard approach to solve
this problem is adding a regularization term, i.e., taking

into account additional constraints usually on smooth-
ness. We penalize the norm of first order partials. The
eigenvalue problem then reads as

(A+αR>R)x−λx = 0 ,

where R>R captures the regularization term, and α > 0
is a small weight. Figure 3 shows the effect of regular-
ization.

4.3 Velocity bias
The formulation as is effectively yields a weighted
least-squares approximation: (2) does not strictly
penalize angles but includes the magnitude of the
samples. For our purpose, such weighting is neither
meaningful nor does it provide better results. There is
no reason, why faster movement should influence the
fitting of the directional component. For this reason, we
normalize all samples such that ||vi|| = 1, i = 1, . . . ,m.
Note that this does not interfere with recovering speed
as a scalar value: this would be second step resulting in
least-squares fitting a scalar field. As we are interested
in vector field topology, speed is currently not of
interest to us.

4.4 Discussion of our setting
The formulation of the problem allows for an arbi-
trary choice of basis functions b j. A natural and well-
established choice are tensor product B-splines. Higher
polynomial degree q yields higher order smoothness,
i.e., Cq−1 continuity, of the bidirectional flow field w
as well as higher order approximation. In our experi-
ments with q = 1,2,3 we found that in fact the simplest
choice q = 1, i.e., a bi-linear function w shows suffi-
ciently good results. At the same time, this is the most
efficient model to evaluate. In some situations we even
observed that higher order smoothness does not capture
“turbulent” regions of the sample set as well, because
due to larger support, more samples with potentially di-
verging directions are taken into account.

Regions without any data, i.e., regions with no ob-
served motion, should be masked out for our appli-
cation, they provide trivial segments. Regularization
generally yields plausible data for such regions and
improves vector field near these segment boundaries.
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Figure 4: Example of a topological skeleton of a vector
field

However, we found that for our purpose the difference
in using or not using a regularization term is not signif-
icant.

5 TOPOLOGY EXTRACTION
In this section we show how to extract the topologi-
cal skeleton of the smooth bidirectional flow field w.
This skeleton provides the segmentation of the image
domain in regions of similar motion.

5.1 Topological skeleton
One of the most important features of a vector field is
its topological skeleton which has been introduced as a
visualization tool in [4]. The topological skeleton of a
2d vector field v(x,y) essentially consists of a collection
of critical points, i.e., v(x,y) = 0 and special stream
lines called separatrices which separate the flow into
areas of different flow behavior.

The attractiveness of the topological skeleton as a vi-
sualization tool lies in the fact that even a complex flow
behavior can be expressed (and visualized) by using
only a limited number of graphical primitives. At the
same time, the topological skeleton yields a segmenta-
tion of the domain.

Helman and Hesselink [4], consider first order criti-
cal points, i.e. critical points with a non-vanishing Jaco-
bian. Based on an eigenvector analysis of the Jacobian
matrix, these critical points are classified into sources,
sinks, centers and saddles. For the description of the
topology, saddle points are of particular interest. In ad-
dition so called boundary switch points [2] may sepa-
rate regions of different inflow/outflow behavior across
the boundary of the flow.

Figure 4 shows an example of a vector field together
with the topological skeleton. For an excellent intro-
duction to vector field topology and related computa-
tional methods we refer to [19].

5.2 Extraction of the topological skeleton
For extracting the topological skeleton, we proceed in
two steps. First, we find critical points. Then we in-

tegrate streamlines staring from critical points to con-
struct separatrices and hence segment boundaries.

Finding critical points.
We consider a bidirectional flow which is essentially a
2nd order symmetric tensor field T(x,y) where

T =

(
w1(x,y)2 w1(x,y)w2(x,y)

w1(x,y)w2(x,y) w2(x,y,)2

)
,

with w(x,y) = (w1(x,y),w2(x,y))>.

Figure 5: Cell subdivision into triangles

Then critical points (or degenerate points) are points
(xc,yc) in the domain where the eigenvalues λ1 and λ2
of T(xc,yc) are equal and hence we have

T(xc,yc) = Q
(

λ 0
0 λ

)
Q> =

(
λ 0
0 λ

)
,

where λ = λ1 = λ2 [3, 18]. This means, in degenerate
points any vector is an eigenvector to T. This is valid in
any coordinate system Q>.

Such points are characterized by the two conditions{
T11(xc,yc)−T22(xc,yc) = 0
T12(xc,yc) = 0

Finding critical points corresponds to finding roots of
the two components of the above equations.

Finally, critical points are classified in wedges or tri-
sectors based on certain partials:

a =
∂

∂x
(T11−T22), b =

∂

∂y
(T11−T22),

c =
∂

∂x
T12, d =

∂

∂y
T12,

(see [3]), with δ = ab− cd, for a wedge δ > 0 and for
a trisector: δ < 0.

The detection of critical points consists essentially of
a numerical root finding algorithm. As we are not inter-
ested in finding higher order critical points, we simplify
the setting such that elements of the tensor field T are
interpolated independently.

Even more, we prefer linear interpolation to bi-linear
interpolation within grid cells (or generally higher or-
der interpolation). For linear interpolation we subdi-
vide each quad cell uniformly into either two (inserting
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Figure 6: Detected degenerate points for linear (left) and bilinear (right) interpolation.

the diagonal) or four (inserting the quad’s barycenter,
Figure 5) triangles and formulate the above condition
in terms of barycentric coordinates. This is due to two
reasons: firstly, we have to consider a lower polynomial
degree for root finding, which makes this task more ef-
ficient. And secondly, the number of detected critical
points decreases, and we find exactly one or no (first
order) critical point within each linear piece.

Figure 6 compares amount and distribution of criti-
cal points for linear and bi-linear interpolation. In this
example, we detect 62 and 145 degenerate points for
linear interpolation splitting each cell into two or four
(as shown in the Figure 5) triangles, respectively. Bi-
linear interpolation yields 228 degenerate points. For
our results we use linear interpolation and 1 : 4 subdi-
vision of cells as this constitutes a good compromise
between efficiency and finding all relevant points.

Finding separatrices.

Separatrices are streamlines which emanate from de-
generate points in two (wedge) or three (trisector) di-
rections. We use a 4th order Runge-Kutta method for
numerical integration on w. The standard algorithm for
vector field integration is modified such that the orien-
tation is chosen at the starting point and kept consistent
during integration.

6 RESULTS
We tested our approach with two real-world data sets
where motion of vehicles and motion of human sub-
jects were captured, respectively (see also [13]). The
video sensor is fixed for both setups and provides a per-
spective view of the scenes (Figure 8 and 10, right).

The vehicle data was acquired over a 24 hour pe-
riod. Vehicle motion is more homogeneous in this case.
Humans were captured in the area where many people
walk in different directions over a 30 minutes time in-
terval.

The motion data is rather complex: there are several
obstacles, and persons can move freely around them, in
general. However, we expect most motion along several

paths though the region. Computations were performed
on 56× 56 (vehicles) and 53× 53 (human subjects)
grids, respectively. Our current, non-optimized imple-
mentation requires approximately 5 seconds for com-
putation of each, the flow field and the critical points.
Integration of separatrices takes about 20 seconds.

Figure 7 (left) shows the raw data of vehicle move-
ments as acquired from the sensor. The least-squares
approximated bidirectional vector field is shown in Fig-
ure 7 (right). There are homogeneous regions in the
scattered raw data, such as the region near the gateway,
which results in homogeneous vector field regions. Re-
gions of less homogeneous motion, e.g, where particu-
lar trajectories intersected, are less homogeneous in the
bidirectional vector field. Regions without motion data
yield zero vectors in the vector field. This shows effec-
tiveness of the bidirectional vector field model and its
generation.

Figure 8 visualizes the extracted tensor field topol-
ogy for the moving vehicles on the grid (left) and as
an overlay on the perspective image (right). Regions
of similar motion are well-separated, and this example
shows nicely that the topological skeleton (black) con-
veys the properties of the vector field very well with
only a limited number of primitives. There are rather
smooth regions where vehicles enter the scene at the
gateway. Fundamental motions such as vehicles turn-
ing are present. There are also several regions with high
amount of degenerate points: in fact, these regions rep-
resent critical regions within the domain. The white
circle marks an area with a barrier that lets the cars in
and out. The region near the trash cans marked by the
black circle is highly frequented by both, vehicles and
human subjects.

The motion of human subjects shown in Figure 9 is
more complex, hence the resulting vector field is less
homogeneous. Figure 10 visualizes topology of the
motion and makes it straightforward to detect regions
with no motion, homogeneous and less homogeneous
motion. The white circle marks a region where differ-
ent directions of motion intersect, and hence this region
shows a rather complex behavior. Note that such arbi-
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Figure 7: Raw data (left) and generated vector field (right)

Figure 8: Topology of vehicles motion trajectories

trary intersections cannot be represented accurately by
the underlying tensor field. In fact the whole region
should be represented by a single (higher order) critical
point. Such interpretation of the results and classifica-
tion is left for future work.

In summary, we observe that the topological skeleton
provides a meaningful segmentation of motion within
the scene and give a global representation of the moni-
tored area.

7 CONCLUSIONS
We demonstrated how methods for analyzing flow
fields can be applied to analysis of motion data. In
order to achieve this, we first approximate scattered
velocity data with a smooth bidirectional vector field,
i.e., essentially with a tensor field. Then we extract its
topological structure for segmentation of the domain
into regions of similar motion. Topological skeleton is
an appropriate global representation of typical motions
in a monitored area. Our results prove the efficiency of
this approach.

The output of our method may serve as a basis for
further analysis. Assume that the extracted topological
skeleton reflects a typical or normal condition for the
observed region. The change of the skeleton, i.e. the
deviation from normal movements can then be quickly

identified. Another application of our method is classi-
fication of individual movements or extraction of basic
movements. This requires additional object tracking.

For future work we plan to extract fundamental mo-
tions of our data which enables on-the-fly classifica-
tion of trajectories in categories of similar motion. At
the same time newly acquired motion should be inte-
grated in the current segmentation, i.e. real-time update
of topological skeleton. Conversely, such classification
could be used to fit flow fields for every motion category
which in turn can be used to improve the segmentation.
It might be useful to simplify and/or smooth the topo-
logical skeletons, especially when data from multiple
sensors or data from a moving sensor are combined.

An ultimate goal is to infer specific actions from mo-
tion data in order to identify non-admissible actions in
any kind of security area.
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ABSTRACT

In this paper, we describe a system for facial feature detection and tracking using a 3D extension of the Constrained Local Model
(CLM) [Cris 06, Cris 08] algorithm. The use of a 3D shape model allows improved tracking through large head rotations. CLM
uses a joint shape and texture appearance model to generate a set of region template detectors. A search is then performed in
the global pose / shape space using these detectors. The proposed extension uses multiple appearance models from different
viewpoints and a single 3D shape model. During fitting or tracking the current estimate of pose is used to select the appropriate
appearance model. We demonstrate our results by fitting the model to image sequences with large head rotations. The results
show that the proposed 3D constrained local model algorithm improves the performance of the original CLM algorithm for
videos with large out-of-plane head rotations.

Keywords: Active appearance models, Multi-view face models, Constrained local model, Facial feature tracking, Facial
feature detection

1 INTRODUCTION

This paper describes a method for tracking human face
features using a 3D shape model and view-dependent
feature templates. We match the 3D face model to
previously unseen 2D video sequences of human faces
by applying a shape constrained search method, using
an extension of the constrained local model algorithm.

The original CLM algorithm [Cris 06] works with
limited rotations from the front face view. The exten-
sion to the algorithm proposed here works not only on
the front face view but also on the face with large head
rotations in videos. The proposed multi-view CLM
consists of a 3D shape model and several 2D texture
models from multiple views.

In our implementation, the shape model is first
given some suitable initialisation (approximate rigid
body alignment, scaling). In each subsequent iteration
square region are sampled around each feature point
and projected into the allowed appearance model
space. The shape and pose parameters are then found
that maximise the correlation between the synthesised
appearance template patches and patches extracted
around the current estimates of the feature point
locations in image space. The proposed algorithm
is a view based, in that we switch appearance
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models depending on the current estimate of the face
orientation.

After a brief review of face and face feature detection,
we will describe the model building and fitting meth-
ods in more detail, followed by experimental results
demonstrating the performance of the proposed multi-
view CLM method.

2 RELATED WORK
The problems of facial feature detection and tracking
have received a great deal of attention in the litera-
ture, here we only cover the more immediately rel-
evant work. Active Shape Models (ASM) [Coot 95]
use Principal Component Analysis (PCA) to learn the
main axes of variation from a training set of labelled
examples. Fitting the shape model to a new image
involves local searches for matching features alternated
with projection of the shape estimate back into the
allowed model space.

Active Appearance Models(AAMs) [Coot 98,
Coot 01a] use the same PCA based shape model
as ASMs together with a PCA based model of
appearance (i.e. shape normalised texture). It
has been used for face modelling and recognising
objects [Lani 97, Jone 98], fitting unseen images
[Gros 05, Peyr 07], tracking objects[Ahlb 01, Steg 01]
and medical image processing [Coot 01b, Mitc 01].
The original implementation [Coot 01a] learnt a linear
model relating the error image (between the model and
the image) and the required parameter updated at each
time step. Following the forwards additive algorithm
[Luca 81], the inverse additive algorithm [Hage 98],
and the forwards compositional algorithm [Shum 01],
Mathews and Baker [Bake 01, Bake 02, Matt 04]
derived more mathematically elegant methods in
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which the updates are always calculated in the
average shape and then concatenated with the current
guess. This inverse compositional method allows the
pre-computation of the gradient images and inverse
Hessian matrix for greater efficiency. Later work
demonstrated that the inverse compositional algorithm
is only really suitable for person-specific fitting and
tracking, and that simultaneous estimation of the shape
and appearance parameters was required for robust
face fitting [Gros 05].

Cristancce et al. [Cris 06, Cris 08] proposed a
patch based algorithm to model a deformable object.
Their Constrained Local Model (CLM) algorithm is
another method with the similar appearance model
to that used in the AAMs [Coot 98]. It learns the
variation in appearance of a set of template regions
surrounding individual features instead of triangulated
patches. The fitting algorithm first finds the best
match of the combined shape-appearance model to the
current guess, then searches locally using a non-linear
optimiser to find the best match to the model. Further
study on patch based appearance models have been
carried out – exhaustive local search (ELS) algorithm
[Wang 07], generic convex quadratic fitting (CQF)
approach [Wang 08] and Bayesian constrained local
models (BCLM) [Paqu 09]. The approach has been
proven to outperform the active appearance models
(AAMs) [Coot 01a] as it is more robust to occlusion
and changes in appearance and no texture warps are
required. ELS, CQF and BCLM are all gained some
improvements over CLM fitting to certain databases.
In this work, we will use the original normalised
cross correlation error metric and concentrate on the
extensions to large head rotations.

Active appearance models (AAMs) [Coot 98,
Coot 01a] were originally formulated as 2D and
most of the algorithms for AAM fitting have been
a single-view [Coot 02]. Automatically locating
detailed facial landmarks across different subjects
and viewpoints, i.e. 3D alignment of a face, is a
challenging problem. Previous approaches can be
divided into three categories: view (2D) based, 3D
based and combined 2D+3D based. View based
methods [Coot 00, Zhou 05, Fagg 05, Peyr 08], train
a set of 2D models, each of which is designed to
cope with shape or texture variation within a small
range of viewpoints. We have found for some
applications that switching between 2D views can
cause notable artefacts (e.g. in face reanimation). 3D
based methods [Blan 99, Romd 02, Bran 01, Jone 98,
Vett 97, Zhan 04], in contrast, deal with all views by
a single 3D model. 3D Morphable model fitting is
an expensive search problem in a high dimensional
space with many local minima, which often fails
to converge on real data. 2D+3D based methods
[Xiao 04, Hu 04, Kote 05, Ramn 08] used AAMs and

Figure 1: The Mult-view CLM consists of a shape
model and several appearance models from different
views. There are 15 views and 3 scales used to cover
all the likely circumstances in the application. (There
are only 9 views in the figure since the views from the
right side are approximately mirrorring copies of the
ones from the left side.)

estimated 3D shape models to track faces in videos,
but these algorithms are generally most suitable in the
person specific context. Our proposed multi-view CLM
algorithm is a 3D extension of the CLM algorithm
[Cris 06, Cris 08] which could be more useful for
fitting to unseen face images or tracking.

3 ALGORITHM
3.1 An Overview
The model (Figure 1) consists of a model of 3D shape
variation and 15 models of the appearance variations in
a shape-normalised frame. A training set of labelled
images, where key landmark points are marked on each
example object, is required. We use landmark points
placed on a set of 3D face models to generate the 3D
shape model. The appearance model for each view is
found by rendering the face model from the appropriate
viewpoint and sampling square patches from the ren-
dered image about the projected location of the feature
point.

We use 14 subjects (8 males, 6 females) performing
7 posed expressions (neutral, happy, sad, disgust, sur-
prise, fear, anger) and 7 posed vise mes (/ah/, /ch/, /ee/,
/k/, /oo/, /p/, /th/) captured using a stereophotogrametric
system (www.3dMD.com). From the set of landmark
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Figure 2: Example of training images

points, a statistical model of shape variation can be
generated using Principal Component Analysis (PCA).
We extract a 20x20 block of pixels around each feature
point at each of 3 spatial scales. (Figure 2) These
patches are vectorised and used to build the appearance
model. All the features are formed into a 500x20 block
of pixel strip before the PCA analysis is applied.

In the original CLM work a combined shape and
appearance models was created by performing PCA on
the combined shape and appearance parameter vectors,
and the search was carried out in this space. The use
of multiple appearance models in out algorithm would
require the use of multiple combined models. In order
to simplify switching of the appearance model with
a single shape model in this work we use separate
models of shape and appearance instead of using a
combined model. In future work we will experiment
with switching with a combined model.

3.2 Shape Model
The shape model is built from normalised shape co-
ordinates s(x,y,z). To calculate the principal compo-
nents, the templates are aligned to the average template
(in a standard position) by performing a rigid body
and scale transform. The covariance matrix of the
vectorised points (templates), X , is created using the
formula:

Cov =
1

N−1

m,n

∑
i=0, j=0

(Xi−X)(X j−X) (1)

where X̄ is the mean of the vectorised points, N is the
number of the templates. The model is then obtained
by applying Jacobi’s method to the covariance matrix
to find the eigenvectors and eigenvalue, which represent
the principal components and their distributions.

s = s̄+Psbs (2)

where s̄ is the mean shape, Ps is a set of orthogonal
modes of variation derived from the shape templates
training set and bs is a set of shape parameters. The
equation can then be used to reconstruct new shapes by
varying the given shape parameters.

Figure 3: The first strip is the CLM texture model for
a particular view. The second strip holds the stencil
channel which is used to exclude hidden or background
pixels.

The two-dimensional coordinates of the shape model
can be calculated with the following equation:

s2d = M ·V · (s̄+Ps ·bs) (3)

where V is a vector of the pose (translation, rotation,
scaling) transforming parameters Tx,Ty,Tz,S,θ ,φ ,γ
and M is the opengl frustum projection matrix.

3.3 Appearance Models
To build a model of the appearance, we render each 3D
face model in our training set from a particular view-
point and sample a square patch around each feature
point. By transforming the face with different scale,
rotation, shift and lighting parameters, we build a set
of texture patches. After vectorising all the patches,
PCA analysis is applied to the textures from a particular
viewpoint and scale to build an appearance model:

g = ḡ+Pgbg (4)

where ḡ is the mean normalized gray-level vector, Pg
is a set of orthogonal modes of variation derived from
appearance training sets, the texand bg is a set of gray-
level parameters. We build 45 appearance models, one
for each of 15 viewpoints across 3 different scales.

3.4 Other Features
To increase the stability with varied backgrounds, we
use visibility information from the rendered patches to
estimate occluded pixels. We grab the stencil channel
(Figure 3) from the rendering canvas when we extract
the texture patches to mark out the edges between the
face and the background. We also compare the depth of
the projected landmark with the depth buffer to identify
self occlusion, and set the grabbed stencil buffer values
to zero for occluded points. In the current work, we use
a fixed visibility model for each viewpoint based on the
average for the model.

Multi-scale techniques are standard in computer vi-
sion and image processing. They allow short range
models to extend over longer ranges and optimisation
to be achieved in fewer steps. In our model, a Gaussian
filter is used as the convolution function to build a
multi-scale texture pyramid. The processing time is
much shorter with lower resolution images. So we fit
the unseen image with the lowest resolution image first
to improve the performance. When fitting we also use
a Gaussian pyramid built for each frame and then the
CLM search is applied at each layer from the coarsest
to the finest. The process can be illustrated in Figure 4.
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Figure 4: A skeleton of the three scales image searching
technique.

Figure 5: Multiple appearance models.

3.5 Texture Model Selection
In the proposed algorithm, there are a global three-
dimensional shape model and fifteen texture models
(three in vertical and five in horizontal). One addi-
tional step to the original algorithm is the selection
of the texture model while searching with the multi-
view CLM algorithm. For tracking face movements, the
algorithm needs to select the correct texture model for
the current pose automatically. As each texture model
is built from a certain view, we can use the rotation
parameters θ , φ to estimate the view by testing the
criteria shown in Figure 5. θ and φ can be obtained
from the current estimate of head rotation using one of
the shape template updating methods.

The texture model selection process is given by the
following steps repeatedly until the end of the tracking.

1. The multi-view CLM algorithm is applied to the
given frame accompanied with the initial parame-
ters.

2. A set of new parameters are obtained including θ

and φ which is the estimated rotation angles for the
current face pose.

3. To estimate the next frame, θ and φ is then passed
into the texture model selection module to choose
the proper appearance model.

3.6 Search Algorithm
With the texture model selection algorithm, we can
extend the searching method [Cris 06] for use with a
three-dimensional model.

For a given set of initial points, X =
(x0,y0,z0,x1,y1,z1 · · · ,xn−1,yn−1,zn−1), the initial
pose parameters V are estimated for the shape model
built previously. Then the multi-view appearance CLM
algorithm shown in Figure 6 is applied.

1. Initialise with the global face detector.

2. Estimate the initial pose parameters V .

3. Repeat

(a) Repeat

i. Compute the feature coordinates, s, and ex-
tract the feature patches, g.

ii. Estimate the texture model from the pose pa-
rameters V .

iii. Synthesise the feature patches from the
updated coordinates and the selected texture
model.

iv. Apply the alpha channel feature, the hidden
points feature to the extracted and synthetic
feature patches.

v. Optimise the error metrics with the shape
template updating methods to get a new set
of pose and shape parameters, V , bs.

(b) Until converged.

4. Until converged for all selected scales.

3.7 Shape updating methods
The original CLM algorithm [Cris 06] used the Nelder-
Meade simplex algorithm [Neld 65] to optimize the
Cross Correlation. This algorithm works by using N+1
samples in the N dimensional parameter space. Each
iteration the worst sample is discarded and a new sam-
ple is added based on a set of simple heuristics. In
this work, we instead use Powell’s method [Pres 07]
as this is supposed typically to require fewer function
evaluations than the Nelder-Meade algorithm.

Optimisation techniques based on off-the-shelf non-
linear optimisers like those described above are typi-
cally slow to converge. We compare optimisation using
Powell’s method with a direct method for optimising
the global NCC using an estimate of the Jacobean and
Hessian matrices and solving a linear system and a
quadratic equation [Tidd 07].

We also compare the techniques described above
with minimisation of the sum of squared errors (SSE) as
an error metric. This is similar to the above, requiring
the Jacobean and inverse Hessian matrices and
solution of a linear system. This method is essentially
equivalent to the additive inverse compositional AAM
alignment, [Hage 98, Matt 04] wrapped in a slightly
different fitting algorithm.
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Figure 6: Multi-view CLM tracking process

4 RESULTS
We have evaluated the proposed algorithms using a
mixture of synthetic and real data. Synthetic data is
generated by rendering multiple 3D face scans from
different viewpoints, and is useful because the 3D mod-
els provide accurate ground-truth data. We also test the
algorithms on real video data with hand-labelled feature
points.

We have designed two experiments to evaluate the
proposed multi-view appearance 3D CLM. The first
to compare single-view CLM to the proposed multi-
view CLM. The second set of experiments compare the
various optimisation algorithms within the multi-view
CLM framework.

4.1 Synthetic Data Experiments
This experiment aims to compare the performance of
the proposed multi-view 3D CLM algorithm to the
single-view CLM algorithm. A set of face sequences
with fixed expression and head rotation of over 40 ◦

were synthesised using rendered models captured from
the 3dMD system. We use 10 sequences comprising
over 700 images in the experiment. We applied both
the 2D single view and the 3D multi-view methods
to the same set of face sequences using the FastNCC
algorithm [Tidd 07] as the optimisation method. An
illustration can be seen in Figure 7.

The statistical results of fitting are shown in Figure 8
and Table 1. We can see that the fitting with the multi-
view CLM algorithm converges better. A Student t-test
(p=0.05) has been carried out for the the errors de from
both methods. The hypothesis is µ0 < µ1, where µ0 is
the error de with single-view CLM algorithm and µ1 is
with multi-view CLM algorithm. The sig. is 8.16e−5.
The fitting speed is also improved. Therefore, the fitting
process is more stable with multi-view CLM algorithm.

The alignment accuracy is measured with the follow-
ing equation:

Figure 7: Each row consists of a set of selected frames
from a tracking sequence with the synthetic texture
patches drawn on which indicates the location of the
features. The results in the first row is from the single-
view approach and the second row is from the multi-
view approach. When the rotating angle reaches certain
degrees (b,c), the algorithm continues tracking the face
well by auto-switching the appearance model to a side
view model while the patches start getting off the
position with single-view model.

Time (ms) Multi-view CLM Single-view CLM
mean 445.4 457.5

variance 46.3 65.1
Table 1: The speed comparison between the multi-view
CLM algorithm and the Single-view CLM algorithm.
The experiments are applied to synthetic images.

de = ∑

√
(xstd − xc)2 +(ystd − yc)2

Nd
(5)

where xstd , ystd represent the manually placed
“ground truth” feature points locations, xc, yc represent
the tracked feature points locations, d represents the
distance between the center of the eyes and N is the
number of features.

To make the further investigation, we compare the av-
erage errors’s frame by frame as we can see in Figure 9.
In the experiments, the first frame is the frontal face
image and the face rotates one degree per frame. For
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Figure 8: The error de comparison between the multi-
view CLM algorithm and the Single-view CLM algo-
rithm. The experiments are applied to synthetic images.

Figure 9: The figure contains the mean error de for each
step (1 degree). The upper figure is for the Multi-view
3D algorithm and the lower is for the Single-view 2D
algorithm.

the multi-view 3D CLM method the fitting errors are
approximately constant across different views. For the
Single-view CLM algorithm, we can see that the track-
ing is robust within the first 15 frames but the fitting
becomes increasingly inaccurate as the rotation angle
increases, as one would expect. The fitting is fairly
stable up to about 20◦–30◦, which gives an indication
of the optimal range of each appearance model.

A texture model from one view could possibly cover
the rotation range around 20◦–25◦. However, it has to
be cautious about the criterion area because the fitting

Figure 10: The average errors between the tracked
feature points and the corrected feature points of the
faces divided into different regions. The horizontal line
across each group is the average error of all the face
feature points.

could fail at that area referring to Figure 7. In order
to do that, we choose a different texture model every
30◦ which makes each texture model cover 15◦ for each
direction. This requires a fifteen texture model system
to cover about 100◦ in the vertical direction and 160◦ in
the horizontal direction.

We also investigate the performance of the algorithms
for different facial regions. We split the face into jaw,
mouth, nose and two eye regions and calculate the
errors separately (Figure 10). The proposed algorithm
improves mostly the performance on the face contour
and the right eye area, which is somehow hidden dur-
ing rotation. The performance in these areas benefits
from the fixed visibility model applied to the multiple
appearance models.

4.2 Real Data Experiment
Another experiment is carried out to investigate the
accuracy and stability of the proposed algorithm on real
video data. The video data consists of four different
subjects showing expression, speech and some head ro-
tation (1280 frames in total) (Figure 11) These images
and subjects are independent of the CLM training sets.

Figure 11: Example images from the text video clips
fitting to.

The image sequences are roughly initialised with the
face detector described in [Chen 08] before a CLM
search is applied to the frame and the following frames
while tracking. Three optimising methods are used for
the experiments: Powell’s method [Pres 07], FastNCC
algorithm [Tidd 07] and the Gauss-Newton method
[Hage 98, Matt 04], a maximum of 4 iterations are
used per frame while tracking.

The results are shown in Figure 12 and Figure 13. For
Powell’s method and Gauss-Newton algorithm, nearly
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Figure 12: Results of fitting performance with three
optimising algorithms to sets of real images.

Sig. Powell’s Method FastNCC
Gauss-Newton 0.4658 2.8e-10

Table 2: Results from two samples Student T-Test
(p=0.05) for Gauss-Newton algorithm against Powell’s
method and Gauss-Newton Algorithm against FastNCC
algorithm. The hypothesis is that µ0 < µ1, where µ0 is
the error de for Gauss-Newton algoithm, µ1 is the error
de for the other two methods.

80 % of the points are within 0.15 de. For FastNCC
algorithm, nearly 80 % of the points are within 0.17
de. The proposed multi-view CLM algorithm gives
robust performance for all three optimising methods.
Collaborating with the anova test shown in (Table 2),
the Gauss-Newton algorithm and the Powell’s method
are more stable and accuracy.

Figure 13: Average iteration time estimated on the
fitting using three optimising algorithms on the set of
real images.

The iteration time is measured roughly and could be
further optimised. The results are shown in Figure 13.
The Gauss-Newton algorithm is the fastest method. The
FastNCC algorithm performs at the same level as those
two methods. Powell’s method takes much more time
than the other two methods.

5 CONCLUSION AND FUTURE
WORK

The presented multi-view 3D CLM algorithm is
based on the original Constrained Local Model search
[Cris 06, Cris 08]. There are 15 texture models built
from different views of faces and a 3D shape model
in the algorithm. For each view, the selected texture
model and the shape model forms a combined model
and applies a constrained local search on the given
image. This algorithm can be used in locate and track
human face features in sequences with large head
rotations.

Based on the experiments carried out, we have shown
that the proposed multi-view 3D algorithm gives better
results when fitting to unseen images with large head
rotations (the images are captured from 3dMD). The
fitting is more robust (Figure 8, 9, 10) and efficient (Ta-
ble 1) than the single-view CLM algorithm [Cris 06].
The effects of choice of the optimisation algorithm was
marginal for the data tested here, but further experimen-
tation with a wider range of video data would be needed
to confirm this.

Future research will involve lighting and colour and
more self occlusion factors, which could improve the
matching rates under variant lighting, colour conditions
and even with unexpected occlusions. To achieve that,
more constrained searching should be applied while
tracking and a more stable tracking failure recovery
system should be introduced.

The fitting results (Figure 10) showed that the face
contour part is not matched as well as internal facial
features. We will investigate improved background
modelling and contour alignment methods to improve
facial contour alignment and tracking.
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ABSTRACT

Model-based methods to the tracking of an articulated hand in a video sequence could be divided in two categories. The first one,
called stochastic methods, uses stochastic filters such as kalman or particle ones. The second category, named deterministic
methods, defines a dissimilarity function to measure how well the hand model is aligned with the hand images of a video
sequence. This dissimilarity function is then minimized to achieve the hand tracking. Two well-known problems are related to
the minimization algorithms. The first one is that of local minima. The second problem is that of computing time required to
reach the solution. These problems are compounded with the large number of degrees of freedom (DOF) of the hand (around
26). The choice of the function to be minimized and that of the minimization process can be an answer to these problems. In
this paper two major contributions are presented. The first one defines a new dissimilarity function, which gives better results
for hand tracking than other well-known functions like the directed chamfer or hausdorff distances. The second contribution
proposes a minimization process that operates in two steps. The first one provides the global parameters of the hand, i.e.
position and orientation of the palm, whereas the second step gives the local parameters of the hand, i.e. finger joint angles.
Operating in two stages, the proposed two-step algorithm reduces the complexity of the minimization problem. Indeed, it seems
more robust to local minima than a one-step algorithm and improves the computing time needed to get the desired solution.

Keywords: Hand tracking, minimization algorithm, dissimilarity function.

1 INTRODUCTION

Hand gestures take a fundamental role in inter-human
communication of daily life. Their use has become
an important part of human-computer interaction in the
two last decades [WH99][Tos06][Ste04]. Data gloves
are commonly used as input devices to capture and
track human hand motion by attaching some sensors to
the hand to measure the joint angles and the spatial po-
sitions of the hand directly. Unfortunately, glove-based
devices are expensive, frail and not user friendly.

Vision-based approaches offer promising alternatives
to capture and track human hand motion with afford-
able cameras. However, building a fast and effective
vision-based hand motion tracker is challenging. This
is due to the high dimensionality of the pose space, the
ambiguities due to occlusion, the lack of visible surface
texture and the significant appearance variations due to
shading.

Permission to make digital or hard copies of all or part of this
work for personal or classroom use is granted without fee provided
that copies are not made or distributed for profit or commercial
advantage and that copies bear this notice and the full citation on the
first page. To copy otherwise, or republish, to post on servers or to
redistribute to lists, requires prior specific permission and/or a fee.

In this paper, a parametric hand model is used. Ar-
ticulated hand motion is decoupled to its global hand
motion and local finger motion, in which global motion
is parameterized as the rotation and translation of the
palm, and local motion is parameterized as the joint an-
gles of the hand. The hand motion tracking is first for-
mulated as an optimization task, where a dissimilarity
function between the projection of the hand model un-
der articulated motion and the observed image features,
is to be minimized. A two-step iterative algorithm is
then proposed to minimize this dissimilarity function.
This is achieved by means of a simplex approach pro-
posed by Nelder and Mead [NM65].

The next section presents a brief literature survey of
hand motion tracking. Section 3 describes the used 3D
hand model as well as the dissimilarity function be-
tween the projection of the hand model and the corre-
sponding image features. Section 4 details the hand mo-
tion tracking algorithm. Before concluding, experimen-
tal results from synthetic and real data are presented in
section 5.

2 LITERATURE REVIEW
Approaches to the tracking of hand motion could
be divided into two classes. In the first class, view-
based approaches are usually used to recover hand
pose through classification or regression techniques
[RASS01][SKS01]. A set of hand features is labeled
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with a particular hand pose, and a classifier is trained
from this data. Due to the high dimensionality of the
space spanned by possible hand poses, it is difficult,
or even impossible to perform dense sampling. Thus,
these approaches are well suited for rough initialization
or recognition of a limited set of predefined poses.
This family of approaches is often used in applications
where computing time takes precedence over tracking
accuracy. This is the case of a human computer inter-
face (HCI) application where only few hand poses are
considered, e.g. a real-time hand gesture recognition
system using classifiers was proposed in [IKS07].

The second class incorporates model-based ap-
proaches. These approaches use an articulated
three-dimensional (3D) hand model and provide more
precise hand tracking. The underlying kinematic struc-
ture is usually based on the biomechanics of the hand.
Therefore, the 3D hand model is often represented as
a hierarchical one with approximately 26 degrees of
freedom (DOF) [KX06][WLH05].

Models that have been used for tracking are based on
planar patches [WLH01], deformable polygon meshes
[HH96] or generalized cylinders[DF98]. Stenger et al.
[SMC01a] used quadric surfaces like cones and ellip-
soids. Other authors proposed a fine mesh obtained by
scanning the hand to track[BKMM∗04]. However, even
if the fine mesh could increase the tracking accuracy, it
remains restrictive to scan the hand to track.

A model-based tracking system uses a geometric
hand model whose projection is registered to the
observed image. An error function between image
features and model projection is computed, and the
parameters of the hand model are then adapted such
that this cost is minimized. Tracking in such a system
is performed by means of methods that could be clas-
sified into two categories, stochastic and deterministic
ones. Stochastic methods exploit the state space to
seek an estimation of the hand poses. Stenger et al.
[SMC01a] used an Unscented Kalman Filter (UKF)
to update the model projection pose to minimize the
geometric error between the model projection and a
video sequence on the background. They argued that
their approach is well adapted for the hand tracking
problem due to the nonlinear nature of the latter arising
from the DOF of rotation. The particle filter, also
known as the Condensation algorithm [IB98] in the
computer vision community, has been applied to the
hand tracking problem in [KX06]. It goes beyond the
unimodal Gaussian assumption of the Kalman filter
by approximating arbitrary distributions with a set of
random samples. The advantage is that the particle
filter can deal with clutter and ambiguous situations
more effectively, by not placing its bet on just one
hypothesis. However, a major concern is that the
number of particles required increases exponentially
with the dimension of the state space.

On the other hand, deterministic methods typically
track by performing an iterative minimization of a cost
function which measures how well the model is aligned
with the images. Rehg and Kanade[RK94][RK95] pro-
posed two possible cost functions, the first based on
edge features[RK94], the second on template registra-
tion [RK95]. In the first method, they used the Gauss-
Newton algorithm to minimize their edge-based cost
function. The second method of template registration
was used to deal with self-occlusion. Using two cam-
eras and dedicated hardware, their DigitEyes tracking
system achieved a rate of 10 frames per second when
using local edge features.

Ouhaddi and Horain[OH99] suggested two cost func-
tions. The first is defined as a non-overlapping sur-
face between the model silhouette and the hand one
extracted from an image, whereas the second as a dis-
tance between the model and image contours. For
the two methods, they used three standard optimiza-
tion approaches to minimize their cost functions, named
Levenberg-Marquardt, downhill simplex [NM65] and
Powell approaches. They obtained the best results for
minimizing the non-overlapping surface by means of
the downhill simplex approach. Using a single camera,
they tracked simple hand motion like translation of the
hand and abduction/adduction of fingers.

Delamarre and Faugeras [DF98] pursued a stereo ap-
proach to hand tracking. A stereo correlation algorithm
was used to estimate a dense depth map. Note that
deterministic methods do not escape from the prob-
lem of local minima. Bray et al. [BKMSG04] pro-
posed an optimization method for hand tracking based
on Stochastic Meta-Descent (SMD), which is a gradient
descent with local step size adaptation that combines
rapid convergence with excellent scalability. However,
this method requires the knowledge of the derivative of
the function to be minimized.

Our proposed work belongs to the class of model-
based approaches for hand tracking. Indeed, we use a
parametric hand model which is defined as a hierarchi-
cal one with 26 DOF. To reduce our model to 22 DOF,
we impose constraints on the finger motion, such as lin-
ear dependence of finger joint angles. Furthermore, the
state space of the hand is decoupled into global pose
parameters and finger motion parameters. These sets
of parameters are estimated in a two-step iterative al-
gorithm. Specifically, a new dissimilarity function be-
tween the hand images and the projection of the hand
model is defined and then minimized using a simplex
approach proposed by Nelder and Mead [NM65].
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(a)

(b) (c)

Figure 1: (a) Squeletal representation of the 3D model
(b) Hierarchical representation of the 3D model (c) 3D
hand model appearance

3 MODEL AND DISSIMILARITY
FUNCTION

3.1 The Hand Model
The human hand is a complex and highly articulated
structure. Several models have been proposed in the
literature to represent the latter. In [HH96] a 3D de-
formable point distribution model was implemented.
This model can not accurately reproduce all realistic
hand motion. Indeed, since this model is not based on
a rigid skeleton, fingers can be warped and reduced to
ensure tracking of the hand gestures.

On the other hand, skeleton animation based model
was used in [BKMSG04][OH99]. This kind of models
is usually defined as hierarchical transformations repre-
senting the DOF of the hand: position and orientation of
the palm, joint angles of the hand(Fig:1(a)). The varia-
tion in the values of DOF animates the 3D hand model.
Using this kind of models, we can estimate not only the
position and orientation of the hand, but also the joint
angles of fingers.

In our proposed work, we use a parametric hand
model which is conforming to the H-Anim standard1.
The H-Anim model is often used in the 3D animation

1 Humanoid-Animation(H-ANIM) is an approved ISO standard for hu-
manoid modeling and animation. website :www.h-anim.org

field. We can highlight its particularity to separate the
kinematic part (motion) from the appearance one. This
model consists of a hierarchy of 3D transformations
(rotation, translation) allowing easy control of its ani-
mation by modifying only the involved transformations.
Regarding the appearance, objects called segments are
placed in this hierarchical representation (Fig.1(b)) to
provide the shape of this model (Fig.1(c)). To change
the appearance of this model, we modify the objects
representing the latter. In our proposed work, these ob-
ject segments are modeled by quadric surfaces as shown
in Fig.1(c).

In our hand model, the base is a palm and five fin-
gers are attached to the palm. The palm is modeled
as a kinematic structure with six DOF. Three of six
DOF correspond to the position of the palm. The other
three DOF correspond to the orientation of the palm.
Each finger is modeled as a four DOF kinematic chain.
Two of four DOF correspond to the metacarpopha-
langeal joint (MCP) and its abduction (see Fig.1(a)).
Note that for the thumb these two DOF correspond
to the trapeziometacarpal joint and its abduction(see
Fig.1(a)). The other two DOF correspond to the proxi-
mal interphalangeal joint (PIP) and the distal interpha-
langeal joint (DIP) (see Fig.1(a)).

Therefore, our hand model has 26 DOF. To reduce
this number of DOF, we apply a constraint defined by
Lin et al. [LWH00], which consists in exploiting depen-
dencies between the angles of the proximal interpha-
langeal joint (PIP) and the distal interphalangeal joint
(DIP) : θDIP = 2/3θPIP. Applied to our hand model,
this constraint yields 22 DOF to be estimated.

For the model appearance, we use a set of quadrics
approximately representing anatomy of a real human
hand(Fig.1(c)). The palm is modeled using a truncated
ellipsoid, its top and bottom closed half-ellipsoids.
Each finger is composed by three truncated cones,
i.e. one for each phalanx. Hemisphere was used to
close each truncated cone. The major advantage of
this model shape representation is its simplicity to be
adapted to any hand to track compared with models
based on 3D scans.

3.2 Dissimilarity Function

Many model-based approaches have been proposed in
the literature to achieve low-cost monocular hand track-
ing. These approaches make use of a dissimilarity func-
tion, which measures how well the 3D hand model is
aligned with the hand images. The most often used
dissimilarity functions exploit either silhouette or edge
features extracted from the images of a video sequence.
The directed chamfer distance[Bor88] is a famous func-
tion, which computes a dissimilarity between two edge
images Ia and Ib as a distance dC between two edge
pixel sets A and B of Ia and Ib, respectively. The dis-
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tance dC from set A to B with respect to metric d is
defined as:

dC(A,B) =
1
|A| ∑

ai∈A
min
b j∈B

d(ai,b j) (1)

where |A| is the cardinal number of the pixel set A and
d(ai,b j) the Euclidian distance between ai and bi. An-
other well-known dissimilarity function is the directed
hausdorff distance dH ,which is proposed in[HKKR93]
and defined as the maximum of all distances from each
edge pixel in set A to its nearest neighbor in set B:

dH(A,B) = max
ai∈A
{min

b j∈B
d(ai,b j)} (2)

where the Euclidian distance d(ai,b j) is identical to the
one described in Eq.1. A disadvantage of the edge-
based dissimilarity functions is their sensitivity to out-
liers. Indeed, few pixels are only considered to carry
out the tracking of articulated objects. On the other
hand, Ouhaddi and Horain [OH99] proposed a non-
overlapping function which makes use of the hand sil-
houette. Their dissimilarity function could be defined
as the uncommon area of two surfaces: the hand sil-
houette and the model projection.

The above dissimilarity functions were used to
track simple hand motion in a video sequence com-
posed from images acquired by a single camera.
Indeed, Ouhaddi and Horain [OH99] used their
non-overlapping function to track some global hand
motion such as the position of the palm, or simple local
finger motion like abduction/adduction, but not local
and global motion together. Stenger et al[SMC01b]
evaluated their algorithm for tracking three global DOF
of the hand(two translations and one rotation).

To achieve more robust monocular hand tracking,
we propose a new dissimilarity function which com-
bines the non-overlapping surface and the directed
chamfer distance. Our dissimilarity function assesses
the difference between the model projection and the
hand silhouette. Let Hs and Ms be the respective
hand silhouette(Fig.2(a)) and model projection Mp
(Fig.2(b)). Let NOS be the Nr ×Nc image containing
the non-overlapping surface(Fig.2(d)), where Nr and
Nc are the numbers of rows and columns, respectively.
A pixel (i,j) of this image is defined as:

NOSi j =

 1 if the pixel (i,j) belongs to
((Hs∪Ms)− (Hs∩Ms))

0 otherwise

The size of the non-overlapping surface evaluates the
dissimilarity between the hand image and the model
projection. To achieve more tracking robustness, we
propose to weight the NOS’s pixels by their distance to
the hand contours. For this purpose, we extract first the

(a) (b)

(c)

(d) (e)

(f)

Figure 2: The different computing steps for our dis-
similarity function. (a) Hand silhouette H (b) Model
projection Mp(c) Superposition of the model projection
and hand silhouette (d) Non-overlapping surface NOS
(e) Hand contours (f) Distance map D

hand contours(Fig.2(e)) from a hand image H, and an
Nr×Nc distance map D(Fig.2(f)) is then computed. An
element Di j of D represents the distance of the pixel
(i, j) to the hand contours. We define our dissimilar-
ity function which compares a hand image H with the
model projection associated with the parameters R, T
and θ , where R and T represent the global motion (three
rotations and three translations) and θ represents the lo-
cal motion(fingers articulation angles). Our dissimilar-
ity function dF is defined as follows:

dF(NOS,D) =
Nr ,Nc

∑
i=1, j=1

NOSi j ∗Di j (3)

4 THE TRACKING ALGORITHM
The tracking of the hand gestures in a video sequence is
performed by seeking the parameters of the hand model
which reproduce the hand motion. We achieve this step
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by minimizing our dissimilarity function for each frame
of the video sequence. This minimization gives the pa-
rameters of the hand model which align the pose model
with hand pose. We assume that the parameters of the
hand model are close to the solution associated with
the first frame of the video sequence. For the remain-
der of the video sequence, the minimization algorithm
exploits the parameters of the hand model obtained at
the previous frame. We use the Nelder-Mead method
[NM65] which is an iterative minimization algorithm.
This choice is justified by two main reasons. Firstly,
the use of this method does not require the knowledge
of the derivative of the function to be minimized. The
second reason relates to the processing of the algo-
rithm itself. Indeed, the simplex descent explores dif-
ferent directions for each iteration. These various ex-
plorations can be achieved in parallel to increase com-
putation time.

Figure 3: Two-step estimation process

Due to the high dimensionality of the search space,
we decouple the minimization algorithm in two
steps(Fig.3). The first one estimates the position and
orientation of the hand. The parameters representing
the joints angles of fingers are fixed, whereas those
representing the position and orientation of the palm
are processed by the minimization algorithm. The
processing is reversed at the second step, i.e. the
orientation and position parameters are first fixed to
those obtained in the first step, and the joint angles of
the hand are then estimated. Besides simplifying the
minimization problem, this approach can be justified
by the slow variation of the hand pose in two successive
frames.

5 EXPERIMENTAL RESULTS
The performance of the two-step iterative algorithm
is first evaluated for tracking hand motion appearing
in synthetic and real images. We evaluate also our
dissimilarity function by comparing it with the non-
overlapping function. For the first test benchmark, a
video sequence of one hundred 320x240 synthetic im-
ages of the hand model is acquired (Table 1). To obtain

Tracking
algorithm

Frame 1 Frame 50 Frame 100

Ground
Truth

dC

One-Step

Two-Step

dH

One-Step

Two-Step

dNOS

One-Step

Two-Step

dF

One-Step

Two-Step

Table 1: One-Step and Two-Step tracking algorithm re-
sults using different dissimilarity functions : directed
chamfer distance(dC) directed hausdorff distance(dH ),
non-overlapping function(dNOS)and our dissimilarity
function (dF ).

this sequence of images we vary three global parame-
ters and four local ones. The global parameters are the
X-translation, Z-translation and Z-rotation of the palm.

The local parameters are the metacarpophalangeal
MCP(see Fig1(a)) X-rotations of the hand fingers ex-
cept the thumb. The results of the hand model tracking
in a synthetic video are shown in table1. The same table
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illustrates the outputs of the one-step and the two-step
iterative algorithms. We can see in table 1 that our dis-
similarity function(dF ) provides the best results when it
is compared with other well-known dissimilarity func-
tions like the directed chamfer distance(dC)[Bor88],
the directed hausdorff distance (dH )[HKKR93] and the
non-overlapping function(dNOS)[OH99].
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Figure 4: Z-Rotation tracking error.(a) Error obtained
by the one-step iterative algorithm (b) Error obtained
by the two-step iterative algorithm

To estimate the error of the tracking algorithm, we
compute a difference between the tracking results and
the ground truth. The tracking error is then plotted
as a curve in Fig.4, in which we only consider the Z-
Rotation. The curves represented in Fig.4 show that
our dissimilarity function is more efficient than other
functions compared with. Indeed, using our dissimi-
larity function the average tracking error is about 0.09
radian, while this error can exceed 1 radian with the
others functions such as the directed chamfer distance.
The same figure shows also that the two-step algorithm
yields more robust results than the one-step algorithm.
Specifically, in the case of the non-overlapping surface,

the two-step algorithm clearly improves the tracking
performance. Indeed the average tracking error drop
0.76 radian with the one-step algorithm to 0.42 radian
with the two-step algorithm. Our observations concern-
ing the Z-Rotation tracking error could be still valid for
other global and local parameters.

The processing is performed using a PC Intel-
Centrino with duo-core processor and Nvidea graphic
card (GeoForce 8600MGT), which is used to compute
the model projection. For this purpose, we exploit the
graphic library OpenGL2 to obtain the model images.
Besides robustness, we argue that the two-step iterative
algorithm is faster than the one-step iterative one.
Indeed, for synthetic video sequence,the processing
rate is approximately about 11 frames per second for
the two-step iterative algorithm, and 8 frames per
second for the one-step iterative algorithm running on
the same machine.

Another video sequence of four hundred frames of
320x240 pixels is processed using our algorithm. In
this video sequence we track all the DOF of the hand
except ones of the thumb. Indeed, the thumb is fixed
and thus 18 parameters are estimated. For the six global
parameters, we set experimentally the iteration number
parameter of the downhill simplex to 10. This param-
eter is also set experimentally to 5 in order to estimate
the local motion of each finger. Fig.5 shows the ro-
bustness of the two-step tracking algorithm compared
with the one-step tracking algorithm. Indeed, the fin-
gers motion tracking is more accurate for the two-step
algorithm especially in the last frames of the video se-
quence. In fact, we can highlight that our two-step al-
gorithm is more efficient to track some complex finger
motion than the one-step algorithm, as we can see in the
last frames of the video sequence shown in Fig.5. We
can note also that the two-step algorithm is more pow-
erful for tracking much DOF of the hand. Indeed, the
processing rate for the video sequence (Fig.5) is about
5 frames per second for our two-step algorithm, and 2
frames per second for the one-step algorithm.
We evaluate also our algorithm for tracking more com-
plex hand motions. As we can see in Fig.6 the proposed
algorithm cannot deal with the self-occlusion problem
since the hand tracking is lost after a few tens of im-
ages. Indeed the hand motion becomes very complicate
to track when the x or y rotation of the palm becomes
important. This problem is incontrovertible for monoc-
ular hand tracking. Wang and Provic[WP09]have tried
to deal with the self-occlusion problem using a color
glove. Their color glove allows to differentiate the palm
down pose from the palm up one. They used a view-
based approach but they could not estimate exactly the
depth position of the palm. The self-occlusion problem
still unresolved for monocular hand tracking.

2 www.opengl.org
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Figure 5: Tracking results for real images. The top row
shows the selected frames of the video sequence, the
middle row shows the tracking results of the one-step
algorithm and the bottom row shows the tracking results
of the two-step algorithm. The tracking loss is framed
in red.

Figure 6: Self-occlusion problem illustrated with a
video sequence of 70 frames

6 CONCLUSION AND FUTURE
WORK

The main obstacle to articulated hand motion tracking
is the large number of degrees of freedom (around 26)
to be recovered. Search algorithms, either determinis-
tic or stochastic, fall foul of exponential computational
complexity. Deterministic approaches formulate the
hand tracking problem as a minimization one, in which
a dissimilarity function comparing a hand pose with a
3D hand model is to be minimized. The high number
of the DOF compound the main problem of minimiza-
tion algorithms: local minima. To overcome this prob-
lem, we present first a new dissimilarity function which

gives better results when it is compared with other well-
known functions, like the directed chamfer or hausdorff
distances as shown in the experimental results section.
To minimize this dissimilarity function we propose a
two-step algorithm operating on two stages. The first
one gives the global DOF of the hand, i.e. position and
orientation of the palm, whereas the second step pro-
vides the local DOF of the hand, i.e. finger joint an-
gles. Operating in two stages, the proposed two-step
algorithm reduces the complexity of the minimization
problem. Indeed, it seems more robust to local minima
than a one-step algorithm and improves the computing
time needed to get the desired solution as shown in the
experimental results section.

When using a single camera it remains difficult to
deal with complex motion such as X-rotation or Y-
rotation. Indeed, we are confronted with the problem of
self-occlusion. To solve this problem, we plan to spend
several cameras. Using multiple cameras, we will be
able to deal with more complex hand motion.

A study in deepening course reveals that a GPU im-
plementation of our method will significantly increase
its computational power.
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ABSTRACT

Our current research focuses on the application of visuo-haptic augmented reality in medical training. The setup developed

in this context enables collocated haptic interaction with scene objects. In order to allow natural manipulations, provision of

appropriate depth cues becomes a crucial factor. Therefore, we have included fast occlusion handling and shadow synthesis

in our augmented environment. The occlusion map is initialized using a plane sweep approach, followed by an edge-based

optimization via a Mumford-Shah functional. For obtaining the depth map three head mounted cameras are used and a left-

right consistency check is performed to provide robustness against half occlusions. Shadowing is implemented via shadow

mapping, considering both real and virtual objects. All steps have been implemented on GPU shaders and are performed in

real-time.

Keywords: Augmented reality, occlusion handling, shadow casting.

1 INTRODUCTION

Augmented Reality (AR) extends the real environment

with virtual components. In a video-see-through sys-

tem, virtual objects are superimposed onto the image

stream of the real world. By integrating a collocated

haptic device into the setup, also haptic augmentations

can be provided. Our current research focuses on the

application of such visuo-haptic AR setups in medical

training of open surgical procedures. In this setting, a

user actively manipulates the augmented, collocated en-

vironment, leading to occlusions between real and vir-

tual objects.

Depth perception has been identified as a major con-

cern in AR systems [28]. This becomes even more criti-

cal if interactions with scene objects are performed. Oc-

clusions and shadows provide key cues for visual per-

ception to infer depth, thus also increasing immersion

into the simulated environment [4, 29, 22]. Absence or

incorrect presentation of these effects can lead to sen-

sory conflicts. Therefore, we developed approaches to

incorporate appropriate visual depth cues into our AR

rendering pipeline. We focused on accurate occlusion

handling and shadow casting. Moreover, since low la-

tency in a visuo-haptic system is crucial for maintain-

Permission to make digital or hard copies of all or part of

this work for personal or classroom use is granted without

fee provided that copies are not made or distributed for profit

or commercial advantage and that copies bear this notice and

the full citation on the first page. To copy otherwise, or re-

publish, to post on servers or to redistribute to lists, requires

prior specific permission and/or a fee.

ing veridical haptic perception [15], we also targeted

providing these visual cues in real-time.

For occlusion handling we first obtain a depth map

using a plane sweep algorithm. For this step three cam-

eras integrated into a head mounted display are being

used. Thereafter, the depth is used to provide an initial

guess of occlusions, which is further optimized through

a segmentation process using a Mumford-Shah func-

tional. The occlusions are optimized by incorporating

the total variation of the color images to align the oc-

clusions with image edges. The main contribution of

our approach is that no a priori information about the

environment is required. This is in contrast to most

other approaches, which first perform a segmentation

in order to extract the possible occluders. Finally, the

reconstructed depth is employed to cast shadows in the

augmented scene. The details of these steps will be ex-

plained below.

2 RELATED WORK

Resolving occlusions is still a major issue in current

AR research. Approaches can be divided into four cat-

egories: model-, segmentation-, contour-, and depth-

based techniques. The former two require a priori in-

formation about the real environment. Model based

approaches use the shape and pose of the occluder

[6], while segmentation-based techniques incorporate

knowledge about the appearance of the occluder or the

background [7, 25]. The latter two approaches have

proven to be more flexible. Nonetheless, silhouette-

based approaches often need manual input or are not

feasible in real-time [2, 17], and occlusions obtained

from depth, in general, lack fidelity [32, 27]. Novel ap-

proaches make use of a combination of different infor-

mation for the detection of occluders. A depth recon-
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Figure 1: RGB images of left, center, and right camera.

struction step is often combined with a previous seg-

mentation, thus requiring knowledge about appearance

[18, 14, 31, 19]. To bypass these problems, a more so-

phisticated approach, has been presented in [33]. They

suggest to employ a probabilistic framework combining

color, depth, and neighborhood information to handle

occlusions. We also combine depth reconstruction with

image segmentation. However, we first reconstruct the

depth of the scene and then use this information in a

segmentation process in combination with the camera

images. No a priori information of the scene is there-

fore required. Different approaches can be used for the

depth reconstruction, e.g. shape from shading [8], but

application in AR has to be performed in real time.

Several techniques have been used for shadow cast-

ing in AR, e.g. shadow volumes using stencil buffer

[10] or shadow textures [13]. More sophisticated ap-

proaches use image based information [30] or target

the detection, fusion and adjustments of virtual and real

shadows [24, 12, 23]. While knowledge about scene

depth has been used in other contexts in AR [9, 16], the

application to shadow casting for dynamic objects has

not been considered before. We use a soft shadow al-

gorithm combining shadow maps with the scene depth

reconstruction. A similar approach for casting static

shadows has recently been reported in [20].

3 VISUO-HAPTIC ENVIRONMENT

We use a stereoscopic video see-through setup with

three dragonfly2 firewire cameras, weighing in total

less than 300g. Two of the cameras are placed in front

of the head mounted display (HMD) to record the live

streams shown to the user. They are aligned with the

HMD displays with a baseline of 65mm. A third, cen-

tered camera is mounted on the HMD to support the

depth reconstruction process. The HMD provides a 40

degree field of view (FOV). To increase camera over-

lap for the depth reconstruction, the image size of the

cameras is increased towards the opposite side by 60

pixels (i.e. 5 degrees). However, only a 400x300 pixel

region corresponding to 40 degrees FOV is presented to

the user. The center camera acquires 500x300 pixel im-

ages at a FOV of about 50 degrees. The colorspaces of

the three cameras have been precalibrated to each other

by using a color checker. An example view of the en-

vironment captured by the three cameras is shown in

Figure 1. The head pose of the user is provided by an

external infrared tracking system. Haptic feedback is

rendered on a PHANToM 1.5 interface, simulating the

kinesthetic force response from virtual scene objects.

The overall setup and the HMD used are depicted in

Figure 2. More details on the system and the calibra-

tion procedures can be found in [11]. Known real ob-

jects in the scene, e.g. the haptic device stylus or the

table, are registered in the environment and represented

by virtual counterparts. The latter can for instance be

used for shadow casting as well as occlusion handling.

4 DEPTH RECONSTRUCTION

In order to recover the scene depth in real-time we ex-

tend the approach suggested in [3]. Depth is recon-

structed via a plane sweep technique. The basic idea

of this class of algorithm is to sweep the space between

a near and far limit with parallel planes at an arbitrary

number of discrete depths. Pixels in a reference image

are projected onto corresponding pixels in additional

test images at each plane depth. Thereafter, the errors

between the RGB values of these pixels are determined.

The depth of a pixel in the reference image is then set

to that of the plane resulting in a minimal error mea-

sure. Cornelis et al. further increase the robustness of

this technique by performing a hierarchical plane sweep

with connectivity constraints.

When reconstructing depth in a video-see through

setup, camera baseline and FOV are given by the

hardware specifications. Moreover, the working

distance is in general below 1m. This leads to strong

Figure 2: Collocated visuo-haptic AR environment

(left) and three camera HMD setup (right).
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half occlusions and differences in object appearance in

the images (see Figure 1). The original approach by

Cornelis et al. is not sufficiently robust in this case.

Smooth transitions or wrong depth values for the half

occluded regions result. Therefore, we have applied

several modifications to their approach.

Coarse level depth initialization: Our depth recon-

struction process is performed on a four-level hierar-

chy. The coarsest level is a 8x8-downsampling of the

original reference image. In the first step, the depth for

the center view at the coarsest level is determined. The

space from 1000 cm to 10 cm is swept by 64 planes.

These are equally distributed in reciprocal depth space,

thus providing a more equally distributed sampling in

image space. For a plane located at depth d, the pixel at

pc = (xc, yc) with color value Cc in the reference im-

age is projected onto the left and right view, resulting

in image coordinates pd
l and pd

r . Using homogeneous

coordinates the projection from view a to b is given by




x

d
b

y

d
b

w

d
b



 = [Pra
b |0]





xa

ya

1
1



+
1

d

Pta
b (1)

Pra
b and Pta

b are the 3×3 and 3×1 submatrices of the

3× 4 projection matrix given by

[Pra
b |Pta

b ] = [KbR
a
bK

−1
a |Kbt

a
b ] (2)

with the internal camera parameters K and the trans-
formation [Ra

b |t
a
b ] from view a to b. The projected pix-

els are then normalized resulting in the image coordi-
nates pd

l,r = (xd
l,r/w

d
l,r, y

d
l,r/w

d
l,r) and the color values

Cl(p
d
l ) and Cr(p

d
r) are interpolated in the full resolu-

tion images. Based on these, the matching score for the
depth d is determined through sums of squared differ-
ences (SSD).

ǫ
d(pc) =

SSD(pc,p
d
l ) + SSD(pc,p

d
r) + SSD(pd

l ,pd
r)

3
(3)

determined for coordinates pa and pb and color values

Ca and Cb via

SSD(pa,pb) =
1

|NW |

∑

p̃a∈NW (pa)
p̃b∈NW (pb)

‖Ca(p̃a)−Cb(p̃b)‖
2
2

(4)

in the 3x3 neighborhood

NW = {(x, y) : |x− x0| ≤ 1, |y − y0| ≤ 1} (5)

The initial depth estimate is then obtained through

drec(pc) =

{
d : min

d
(ǫd(pc)) ≤ ǫmax

∞ : ǫ

d(pc) > ǫmax ∀d
(6)

Thus, if for a pixel no matching score below a threshold

ǫmax is found, we assume that a half occlusion occurs.

However, it is still possible to determine depths for

these points in the subsequent steps. Parameter ǫmax is

set to 0.01 for the normalized pixel color range [0, 1].

Hierarchical refinement: In the next steps, the

lower-level depth estimates are repeatedly upsampled

to higher levels until the original resolution is reached.

After upsampling one level, two iterations of a median

filter are performed first to reduce the influence of

outliers. Thereafter, the depth map is refined using

a connectivity constraint. In this step, the depth

values of neighboring pixel are evaluated for the

current pixel and the best match is set. The search

neighborhood is alternated in each iteration between an

orthogonally-adjacent

Nort = {(x, y) : |x− x0|+ |y − y0| = 1} (7)

and a diagonal one

Ndiag = {(x, y) : |x− x0|+ |y − y0| = 2} (8)

Only valid, non-occluded depth values are considered

in this step, thus resulting in a first set of neighboring

depth values DN . Note that these have either been de-

termined during the initial sweep or during one of the

following refinements. In order to obtain a piecewise

smooth depth approximation, this set is then extended

with the mean value of the neighboring depth values

d̄N . This set of possible depth values is then evaluated

for the current pixel. To determine the best match, a

modification of Equation 6 is used. For computing the

SSD this time no neighborhood window is applied.

SSDfine(pa,pb) = ‖Ca(pa)− Cb(pb)‖
2
2 (9)

Note that to further prioritize a smooth reconstruction,

the matching score of the mean depth is multiplied by

0.75 when finding the depth according to Equation 6.

The best matching depth is then assigned to the cur-

rently examined pixel.

The described refinement process with connectivity

constraints is carried out five times on each level.

Additional iterations were not useful, since only

negligible changes occurred. The resulting fine-level

depth reconstruction for the central view is shown in

Figure 3 (right).

Consistency check: The reconstructed depth of the

center camera is finally projected onto the left and right

view. In order to enhance the result, the previously de-

scribed refinement step is applied two times, using the

left and right view as starting reference images, respec-

tively. However, especially in half occluded regions still

mismatches are present. These can for instance be seen

in the example image in Figure 3 (middle) in the oc-

cluded region right to the sponge.
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Figure 3: Depth reconstructed for center camera in Figure 1 (left). Fully refined depth map for right camera before

and after outliers removal (right).

To remove these outliers, a left-right consistency

check is carried out. For both views, pixels are

projected from one into the other. The pixel is then

backprojected into the first one by using the depth

of the second view. If the distance in image space

between the backprojected and the original pixel is

below a threshold distmax, the depth is assumed to

be correct. Otherwise the left and right images do not

describe the same world point and we set drec =∞ for

that pixel. To allow for small outliers and perspective

distortions, distmax was set to 3 pixels.

After this outliers removal the neighbor refinement

is again performed two times to fill gaps in the depth

maps. The final result after consistency check is also

depicted in Figure 3 (right).

In order to determine occlusions, the reconstructed

depth drec could be compared to that of the virtual

scene. However, the obtained depth map is still of in-

sufficient quality, exhibiting several inaccuracies as can

be seen in Figure 4 (left). Therefore, the determined

depths are used to provide an initial guess in a further

optimization step.

5 OCCLUSION OPTIMIZATION

The central idea of the occlusion optimization is to align

the initial occlusion with image edges. This assumes

that the occluding objects exhibit visible contours. To

this end, we apply the Mumford-Shah segmentation

model [21], resulting in a piecewise smooth approx-

imation of image intensity by minimizing the energy

functional

EMS =

∫

Ω

(u− g)
2
dΩ+α

∫

Ω\Γ

|▽u|2dΩ+β len(Γ)

(10)

where g is the image, u the smooth approximation, and

len(Γ) the length of the set of evolved edges Γ in g. The

positive tuning parameters α and β are related to scale

and contrast in the image. Pock et al. [26] showed that

the model can be applied, as well, to evolve a piecewise

smooth approximation of a color image and a smooth

depth map exhibiting the same set of edges Γ by using

an iterative update process.

However, this scheme does not allow to account for

missing depth values due to half occlusions. Therefore,

we first determine a dense occlusion map and assume

that half occlusions only effect image background. This

is done by comparing the reconstructed depth map of

the real environment drec with that of the virtual scene

dvr. In addition, the depth of any known precalibrated

objects dpre, e.g. the haptic device stylus, is also inte-

grated. The initial dense occlusion map o is thus deter-

mined according to

o(x, y) =






1 : drec(x, y) < dvr(x, y)
0 : dvr(x, y) ≤ drec(x, y)

0.25 : dvr(x, y) ≤ dpre(x, y)∧
dvr(x, y) =∞

0.75 : dpre(x, y) < dvr(x, y)∧
dvr(x, y) =∞

(11)

An example of an initial occlusion map and the corre-

sponding augmentation is illustrated in Figure 4 (left).
Starting from the initial RGB image u0 and occlu-

sion map o0, an iterative update process is then carried
out, evolving both towards the edges Γ through linear
diffusion. The RGB images are updated by

u
k+1(x, y) =

u
0(x, y) +

∑

(x̃,ỹ)∈N (x,y)
µk(x, y, x̃, ỹ)uk(x̃, ỹ)

1 +
∑

(x̃,ỹ)∈N (x,y)
µk(x, y, x̃, ỹ)

(12)

where the µ

k are diffusion weights defined below.
The neighborhood N is alternated in each iteration be-
tween the previously used Ndiag and Nort to remove
sampling artifacts. Next, we update the occlusion map
according to

o
k+1(x, y) =

δo0(x, y) +
∑

(x̃,ỹ)∈N (x,y)
µk(x, y, x̃, ỹ)ok(x̃, ỹ)

δ +
∑

(x̃,ỹ)∈N (x,y,x̃,ỹ)
µk(x, y)

(13)

where δ is a smoothing weight. However, the latter hin-

ders evolution and does not allow for strong outliers.

Pock et al. [26] apply a term including multiple depth

hypotheses to encounter the problem. In our case, we

use the matching cost ǫ of the assigned depth value

drec(x, y) to regulate the smoothness of the occlusion

map with a maximum weight δmax.

δ =

{
0 : dvr(x, y) =∞

δmax
ǫmax−ǫ

ǫmax
: else

(14)

Thus, the error norm is removed if no correspondence

can be detected, while it is preserved if an accurate
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Figure 4: Occlusion map and augmentation before (left) and after refinement (right).

match is found. This results in stronger diffusion in

regions where no or less accurate depth values could

be found and weaker in those with accurate correspon-

dences. The parameter δmax was set to 100. The diffu-

sion weights µ

k are given by

µ

k(x, y, x̃, ỹ) =
AN · BN

1 + BN ·G(x, y, x̃, ỹ)
(15)

with AN and BN being positive constants and G a

joint color-occlusion gradient. The former parameters

depend on the constants α and β as well as on the spe-

cific neighborhood. In our caseAN and BN were given

as 15.54 and 705.09 for Nort, and 11.64 and 470.4 for

Ndiag , respectively. Finally, the joint gradient term is

specified by

G(x, y, x̃, ỹ) = γ‖u(x, y)− u(x̃, ỹ)‖22
+(1− γ) |o(x, y)− o(x̃, ỹ)|2

(16)

where the γ weights the influence of color and occlu-

sion on the evolved edges. Since strong discontinuities

are present in the initial occlusion map, we determine

the gradients at the beginning of the iterations only from

the color images by setting γ = 1.0. After 50 iterations

the value is changed to 0.9. The overall update process

is only carried out inside regions where virtual objects

are rendered. If none is present, no information about

occlusions is required.

Sufficient results using this optimization were

achieved after 100 iterations. Figure 5 illustrates the

evolution outcome for a subregion in the example

scene of Figure 4. The left image shows the original

RGB data located under the rightmost virtual cube,

while the other two images depict the evolved edges

and the diffused RGB data. The final evolved occlusion

Figure 5: Original RGB image before, and evolved

edges and diffused RGB image after optimization.

map as well as the augmentation is shown on the right

of Figure 4. The final occlusion is determined by a

binarization of the evolved result with a threshold of

0.5.

6 SHADOW CASTING

In AR shadow casting should occur between real and

virtual objects. In general, a light emitter casts upon

an occluding object, while light occluder and shadow

receiver can both be real or virtual. By using shadow

maps discussed in [20], convincing soft shadowing can

be provided in real-time [1]. If a depth map of the

scene is acquired, the approach shows another advan-

tage. A key step for the algorithm is the determination

of the depths of the first light-blocking objects. This al-

lows to adjust the shadow map using the previously re-

constructed depth map and thereby to include dynamic

shadow casting of real objects.

When rendering virtual objects, shadows are cast

from virtual and real entities. Therefore, the first oc-

cluder in either of the two environments has to be de-

termined. To this end, shadow maps are determined for

the virtual Svirt and the real Sreal scene. The former

is acquired by rendering the scene from the viewpoint

of the tracked real light source. For the latter, the re-

constructed depths of the camera views are rendered as

point clouds from the view of the light source. Outliers

are removed by median filtering. Moreover, the geome-

tries of calibrated objects, e.g. the haptic device stylus

or the table, are also integrated. For these, a shadow

map Spre is determined by rendering their virtual repre-

sentation from the direction of the light source. A mod-

ified map is obtained by combining this shadow map

with the real by determining

S̃real =

{
Sreal : Sreal < (Spre − ts1)
Spre : else

(17)

The threshold ts1 is introduced to increase robustness

against outliers. In our examples it is set to 10mm. The

final shadow map for rendering the augmented scene is

then obtained as Sfin = min(S̃real, Svirt).
For rendering shadows on real surfaces, we currently,

only determine virtual shadows on precalibrated ob-

jects, e.g. the table. This is done by casting shadows
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Figure 6: Augmentation without and with shadows cast from a tracked real lightsource.

on the known real world geometry based on the deter-

mined virtual shadow map. Here, it has to be noted that

occlusion handling has to be performed as well for the

newly added shadows. In order to prevent occlusions

from the real surface the shadow is cast upon an offset

ts2 is added to the virtual depth dvr when the occlusion

map is initialized through Equation 11. This parameter

is also set to 10mm.

Since we do not have information about the diffuse

albedo of the real object, the shadowed pixel is modified

by multiplying its color value with a shadow coefficient

ks and using an offset off to preserve an ambient light.

Cout = Cin (off + (1.0− off)(1.0− ks)) (18)

The offset off is set to 0.5. For computing the penum-

bra of the shadows a percentage-closer filtering is ap-

plied [5]. Sixteen texture lookups are used for occluder

search and shadow coefficient computation. These are

performed based on a randomly rotated Poisson disk

distribution. Results of the shadow casting approach

are depicted in Figure 6.

7 RESULTS

Visual processing in our AR system is fully imple-

mented on the GPU. Camera images are transferred to

GPU texture memory, where all processing is carried

out. Unconverted bayer images of all three cameras are

uploaded, demosaiced by downsampling to half reso-

lution, color adjusted by precalibrated 3x3 conversion

matrices and undistorted. Based on these images the

depth reconstruction is carried out. Thereafter,the vir-

tual scene is rendered with shadows and the coarse oc-

clusion map is determined and refined. Finally, the oc-

clusion map is applied and the augmented scene is visu-

alized to the user. Note that rendering the virtual scene

and occlusion handing are only performed for the left

and right camera only.

The overall process can be carried out at 20 fps on a

GTX 285 graphics card. Timings for the different steps

of the pipeline are provided in Table 1. The time for the

occlusion refinement is given for a masked frame buffer

corresponding to the virtual objects. The mask is ren-

dered once to the depth buffer and regions outside the

virtual drawing are culled by using an OpenGL depth

test. The occlusion handling using the masking requires

two rendering passes for either updating the color im-

ages or the occlusion map. An alternative implemen-

tation without masking can use rendertargets providing

updates for both, the color images and the occlusion

map, in one render pass. By using this technique oc-

clusion handling can be performed in 38 ms for the full

image. Example stereo frames of the full application

are shown in Figure 7.

Nevertheless, the depth reconstruction has some lim-

itations. Accurate depth maps can be acquired if the

scene is well textured. However, homogeneous areas

in the background or repetitive patterns decrease the re-

liability. In these cases, color keying or background

subtraction can be employed to solve for occlusions.

Furthermore, specular highlights can lead to additional

errors in the depth reconstruction. Still most of these

problems can be resolved in the occlusion refinement

step.

The choice of the parameter ǫmax directly influences

the resulting depth map. A high threshold causes sev-

eral outliers while lower values result in a sparse depth.

The latter, however, is suitable for the occlusion opti-

mization.

The total variation term of the occlusion optimiza-

tion performs well without incorporation of a priori in-

formation. The fidelity of the occlusion is sensitive to

the parameters α and β, which can be used to adjust

to the scene. High α values result in a kernel (Equa-

tion 5) which provides stronger diffusion across image

boundaries. In this case, the occlusion in half occluded

regions becomes a smooth approximation. In contrast

to this, higher values for β increase the influence of

Processing step Performance in ms

Image upload 1.1

Demosaicing 0.4

Undistortion 0.3

Depth reconstruction 16

Virtual rendering with shadows 2.5

Occlusion refinement 24

Augmentation 0.3

Overall performance 47.6

Table 1: Performance of augmentation pipeline.
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Figure 7: Examples of left and right view of final augmentation during collocated interaction with virtual objects.

edges and reduce the diffusion across image bound-

aries. However, some problems occur if only small re-

gions are detected for either fore- or background during

the depth reconstruction. In this case the refinement

tends to prioritize the larger areas. Using an enlarged

bounding box for virtual objects could solve this prob-

lem. In addition, another problem occurs if no edge be-

tween fore- and background objects is evident. This can

lead to occlusions leaking from foreground objects into

half occluded regions until the diffusion is stopped by a

strong edge. Additional stereo or temporal constraints

of the occluding contour could be used to encounter this

problem. In addition, due to the resemblance of the pro-

cedure used to level set implementation, additional en-

ergy components, e.g. gradient vector flow or curvature

forces could also be integrated. Finally, instead of de-

termining the occluder with a fixed threshold, connec-

tivity of occluding segments and adaptive thresholding

could lead to better results.

The depth used for shadow casting was based on the

camera view. Projection of the reconstructed depth map

only produces correct results, if the perspectives are not

too different. It would be better to recover the depth di-

rectly from the direction of the light source, for instance

by using additional cameras. Noise in the depth maps

in general reduces the quality of shadow casting.

8 CONCLUSION

In our current work we are developing a visuo-haptic

AR system to be applied in medical training of open

surgical procedures. In order to provide enhanced depth

cues in the augmented scene, as well as to increase user

immersion, we integrated real-time occlusion handling

and shadowing in our system. The depth of the scene

is recovered using a hierarchical plane sweep process

combined with a left-right consistency check. Opti-

mization applying a Mumford-Shah functional is car-

ried out to obtain accurate occlusions. Moreover, the

depth map is used for casting dynamic shadows.

Future work will investigate additional constraints for

occlusion refinement, e.g temporal or stereo constraints

as well as contour curvatures. In addition, a more de-
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tailed quantitative evaluation of the approach will be

carried out. Furthermore, we will also investigate possi-

bilities for fusing real and virtual shadows in real-time.
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ABSTRACT

This paper extends a mesh compression method to deal with meshes composed of triangular and quadrilateral faces with genus.
The proposed method is very useful given the fact that many CAD meshes have these characteristics. A quad extension has
been introduced to the original EdgeBreaker encoding and decoding algorithm. The modification is simple and amounts to a
case analysis of the possible compression labels assigned to two triangles originating from splitting a quadrilateral face. The
new method entails to augmenting the C,L,E,R,S EdgeBreaker codes with the additional labels c,l,s.

Keywords: Mesh Compression, EdgeBreaker, Geometric Compression, Quad-Tri meshes.

1 INTRODUCTION

In many applications it is necessary to transmit 3D
models over the Internet, and these models are usually
large and complex. Due to these characteristics it is
convenient to compress data in order to transmit them,
in a simple and efficient way.

Boundary representation models consist of an
indirect representation of a solid or mesh through its
border description.

Many boundary representation models for 3D
objects have been proposed, most of them represented
by triangular meshes. Nevertheless, polygonal meshes
with both triangle and quads are used in many CAD
applications, asking for a compression scheme of the
mesh model.

This work presents a data structure that is a
simplification of the HalfEdge data structure. This
new data structure is called CHalfedge and is used for
the compression and decompression of static meshes
composed by triangles and quads with or without
handles.

CHalfedge does not support dynamic meshes, i.e., the
mesh cannot be edited or adapted but can be used for
progressive meshes transmission [15] [8].

Permission to make digital or hard copies of all or part of this
work for personal or classroom use is granted without fee provided
that copies are not made or distributed for profit or commercial
advantage and that copies bear this notice and the full citation on the
first page. To copy otherwise, or republish, to post on servers or to
redistribute to lists, requires prior specific permission and/or a fee.

2 RELATED WORK
2.1 Topological Data Structure
There are many well-known data structures used for
boundary representation of solids in R3 [1] [14] [21].
Rantal et al. [16] presented an extension of the
HalfEdge data structure [14] in order to deal with
boundary for cut and paste operations with applications
for feature based modeling. In their scheme, the
boundary edge is represented as an edge with only one
half-edge. CHalfEdge, the proposed data structure,
uses the same strategy.

Guibas and Stolfi [6] proposed a generalization to
include 2-manifolds, orientable or not, where Edge
Functions and the corresponding Edge-Algebra have
been implemented as the Quad-Edge data structure with
a set of operators.

Dobkin e Lazlo [4] presented the Facet-Edge
data structure and a set of operators to represent
cell complexes that extended the work presented by
Guibas and Stolfi. Brisson [2] generalized the last
two works to include n-manifolds with the Cell-Tuple
data structure and operators that are generically called
Constructors.

Castelo et al [3] used the Handlebody theory to
introduce the Handle-Edge data structure in order
to represent combinatorial surfaces with boundary.
They introduced a set of operators to create handles.
Lopes and Tavares [13] presented the Handle-Face
data structure and a set of operators to represent
3-manifolds.

2.2 Geometric Compression
Many mesh compression methods have been proposed,
among them the Topological Surgery compression
method proposed by Taubin [20]. This method

1
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compresses the TST(Triangle Spanning Tree [20]) tree
as well as its dual vertex tree. The MPEG-4 standard
for 3D compression is based on the Topological
Surgery technique [20], which was co-invented by
Rossignac at IBM Institute.

Another compression technique, also proposed by
Rossginac, is the EdgeBreaker compression [18]
[17] for triangle meshes without handles. It uses
the CornerTable data structure [12] to represent the
connectivity of any manifold triangle mesh by the use
of two integer arrays.

Rossignac also showed a decompression technique
to triangular meshes that has been codified by
the EdgeBreaker method. This decompression
method is known as Wrap&Zip [19] and it has a
quadratic compression in the worst case. The method
presented by Rossignac is restricted to closed meshes,
homeomorphic to a sphere, without boundary and
without genus.

King et al [9] presented a codification and
compression for quad meshes homeomorphic to a
sphere. Although in this work the authors have
mentioned that it is possible to extend the algorithm to
surfaces with handles using irregular meshes (triangles
and quads), they do not present an algorithm.

Lopes et al [12] extended the work of Rossignac [18]
[17] of triangle meshes considering handles in a
CornerTable data structure and Lewiner presented a
codification for meshes with an arbitrary topology [11].
Lage et al [10] also uses a pseudo-representation of the
HalfEdge data structure, like the representation used in
this work, in order to create a scalable topological data
structure only for triangle and tetrahedral meshes.

3 BASIC CONCEPTS
In this section some basic concepts of geometry and
topology are presented [5]. In the m-dimensional
Euclidean vector space, a convex cell σ ∈ Rm is a
compact set (limited and closed), not empty, that
is the solution of a finite set of linear equalities
fi(v) = 0 and linear inequalities gi(v) where
v = (x1,x2, ...,xm) 7→ λ0 +λ1x1 +λ2x2 + ...+λmxm = 0.

A face, or a subcell of a cell σ , is obtained replacing
some inequalities gi ≥ 0 by equalities. A vertex of a
cell is a subcell with only one point. The cell σ is
considered a subcell of itself. A subcell of σ that is not
itself is called proper subcell. A simplex of dimension n
is the convex hull of n+1 linearly independents points
in Rm.

The subcells of cell σ are defined by σ itself and not
by the choice of a particular equations and inequations
that represent them. This can be inferred by the
following propositon:

All τ cells are a subcell of σ if and only if:

1. If P is the hyperplane generated by τ , then P ∩σ = τ

2. No point of P belongs to a convex combination of
two points of σ − τ .

A n-dimensional complex cell K is a finite collection
of i-dimensional cells (i = 0, ...,n) in Rm under the
following conditions:

1. If σ ∈ K and τ < σ then τ ∈ K.

2. If σ and ρ ∈ K then σ e ρ are properly linked.

The 0, 1 and 2-cells of the complex K are called,
respectively, the vertices, edges and faces of K.

The underlying polyhedron |K| ∈ Rm corresponds to
the union of the cells in K. If a collection of cells L ∈ K
is a cell complex, then it is called a subcomplex of K.

A complex K is connected if it cannot be represented
as a union of two non empty disjoint subcomplexes
L and M without common cells. A component of a
simplicial complex K is a connected subcomplex that
is not contained in a larger connected subcomplex of K.

A combinatorial n-manifold is orientable when it is
possible to choose a coherent orientation of its n-cells,
i.e., two adjacent n-cells induce opposite orientations
on their common (n − 1)-cells. From now on, a
surface and a curve will always mean respectively, a 2
and 1 dimensional connected oriented combinatorial
manifold with or without boundary. The set of faces
(2-cells), edges (1-cell) and vertices of a surface will
be denoted F(S), E(S) and V (S).

The mesh compression and decompression processes
that are presented in this article are applied to
combinatorial oriented surfaces without boundary. So it
is necessary to respect some characteristics that ensures
the preservation of the topological combinatorial
aspects of the mesh. The next definition grants the
existence of such characteristic for combinatorial
surfaces:

Let NV , NE, e NF be respectively, the number of
vertices, edges and faces of a combinatorial surface S .

χ(S ) = NV −NE +NF (1)

Then the sum is a constant for all surfaces with the
same topological type of S . This constant is called
Euler characteristic.

This definition can be expanded to include other
components of the model.Consider an orientable
surface S as a single connected component and let g
be the number of genus and b the number of boundary
curves of the surface. Then, the Euler-Poincaré formula
is written as:

χ(S ) = NV −NE +NF = 2−2g−b (2)

The number of Euler-Poincaré χ(S ) defines
univocally the surface S. When the surface is oriented
and has no boundary, the number of genus g of S,
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knowing only the number of vertices, edges and
faces of S(NV,NE,NF) can be obtained by the
Euler-Poincaré formula:

NF−NE +NV = 2−2g (3)

⇓

g = 1− NF
2

+
NE
2
− NV

2
(4)

The attachment of handles to a n-manifold
component is relevant to a complete representation of
boundaries, and is based on the HandleBody Theory [3]
and [12].

4 CHALFEDGE DATA STRUCTURE
The CHalfEdge data structure proposed in this work is
a simplification of the HalfEdge [14] data structure. It
is suitable for polygonal meshes composed by triangles
and quads and also uses the concept of half-edge that
represents the association of a face with one of its
boundary edges. The advantage of this simplification
is that it works with two arrays of integers, V and M,
which are later described.

Consider an oriented combinatorial surface S without
border having NT triangles, NQ quads, NE edges and
NV vertices. In this data structure the half-edges, the
vertices and the faces are indexed by non-negative
integers.

Each triangle is represented by 3 consecutive
half-edges that define its orientation. Analogously, a
quad is represented by four consecutive half-edges.
For example, half-edges 0, 1 and 2 correspond to the
first triangle; half-edges 3, 4 and 5 corresponds to the
second triangle, half-edges 6, 7, 8 and 9 correspond to
the first quad if there is a quad in the mesh and so on.
A half-edge with index h ∈ [0,3NT − 1] belongs to a
triangle, and if h ∈ [3NT,3NT +4NQ−1] belongs to a
quad.

The border of each triangle is implicitly represented
by an oriented cycle of 3 half-edges. In the same way,
an oriented cycle of 4 half-edges defines the border of a
quad. In such a way, the surface S will have 3NT +4NQ
half-edges. Assuming a counter-clockwise orientation,
the next convention is adopted to index the half-edges
of S:

• The indices of the half-edges that form the border of
a triangle of index t are: 3t, 3t +1, and 3t +2.

• The indices of the half-edges that form the border of
a quad q are: 3NT +4q, 3NT +4q+1, 3NT +4q+
2, and 3NT +4q+3.

The index of a triangle that has a half-edge h is
h. f = h÷ 3. If the half-edge h belongs to a quad,
its index is h. f = (h− 3NT )÷ 4. The next(h.n) and
previous (h.p) half-edges of h.f are obtained by the use

of the following expressions:

Triangles

h.n = 3∗h. f +(h+1) mod 3 (5)

h.p = 3∗h. f +(h+2) mod 3 (6)

Quads

h.n = 3∗NT +4∗h. f +(h+1) mod 4 (7)

h.p = 3∗NT +4∗h. f +(h+3) mod 4 (8)

The CHalfEdge data structure represents the
geometry of a surface S by the association of each
half-edge h with its geometrical vertex index h.v. The
edge adjacency between the neighboring triangles
or quads of S is represented by the association of
each half-edge h with its opposite half-edge h.m or
M[h](mate), which has the same opposite geometrical
edge(formally M[M[h]] = h, see Figure 1). The
geometry and adjacency information are stored in two
integer arrays, called the V and M tables, respectively.

Figure 1: CHalfEdge notations.

According to the definition of combinatorial surface
without bounding border, each edge is shared by only 2
faces. Two adjacent faces that share the same edge have
half-edges with opposite orientation.

To illustrate the data structure tables consider the
pyramid of Figure 2. When the half-edge h is associated
to a boundary edge, its M[h] value is assigned to -1.

Figure 2: A pyramid surface with its CHalfEdge tables.3
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Table V of Figure 2 indicates that half-edge 0 has
vertex 0, half-edge 1 has vertex 2, and so on. Table
M indicates that half-edge 0 has as its correspondent
mate, or opposite, half-edge 3, half-edge 1 has its
correspondent mate half-edge 12, and so on.

5 COMPRESSION OF TRI-QUAD
MESHES

The algorithm for compression and decompression
of tri-quad meshes proposed in this work is a
generalization of the EdgeBreaker algorithm introduced
by Rossignac [17].

The EdgeBreaker is a state machine that encodes a
combinatorial surface without boundary S. At each
state, a decision is made to move from a triangle Y to an
adjacent triangle X. To perform this decision, all visited
triangles and their incident vertices are marked.

Let Left and Right denote the other two triangles that
are incident upon X . Let v be the vertex common to
X , Left and Right. There are five possible situations
denoted by the letters C,L,E,R and S (arranged for the
mnemonic "Claire’s"). The arrows in Figure 3 indicate
the direction to the next triangle. Previously visited
triangles are filled. The edge that crosses from Y to
X is called the gate of one triangle to another.

Figure 3: EdgeBreaker clers cases.

The EdgeBreaker algorithm walks to the right
whenever is possible(C or L labels, see Figure 3a and
3b respectively). When the right triangle has already
been visited it walks to the left(R label - Figure 3c).
A triangle gets label S (split - Figure 3d) if the vertice
v is already visited and both right and left triangles
are not visited yet. In this case a branch in the dual
spanning tree is created. Each of these branches has to
be traversed and ends up with a label of type E (End -
3e). Whenever the traverse of a S triangle reaches the
end of the right branch, the algorithm goes back to that
S triangle and then traverses the left branch.

This kind of surface traversing is always possible
when the surface is homeomorphic to a sphere. When
the surface without boundary has g genus, there are
some cases that when going back to the beginning of
the branch generated by a label of type S, the left face
of this branch has already been visited during the right
traversing. Lopes et al [12], proposed in these cases a

correct reconstruction by transmitting the edge to the
left of the S triangle.

Lopes et al [12], proved that for a surface without
border and with g genus, there are 2g S triangles of
this type. Then the number 2g exactly corresponds to
the number of handle operations of type 1 (see [12])
that must be applied to the surface during the
decompression process to obtain its topology correctly.

5.1 EdgeBreaker Quad Extension
A simple way to compress a quad mesh is to divide
each polygon into two triangles and apply the
EdgeBreaker algorithm for triangle meshes. But, in
the decompression process it is necessary to recognize
which faces have been added in order to reconstruct the
original mesh(see Figure 4).

King et al [9] suggest to divide a quad into two
adjacent triangles, by implicitly adding a diagonal edge.
This division is done in such way to force the second
triangle to be always to the right of the first triangle.
The quad subdivision rules also guarantee that the first
triangle label is never R or E because the next triangle
of the quad has not been visited. Furthermore, if the
first triangle label is of type C, the second label cannot
be of type L or E(see Figure 4).

For a triangle there are 5 possible combinations
(see EdgeBreaker compression). For other types of
polygons the number of combinations can be calculated
by the recurrence relationship, based on the fact that
a vertex that has not yet been visited can not be
incident to an edge previously visited. The solution
of this recurrence for polygon with n edges is the
Fibonacci number F(2n−1). Then for a quad there are
F(7) = 13 possible combinations of edges and vertices
not adjacent to a visited and not visited gate.

Figure 4: Quad division proposed by King [9].

The approach division leads to 13 possible pairs of
label combinations for a quad: CC, CR, CS, LC, LL,
LE, LR, LS, SC, SL, SE, SR and SS. In order to
build the dual spanning tree, the original EdgeBreaker
rules are used for each triangle generated by a quad
subdivision.

5.2 Tri-Quad Mesh Codification
The algorithm developed in this work encodes an
arbitrary surface by generating 3 separated information
which are used to transmit a mesh over the Internet:
a sequence of CLERS containing the labels c, l, s, C,
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L, E, R, and S of each codified face of the surface;
the geometry of the vertices and the handles. Thus,
in order to compress a mesh composed by triangles
and/or quads, must follow these rules:

1. If the face is a triangle, the labels C, L, R, E, or S are
used, as in the original EdgeBreaker;

2. If the face is a quad, it is split into two triangles
according to King‘s rule, and the first triangle is
encoded with labels c, l or s. The second triangle
receives labels C, L, R, E, or S.

The classification of the first quad triangle as c, l or
s is the same as the original EdgeBreaker classification.
The second quad triangle is always the exit of the quad.
The use of a lower case label indicates that the next
polygon is a quad.

Lopes et al [12] already mentioned approach is used
when dealing with special cases of S triangles. In the
next section it will be proved that even for surfaces with
triangles and quads the number of transmitted edges is
also 2g.

5.3 Analysis of the Compression Method
The compression algorithm creates the spanning tree of
the dual graph, where graph nodes are the faces and
graph lines represent adjacency between faces. It has
complexity O(n), where n is the number of faces.

The algorithm traverses all the faces classifying them.
Each face is visited only once, so the spanning tree in
the dual graph has NT + NQ− 1 lines that correspond
to the edges that have gates from one face to another.

Figure 5: Compression in the primal and dual graph of
the spanning tree.

Each visited face classified as c or C visits a new
vertex. All vertices are visited so the total number of c
or C labels is equal to NV minus the number of vertices
of the initial face that can be 3 or 4 depending on being
a triangle or a quad.

The algorithm creates a spanning tree in the primal
graph of the surface, where the nodes of the graph are

surface vertices and the lines of the graph are surface
edges. The lines of the spanning tree of the dual graph
correspond to the left edges of triangles labeled c or C
and all the edges of the initial faces, except the gate.
The number of spanning tree edges of the primal graph
is, by definition NV −1 (see Figure 5).

The edges implicitly encoded by the algorithm are:
the edge gates of the dual graph and the edges of the
primal graph spanning tree. The total number of these
edges is:

(NT +NQ−1)+(NV −1) = NV +NT +NQ−2 (9)

The Euler-Poincare formula is:

NV −NE +(NT +NQ) = 2−2g (10)

So, the surface’s total number of edges is defined as:

NE = NV +NT +NQ−2+2g (11)

By comparing equations (9) and (10), the number
of edges that has not been implicitly codified results
exactly 2g, which matches Lopes et al demonstration
for triangular meshes [12].

5.4 Codification Cost
According to Euler-Poincaré formulation, a mesh with
genus complies with the equation (10), where the
number of edges, NE, is (3NT + 4NQ)÷ 2 and the
number of faces, NF, is (NT +NQ)

After some simple algebraic manipulations you can
reach the following equation:

NT +2NQ = 2NV −4+4g (12)

As already mentioned, eight symbols are used (c, l,
s, C, L, E, R, and S) in order to codify and decodify
tri-quad meshes. Hence, the number of necessary bits to
represent a CLERS sequence is 3, since 23 = 8 different
numbers could be generated.

Triangles and quadrangles are coded with one
and two CLERS labels, thus needing 3 and 6 bits,
respectively.

To a tri-quad mesh the total number of bits is then
(NT + 2NQ) * 3 bits. By substituting this expression in
equation 12, the cost, in bits, to codify a tri-quad mesh
without genus is:

cost = (2NV −4)∗3bits (13)

Therefore, the cost is less than or equal to 6 bits per
vertex.

By the same token, the cost of a tri-quad mesh with
genus is:

cost = (NT +2NQ)∗3bits+ (14)
2g∗ [log2(3NT +4NQ)]∗bits
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As NT +2NQ = 2NV −4+4g, it follows that:

cost = (2NV −4+4g)∗3bits+ (15)
2g∗ [log2(3NT +4NQ)]∗bits

When g/v « 1, which is usually the case, the cost per
vertex tends to be equal 6.

6 DECOMPRESSION OF TRI-QUAD
MESHES

Last section presented the idea of an algorithm to
compress tri-quad meshes with handles. This section
will introduce the mechanism to decompress meshes
that have been codified with the method presented
earlier. The decompression method builds the V and
M array of CHalfEdge table by reading the stored
CLERS, Geometry and Handles data.

6.1 EdgeBreaker Decompression
The methodology Wrap&Zip to decompress meshes
presented in [19] and the strategy adopted by the
algorithm Spirale Reversi presented in [7] will be used
in this work to perform tri-quad mesh decompression.
In order to rebuild a mesh codified by the algorithm
presented in the last section, two steps are necessary.

The first step called Wrap decode and use the labels
saved in CLERS codification to decide where a new
triangle or quad will be added to the mesh that is being
reconstructed. The result is a connected topological
mesh that corresponds to the TST(triangle spanning
tree) of the original mesh.

The second step of decompression is the Zip process,
which binds the boundary curves that are not connected
in order to end the reconstruction of connectivity and
geometry of the surface. To correctly link the boundary
edges of the mesh, the Zip process orients the free edges
in counter clockwise orientation with labels of type L,
R and E. Clockwise is used for labels of type C (See
Figure 6).

Figure 6: Edges orientation in the Wrap&Zip process.

The decompression process presented in this work
also use two stacks as data structure in order to be
able to perform a depth search and correctly rebuild the
mesh without changing its topology. There is one stack
for S labels and another for C labels.

The S stack indicates the left TST branch to be
decompressed. The C stack is responsible for the Zip

process, by considering the labels that have free edges
after the Wrap process. The first element of the C stack
will be the last to be decoded.

The Wrap&Zip process decodes and rebuilds the
mesh in the same order that the triangles have been
visited and coded by the compression process. This
kind of decodification has the complexity time in the
worst case O(n2), because this process needs to firstly
search the encapsulated sub-sequences of labels S and
E, to be able to correctly decode them.

The Spirale Reversi process decodes a mesh by
reading the CLERS sequence in reverse order. In
this case, it is not necessary to search encapsulated
subsequences of labels S and E. This kind of
decodification is done in linear time.

The decodification process is similar to the one
presented in [7], but CLERS are read in the same
order they are generated. Each triangle or quad of type
C or c, is saved into a stack, and thus guaranteeing a
backward reconstruction, i.e. a pseudo Spirale Reversi
method in the Zip decompression process.

The decodification process is not a recursive
algorithm because it depends on the data saved in S
and C stacks.

7 RESULTS
It is shown some meshes (triangles/quad faces) used
to perform the compression and decompression process
with the corresponding CLERS.

For each encoded/decoded face it is applied a texture
to show the type of CLERS label assigned to it. If a
triangle is encoded the label textures show in Figure 7
are used:

Figure 7: Triangles CLERS textures.

If the encoded/decoded element is a quad, it is
divided into two adjacent triangles, as mentioned in
section 6, so that there are three cases to consider for
the first adjacent triangle when performing a split quad.
These triangles are represented by the following label
textures shown in Figure 8.

The second adjacent triangle of the quad is codified
as if it were a normal triangle. The presented
algorithm is able to encode/decode irregular meshes
(triangles/quads) with or without an arbitrary number
of genus.

Table 1 show some meshes used by compression
algorithm proposed in this work, with their respective
number of vertices, faces and handles.

Table shows CLERS frequency labels for triangles
and quad meshes of table 1.
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Figure 8: Quad CLERS textures.

Model NV NT NQ Handles
Bunny 4838 9672 0 0
Fandisk 6475 12946 0 0

cad1 12415 8688 8027 9
cad2 5215 6418 2014 5
knot 1997 0 1996 0

Table 1: Mesh models used to perform compression
using CHalfEdge data structure

Model Bunny Fandisk Cad1 Cad2 Knot
#C 4835 6472 4263 3210 0
#L 78 75 91 124 0
#E 377 170 151 254 0
#R 4005 6059 3924 2579 0
#S 376 169 154 250 0

#cC 0 0 422 260 400
#cR 0 0 7164 1372 1191
#cS 0 0 11 13 0
#lC 0 0 66 94 0
#lL 0 0 14 16 0
#lE 0 0 18 18 1
#lR 0 0 88 60 6
#lS 0 0 22 1 0
#sC 0 0 1 3 0
#sL 0 0 6 7 2
#sE 0 0 187 163 394
#sR 0 0 6 7 0
#sS 0 0 0 0 0

Table 2: CLERS frequency labels for tri-quad meshes

Figures 9, 10, 11, 12 and 13 show the meshes with
triangles/quad encoded with the proposed method,
presented in tables 1 and 2.

8 CONCLUSIONS
In conclusion, we have extended the simple
implementation of EdgeBreaker to the connectivity
graphs of triangle and quad meshes that represent
topological manifolds with handles.

The compression and decompression algorithms use
a simple data structure to represent the incidence and
adjacency relationship of meshes with triangles and
quads.

In addition, the use of an extra data structure (stack
structure) in the compression and decompression
algorithms enables to encode and decode the CLERS
string in linear time, and there is also no need to
perform search for encapsulated CLERS subsequences
generated by the labels S and E. The decompression is

done by a pseudo Spirale Reversi algorithm due to the
use of the stack data structure.

Figure 9: Mesh Bunny with 9672 triangles faces. On
the right a detail of the generated compression traversal
over the mesh.

Figure 10: Cad1 mesh with 8688 triangles and 8027
quad faces with 9 handles.

Figure 11: Cad2 mesh with 6418 triangles and 2014
quad faces, with 5 handles.
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Figure 12: Knot mesh with 1996 quads.

Figure 13: Fandisk mesh with 12946 triangles.
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ABSTRACT 
We describe a new method for automatically detecting vanishing points and group lines associated with building 

facades from a single uncalibrated image. Accurate vanishing points detection for buildings is of importance for 

building façade rectification and 3D scene reconstruction. The challenges arise from confusing scene clutter, 

occlusions, unusual building shapes and non-Manhattan street layout. Buildings usually possess many straight-

line features, e.g., window and door openings, as well as their overall outline. We exploited these features and 

propose a robust line grouping technique. The method was evaluated on images from the Zubud-Zurich building 

database. The experiment shows the proposed method works well with varying building structures and image 

conditions, as well as filtering out “non-building” vanishing points (e.g. vanishing directions detected from road 

boundaries).  

Keywords 
Vanishing points, façade identification, line grouping, line segments detection. 

1. INTRODUCTION 
The rectification of building facades to their fronto-

parallel view is an essential step in photogrammetry, 

3D scene reconstruction and potential building 

recognition applications. Robust and accurate 

rectification requires the precise location of the 

extrapolated vanishing points obtained directly from, 

in our case, a single uncalibrated image. Buildings 

most commonly possess many straight-line features, 

e.g., window and door openings, as well as their 

overall outline. Exploiting these features and outlines 

is the basis of all published approaches. The 

challenges arise from confusing scene clutter, 

occlusions, unusual building shapes and non-

Manhattan street layout. This paper presents an 

enhanced method for vanishing point detection that 

addresses these challenges.  

 

General approaches for estimation of vanishing 

points are the Gaussian sphere, Hough transform, 

Expectation Maximisation (EM) and RANSAC-

based methods. The Gaussian sphere method was 

first suggested by Barnard in 1983 [Bar83a]. A line 

segment from the image intersecting the Gaussian 

sphere forms a great circle, the vanishing points are 

found at the intersecting points of these great circles 

on the Gaussian sphere. The sphere surface is divided 

into accumulation cells, of which the ones with votes 

above a specified threshold are selected. This method 

transforms lines from unbounded to bounded space, 

so eliminating the singularity caused by a vanishing 

point located at infinity. Several processes part of the 

approach have since been improved; the tessellation 

of the Gaussian sphere [Qua89a], accumulator space 

[Bri91a] and projection of the intersection points for 

all line pairs instead of just line segments [Mag84a].  

Another technique that maps line information to a 

bounded space is the Hough Transform [Lut94a]. 

Vanishing points can be obtained by applying the 

Hough transformation three times (known as the 

Cascaded Hough Transform), and was demonstrated 

by Tuytelaars et al. [Tuy98a]. Rother [Rot02a] 

pointed out that a drawback of mapping lines onto a 

bounded space can miss important geometric 

information such as the original distances between 

lines and points.  

Permission to make digital or hard copies of all or part of 
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fee provided that copies are not made or distributed for 

profit or commercial advantage and that copies bear this 

notice and the full citation on the first page. To copy 

otherwise, or republish, to post on servers or to 

redistribute to lists, requires prior specific permission 

and/or a fee. 
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Kosecka and Zhang introduced a method using an 

EM algorithm to calculate the location of vanishing 

points for an uncalibrated camera [Kos02a]. This 

approach simultaneously groups lines parallel to real 

world axes and estimate dominant vanishing 

directions by weighting each individual line segment 

with a probability corresponding to every candidate 

vanishing direction. The problems of viewpoint 

change, occlusion, scene clutter and non-orthogonal 

building facades were addressed by our previous 

paper [Dua09a]. A refined approach was developed, 

which was based on an EM algorithm which 

gradually eliminated low probabilities and assigned 

lines to their associated group. Eildenauer and 

Vincze ran RANSAC several times on detected lines 

to obtain potential vanishing points. The EM 

algorithm was then used to refine the results 

[Wil07a]. Their method has been shown to work on 

images with structure not strictly meeting the 

Manhattan assumption [Cou03a]. 

 

Our work is most closely related to David’s 

technique where RANSAC was used to detect 

vanishing points and to group lines, and line 

intersection was exploited to identify vanishing 

points corresponding to each building façade 

[Dav08a]. The images we are dealing with are 

uncalibrated, not conforming to the assumption of a 

Manhattan world. The aim is to detect all vanishing 

points and associated building façades appearing in a 

single image. Within an image of urban areas, 

detected lines can also arise from road boundaries 

and markings, vehicles, aerial cables, etc. Therefore, 

the EM algorithm, which requires an initialised line 

grouping, and RANSAC’s randomly selected line 

segments, could erroneously pick up many non- 

building lines. Developing David’s work, we suggest 

that selecting potential vanishing points and initial 

groups of lines based on a line orientation curve 

could reduce this type of error. A RANSAC based 

split and merge scheme was used to refine the 

vanishing point location. Finally, line intersection 

was used to find building façades and filter non-

building vanishing points. In addition we show how 

geometric constraints can be utilised to reduce the 

exhaustive intersection process. In the Discussion, 

the line detection scheme used in our work was 

compared to the method used by David [Dav08a]. 

Parameters involved in our method were analysed to 

see how the overall grouping performance was 

affected by the value of the parameters. Example 

images demonstrate the robustness of our technique 

compared with previous work. 

2. METHOD 

2.1 Line Segments Detection 
Due to the presence of geometric regularity in images 

containing man-made structures, lines can be easily 

derived from the image edges. The majority 

associated with building façades are also mutually 

parallel or orthogonal. As parallel lines of buildings 

intersect at vanishing points in the image under 

perspective transformation, line segments detected 

from building image are a reliable source to locate  

vanishing points. Firstly, we up-sampled the image if 

its size was less than 1M pixels in order to improve 

the quality of edges [Wil07a]. A Canny edge detector 

followed by non-maximum suppression, was used to 

find local edges. A binary image of the strongest 

edges is obtained after applying hysteresis 

thresholding. The line fitting stage is similar to 

Kosecka’s method [Kos02a] originated in [Kah90a]. 

The normal edge orientation span [0 π] was equally 

divided into k bins. Take k = 18, (the set value 18 

gives a bin size of 10. This is chosen to give a 

reasonable bin size, enabling connected components 

to form within the set orientation range), hence the 

edge location are assigned with the same label if their 

orientation is within certain bin range (e.g. 

10<edge_orientation<20). After getting 18 sets of 

edge pixels, every three sets with consecutive labels 

are grouped together for connected components 

analysis. To reduce repeated detection of lines and 

avoid boundary cut-off, the end label of the last 

grouping is used as the beginning label of the next. 

For example, (1,2,3), (3,4,5) and (5,6,7), etc. Edge 

lists of detected connected components with 

supporting points less than 15 pixels are removed. 

For each connected component, their supporting edge 

pixels are denoted as (xi, yi). The variance 𝑥 = 𝑥𝑖 − 𝑥  

and 𝑦 =  𝑦𝑖 − 𝑦 , where 𝑥 =  
1

𝑛
 𝑥𝑖𝑖  and 𝑦 =  

1

𝑛
 𝑦𝑖𝑖 , 

was used to form the matrix D. The eigenvector e1 

computed from matrix D, which corresponds to the 

largest eigenvalue, was used to derive the angle θ for 

the line we are trying to fit. 

 

𝐷 =   
 𝑥 𝑖

2
𝑖  𝑥 𝑖𝑦 𝑖𝑖

 𝑥 𝑖𝑦 𝑖𝑖  𝑦 𝑖
2

𝑖

     (1) 

𝜃 = tan−1(𝒆𝟏 2 , 𝒆𝟏 1 )   (2) 

 

The line length is defined as the major axis length 

from its supporting edge pixels. The mid-point is also 

(𝑥 , 𝑦 ). Together with θ, the endpoints can be easily 

derived. In Figure 1, two example images and their 

detected lines are shown. 
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Figure 1. Two examples of line segments detected 

from building images. 

2.2 Initial Vanishing Points Estimation 

and Line Grouping 
According to the RANSAC based approach 

described by David [Dav08a] and Wildenauer and 

Vincze [Wil07a], two line segments were randomly 

selected to compute an estimation of vanishing point. 

Lines belonging to this direction were then grouped. 

The disadvantage of this method is that it will iterate 

exhaustively until: 1).a predefined K vanishing points 

candidate are found; or 2). Insufficient inliers are 

assigned. Instead, we suggest using a simple initial 

line grouping according to the line direction in order 

to create a guided selection of intersecting lines. Prior 

to the initial estimation scheme, each line segments 

are weighted by their length and colinearity. The 

weight range is [1, 2, 3], with every segment being 

equally weighted as 1 at the start. If a length is larger 

than 12.5% of the image size or it has more than two  

collinear lines, the value of 1 is added to the 

weighting respectively. The orientation histogram 

computed from the detected line segments with their 

associated weightings, i.e. segments with weightings 

of 2 are counted twice. This significantly boosts the 

peaks after fitting a curve to the Gaussian smoothed 

histogram. The curvature is computed as [Kos02a]: 

 

𝑪 𝑘 = ℎ𝜃  𝑘 − 
1

𝑠
 ℎ𝜃(𝑖)

𝑘+
𝑠

2
+1

𝑖=𝑘−
𝑠

2

      (3) 

 

where k = 60 and s = 9. The starting side of the 

histogram is also padded with the last 5 bins at the 

ending side and so did the ending side before fitting 

the curve so that the peaks at the boundary can 

emerge (Figure 2(b)). The two minima located 

nearest to each unique peak are located and chosen as 

the orientation range for the initial line grouping. 

Hence, lines with directions falling into the defined 

range are grouped together. Those not assigned are 

grouped as the outliers as shown in black in Figure 

2(c). 

2.3 Split and Merge Scheme 
As shown in Figure 2, this type of building structure 

can result in a fine initial grouping and its vanishing 

points can be easily detected using existing 

techniques. However, there are many buildings not so 

regular in appearance, such as the second example in 

Figure 1. This section shows how a split and merge 

scheme can appropriately group line segments. 

 

For a homogeneous representation, x1 = (x1, y1, 1) 

and x2 = (x2, y2, 1). The lines are expressed in their 

normalised representation of the coincident infinite 

line ln following the formula (4) for efficient 

computing of vanishing points: 

𝒍 = 𝒙𝟏 × 𝒙𝟐               (3) 

𝒍𝒏 = 𝒍/ 𝑙1
2 + 𝑙2

2      (4) 

where l = (l1, l2, l3). At the split stage, we assess each 

initially grouped line set. The line segments are 

sorted from highest to lowest weighting. As the lines 

with the higher weightings have a higher probability 

of giving a better estimation of vanishing point 

locations, two segments at the beginning of the line 

queue are intersected to produce the prototype 

vanishing point 𝒗 = 𝒍𝟏 × 𝒍𝟐 . The angle θv and 

distance dv to the prototype vanishing point from the 

rest of lines were calculated according to the 

formulas below: 

 

𝒎 =  𝑥𝑚 , 𝑦𝑚 , 1            (5) 

𝒅𝒗 =  
 𝒍𝒏𝒗 .𝒙𝟏 

 𝒍𝒏𝒗(1)2+𝒍𝒏𝒗(2)2
        (6) 

𝜃𝑣 = sin−1(𝒅 0.5 ∗ 𝐿 )       (7) 

 

The line lv crosses the prototype vanishing point v 

and one of the assessing lines’ midpoint m. Its 

normalised version lnv is calculated by (4) and was 

used to obtain dv. In (6), the distance between one of 

the prototype line’s endpoints x1 and lnv is obtained. 

Equation (7) measures the angle diversion of the 

prototype line from prototype vanishing point. The 

lines with 𝜃𝑣  smaller than σθ, and dv smaller than σd 

are taken as inliers. If the number of inliers is larger 

than ψmin, then the set of inliers is split from the 

testing line group forming a new line group. If one 

prototype line intersecting every other line within the 

group does not manage to form an inliers set, it is 

moved to the outlier group. The iteration will stop 

when there are less than ψmin lines left in the 

prototype group, these leftover lines are also assigned 

to the outlier group.   
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(a) (b) (c) 

Figure 2. Initial processing of Figure 1 (left): (a) line direction histogram; (b) curvature computation; (c) 

line grouping with outlier group marked black.

The initial outlier group is assessed last, because 

the assigned outliers from the previous groups are 

included. Another constraint added to the 

processing of this group is that the angle between 

each intersecting line pair needed to be smaller than 

45 to continue. 45 is a practical limit angle for the 

parallel lines intersection to occur under perspective 

transformation. The vanishing points are 

recalculated for each line group formed. The 

parameters σθ and σd are 1 and 1, respectively in 

our experiment. This seems a rather strict threshold 

but the advantage is that accurate candidate parallel 

sets can emerge. ψmin was set as 50 empirically for a 

reliable parallel line set to form. The point v lies on 

the line ln if v
T
ln = 0. This leads us to the linear least 

square estimation problem: 

𝑚𝑖𝑛𝑣   𝒍𝒊
𝑻𝒗 

2𝑛
𝑖=1          (8) 

where n is the number of lines. We can rewrite this 

as 

𝑚𝑖𝑛𝑣 𝑨𝒗 2             (9) 

The estimation of v is the eigenvector associated 

with the smallest eigenvalue of A
T
A. After the 

vanishing points are relocated, RANSAC was 

applied again to the outlier group for each 

vanishing direction. In The split stage has resulted 

in some over-grouped line sets, i.e. it is sensitive to 

line deviation from prototype vanishing points. The 

benefit is that some proper candidates of vanishing 

points start to emerge. 

 

At the merge stage, a pair of line sets with similar 

vanishing directions is combined to calculate a new 

vanishing point based on (9). The inliers and 

outliers of the combined line group belonging to 

new vanishing point are found. If more than, say, 

70% of lines from each merging set are inliers, the 

inliers are allowed to merge setting a new vanishing 

direction. The outliers are also moved to their 

associated set. The whole candidate line sets are 

also refreshed to eliminate the tested pair and to add 

the new set. Otherwise, nothing is changed and the 

next pair of sets is picked. The outlier group is 

again assessed at the end to find any inliers for the 

new estimated vanishing points. The resultant 

groups are shown in Figure 3. 

2.4 Filtering of Vanishing Points 

Associated with Building 
Since the aim is to find vanishing points associated 

with building facades, and that there can be 

confounding line sets belonging to other regular 

objects such as roads or vehicles, we used a method 

similar to David [Dav08a] but less complicated to 

remove these unwanted groups. The example image 

in Figure 3 is used to demonstrate. In Figure 3(a) it 

is shown that at least two sets of lines are not 

associated with the building. The vanishing points 

corresponding to the vertical direction of the image 

are first selected. As the image is taken at ground 

level, vanishing points with negative value of y-axis 

are defined as vertical ones. Then, the intersection 

points between each of the vertical line set and 

every other line set are computed. The method is 

illustrated in Figure 4. Line segments in each set are 

indexed and extended by ed pixels from their 

endpoints. A blank image of the same size as the 

original image is created for each participating line 

set. The lines in each group are indexed, and on 

their associated blank image, points consisting the 

extended line are labelled at their pixel location by 

line index i. The locations of labelled images with 

two or more recorded index are searched. This way, 

lines intersecting the vertical lines are found and the 

others filtered out. The line sets with lines 

intersecting infrequently are non-building sets. 

3. EXPERIMENTAL RESULTS 
The algorithm was tested on images from the 

Zubud-Zurich building database [Sha03a]. The 

images are in PNG format with size 640*480. The 

results were also compared with the previous paper 

[Dua09a] using EM algorithm for vanishing points 

detection and line grouping. First of all, the line 
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detection algorithm [Kah90a] was compared to 

Kovesi's method implemented in Matlab code 

[Kov07a] (used in David's [Dav08a] and 

Wildenauer's [Wil07a]. The parameters involved in 

the two methods were set to be the same, e.g. σ=1 

in Canny detector, connected edge with length 

greater than 15 was accepted for line fitting. The 

result is shown in Fig 5 and Table 1. The 

advantages of the suggested method are: 1. Greater 

accuracy in line detection - this is clear on the 

major structural lines of the left frontal facade of 

the example building where the lines detected by 

Kovesi's method weren't parallel. 2. Quicker and 

computationally less complicated - the two methods 

were tested on the first eight images of the Zubud-

Zurich building database [Sha03a]. From Table 1, 

we can see that the time required for Kovesi's 

method varies with the amount of line segments 

detected, whereas the current method is more stable 

and a lot faster. 3. A higher proportion of line 

segments associated with man-made structures 

were found; line segments associated with scene 

clutter such as trees were eliminated by the line 

detection procedure. The parameters ψmin, σθ and σd 

were analysed to test how the overall grouping 

performance varies with different values. The 

overall grouping performance was measured by the 

average deviation distance from each final grouped 

line to their associated vanishing point. When 

incorrect groupings occurred, i.e. more or less 

groupings than actual line groupings appearing in 

the image were detected, a penalty weight was 

assigned to its measured distance. The results were 

obtained by running the proposed method on 30 

images randomly selected from the Zubud-Zurich 

building database [Sha03a]. Figure 6 shows how 

the deviation distance varies with the setting of ψmin. 

The dramatic changes around 30 and 70 are caused 

by the fact that in most cases: ψmin < 30 leads to 

over-grouping (actual groups being split further) 

and ψmin > 70 causes under-grouping (some groups 

not detected because minimum threshold set too 

high). Parameters σθ and σd were observed together, 

since individually they had a trivial effect compared 

to when they were changed in concert. As shown in 

Figure 6(b), as both σθ and σd increase, the average 

deviation distance from the final grouped lines to 

their associated VP also increases. In Figures 7 – 10, 

the results tested on different building image 

conditions are shown. In general, more line 

segments are detected with the new line detection 

method. The line sets are grouped more accurately, 

i.e. there are very few lines that are not associated 

with the detected vanishing direction. Figure 7 

shows the results computed from an image taken 

with a sharp viewing angle to the building.  The 

new method has shown to perform well while the 

EM based method fails to detect enough lines for its 

grouping. On buildings with multiple facades as 

shown in Figure 8, existing methods under the 

Manhattan assumption will fail to group correctly. 

However, the proposed method cannot handle 

buildings with a round structure. The lines 

belonging to the round part in Figure 8(a) are 

simply assigned to their closest vanishing direction. 

Figure 9 shows the results on building images with 

occlusion. The proposed method is actually more 

sensitive to occlusion where it tends to put the lines 

from the object causing occlusion as another group 

but still manages to find the groups associated with 

the building. A blurred image is shown in Figure 10. 

The method is weaker in these conditions than the 

EM based method. However, with fast improving 

camera and storage space, this may not be a 

problem in the future. 

  

(a) (b) 

Figure 3. Example image for demonstration of filtering out non-building segments: (a) computed group 

after the merge stage; (b) final line sets obtained after filtering stage. 

 

WSCG 2010 FULL Papers 217



 

 

Figure 4. The illustration of how the intersections between lines were found. 

 

  

(a) (b) 

Figure 5. (a) Line segments detected using Kovesi’s method; (b) Line segments detected using Kahn’s 

approach. 

 

 Image1 Image2 Image3 Image4 Image5 Image6 Image7 Image8 

No. lines detected  

by Kahn's method 

1171 2513 1925 1210 1577 1034 2023 1570 

No.lines detected 

by Kovesi's code 

1058 801 1324 651 702 838 728 704 

Time used for computing 

Kahn's method 

17.96 17.48 19.82 16.48 15.23 15.92 14.97 15.39 

Time used for Kovesi's 

original matlab code 

426.31 121.24 688.08 59.09 67.06 190.63 37.04 43.26 

Table 1. Comparison of two method on line segments detection in terms of line quantity and time used. 
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(a) (b) 

Figure 6. Average deviation distance from final grouped lines to their estimated vanishing point VS (a) 

ψmin; (b)  σθ and σd. 

   

(a) (b) (c) 

Figure 7. Line grouping results on a building image with sharp viewpoint. (a) original sample images; (b) 

line grouping results from previous EM based method; (c) results from our approach. 

 

   

(a) (b) (c) 

Figure 8. Line grouping results on buildings with multiple facades. (a) original images; (b) grouping 

results from previous EM based method; (c) grouping results from proposed approach. 

 

   

(a) (b) (c) 

Figure 9. Line grouping results on buildings with occlusion. (a) original images; (b) grouping results from 

previous EM based method; (c) grouping results from proposed approach. 
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(a) (b) (c) 

Figure 10. Line grouping results on blurred building image. (a) blurred image sample; (b) line groups 

computed from previous EM method; (c) line groups computed from proposed approach.

 

4. CONCLUSIONS 
A new approach for building planar surface 

associated vanishing points detection and line 

grouping has been presented. Working under 

uncalibrated camera conditions and with images not 

conforming to the Manhattan assumption, the 

experimental results have shown that the method is 

able to perform well on a wide range of building 

structures and conditions such as a cluttered 

environment. It also outperforms existing 

techniques in working in complex building images. 

Further improvement to this method would be the 

introduction of an error model as in [Cou03a]. In 

the future, we will investigate ways of integrating 

this method into 3D reconstruction of buildings and 

building recognition task.  
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ABSTRACT 
Image-based rendering (IBR) techniques take the approach of rendering new images based on existing ones, 

effectively separating the rendering complexity from the geometric complexity of the scene they represent. With 

the increasing complexity of scenes currently created, these techniques have gained renewed interest. This paper 

presents a multi-cellular IBR approach, which uses orthographic rather than perspective projected pre-computed 

images. Specifically we extend our single cell orthographically projected IBR approach to a multi-cell system, 

and show how the pixel error can be further reduced with the use of smaller and more numerous cells. 

Keywords 
Image-based rendering, orthographic projection, multi-cellular, real-time, impostors 

1. INTRODUCTION 
Despite the fast advance of hardware capabilities, the 

complexity of the scenes to render has also grown 

extremely fast. Even with today’s modern hardware, 

complex scenes cannot be rendered in real-time by 

brute-force methods. 

This introduces the need of simplifying the scene to 

be rendered, reducing its inherent complexity to 

levels that can be rendered faster, with as little loss in 

visual quality as possible. 

While other efficient techniques have been described, 

to address the problem of massive data set viewing, 

they present some problems: they can be sensitive to 

the type of scene (some techniques don’t deal well 

with CAD, others don’t deal well with complex 

interiors, etc); some require manual intervention 

(selecting areas of interest) or have navigational 

constraints (i.e. the camera can only be placed in 

certain regions). As such, this paper presents an 

experiment to develop a method that does not suffer 

the aforementioned problems. 

 

In our approach, we opted for a class of techniques 

labeled image-based rendering. This class of 

techniques strives to render the scene from a certain 

viewpoint given renders of the scene from other 

viewpoints. From these other renders, information of 

the scene can be extracted and reprojected into the 

new viewpoint. In previous work, Saraiva et al. 

presented a single cell IBR approach based on 

perspective projection of pre-computed orthographic 

projected images [Saraiva09] and have shown that 

the system created less pixel error than perspective 

projecting perspective projected images (see Figure 1 

and 2 ). This gives the advantage of dealing well with 

any type of scene as long as it is renderable. 

 

Figure 1. The Bunny and David models. The left 

shows the original model triangle rendering, the 

middle is with a texture generated with an 

orthographic projection and right shows with the 

texture generated with a perspective projection. 

In this article we extend the system to a multi-cell 

IBR approach and show how the error is further redu- 

Permission to make digital or hard copies of all or part of 

this work for personal or classroom use is granted without 

fee provided that copies are not made or distributed for 

profit or commercial advantage and that copies bear this 

notice and the full citation on the first page. To copy 

otherwise, or republish, to post on servers or to 

redistribute to lists, requires prior specific permission 

and/or a fee. 
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Figure 2. Single cell IBR - Pixel Error: For each 

increasing relative distance to the model, a series 

of images were created and subtracted from 

perspective triangle rendering with a FOV of 40°. 

Top: the sum of all pixel differences, where pdif is 

the sum of absolute differences of each R,G,B 

components between both images. Bottom: the 

total error divided by the number of foreground 

bounding rectangle pixels. 

ced with more cells using our system. In section 2 we 

review previous work. In section 3 we present the 

outline of the multicell system. In section 4 we 

address implementation issues specific with the 

reprojection of multi-cell orthographic images. In 

section 5 we present results. Finally, we draw 

conclusions in section 6 we conclude and outline 

future work in section 7. 

2. PREVIOUS WORK 
In the category of image-based rendering techniques, 

many methods can be considered, ranging from those 

that use no geometry at all (like resampling a set of 

images given the viewing parameters [McMillan95a] 

to more hybrid approaches that use both geometry 

and images to represent the underlying scene 

[Jeschke02]. 

It is also important to note that image-based 

rendering can be more useful when dealing with 

certain types of scenes which are not handled so well 

with geometric level of detail techniques. An example 

of such a scenario is the representation of a model 

constituted by “rough” curves (like a fractal): too 

much triangle reduction and what is supposed to be a 

curve can become noticeably linear; too small of a 

reduction can result in a great number of triangles to 

draw. Most image-based techniques do not suffer 

from this problem, as they are independent of the 

scene. 

The techniques can also be classified by how the 

images are created: some use a predetermined set of 

possible viewing positions, creating images that 

represent more distant zones in the scene [Sajadi09]; 

others create images of objects or subvolumes of the 

scene and render the scene by representing each of 

the objects or subvolumes [Schaufler98]. 

This last category has the advantage that the scene 

can be represented from any viewpoint and not only a 

predetermined set. One possible approach useful for 

viewing models from an outside point of view is to 

render the model from a series of viewpoints and use 

those renders as textures placed into billboards, as 

seen in [Aliaga99]. 

In [Saraiva09], the camera positions for the 

generation of the impostors are chosen as the center 

of the triangles on an n-time subdivided icosahedron, 

enclosing the object (as seen in Figure 3, left), and at 

a distance (when using perspective) of the bounding 

sphere radius divided by the sine of half the field of 

view angle. For orthographic projection no 

displacement is made. 

 

Figure 3. The camera positions; a generated 

texture; after cropping the texture. 

Without correction, this technique can introduce 

distortion, since the projection of the scene into a 

plane done during the texture generation can differ 

from the projection used while viewing the scene 

with billboards. 

This correction is performed by reprojecting an 

image generated from known viewing conditions into 

another viewing condition. This reprojection is a 

function that maps a texel to a number of pixels in the 

final image. However, several texels can be mapped 

onto a single pixel, so the texel that has the closest 

projection is used. Some techniques employ a z-

buffer to this end; others are based on analysis of the 

image [McMillan95b]. 

Some methods of correction are CPU-based, where 

each texel in the original image is simply reprojected 

into the new viewpoint [McMillan97]. While highly 

parallel in nature, this kind of technique is not trivial 
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to reproduce in GPU using current graphical APIs, 

such as OpenGL or DirectX. 

In order to exploit the capabilities of modern GPUs, 

the reverse is usually attempted: finding which source 

element is the one used in the destination element and 

sampling it. This problem is not trivial to solve since 

there is the possibility of the existence of multiple 

solutions, therefore, a search must be performed for 

accurate calculation of the source method to use. 

These GPU-based methods change the sampled 

texture coordinate based on a structure that contains 

the displacement relative to the billboard’s normal, 

typically a texture called a height map (like seen in 

[Kaneko01]). 

Some techniques compensate for this displacement by 

applying an offset to the texture coordinate based on 

the view angle relative to the billboard and the height 

of the billboard at that point [Kaneko01]. While fast, 

this technique is not accurate and can present 

incorrect results. 

Other techniques strive for absolute correctness, at 

the cost of performance. Such techniques typically 

perform a short-distance raycast on the height map, 

considering points by an increasing order of distance 

to the camera. If no solutions are skipped due to a 

large step size, the first solution found is the correct 

one [Tatarchuk06][Policarpo05]. This raycast process 

can also be sped up with a pre-computed acceleration 

structure, as seen in [Baboud06] and [Policarpo07]. 

3. MULTI-CELL IBR 

3.1 Pre-processing 
As a first step, the scene is divided into an hierarchy 

of regular cubic volumes. This can be done by 

calculating the bounding box of the scene, making it 

cubic and applying the octree algorithm [Jackins80] 

to that bounding box, which serves as the root node 

of the octree. The maximum depth of the octree 

should be chosen based on the available memory 

resources, as discussed later. 

The second step pre-computes a series of impostor 

textures for each of these nodes. These impostors are 

generated using an orthographic projection, since 

they were found to have the least overall error. The 

method of generating these impostor textures is 

similar to the procedure of computing images in the 

single cell approach; the subdivided icosahedron used 

for calculating the camera positions is centered in the 

middle of the octree cell (instead of the centroid of 

the scene) which is circumscribed by the bounding 

sphere of the cell. 

3.2 Runtime 
The octree is traversed and nodes that are not framed 

by the camera can be culled. If a node that occupies 

an amount of screen space smaller than a certain 

threshold is reached, the impostor is used and the 

traversal stops. At close distances, for full detail, the 

original model triangle rendering could be used. 

However, if the choice to not use impostors was only 

based on distance, that would introduce problems, 

since then the approach would suffer from high 

polygonal densities (i.e. areas of the scene that have 

an extremely high polygon count). Therefore, the 

nodes that are indeed close enough to be represented 

geometrically are sorted by priority (distance to the 

camera) and rendered from the highest priority to the 

least, until a certain triangle budget is met. All 

remaining nodes are represented with the impostor 

with the smallest angle to the view direction. 

3.3 Preliminary analysis 
By using this approach of creating a representation of 

the cell as if viewed from the outside as in 

[Rusinkiewicz00], one gains freedom of navigation, 

since the camera no longer has to be constrained 

inside a cell. Also, the algorithm is almost automatic; 

the only manual intervention needed is setting 

parameters appropriate to the scene. 

Multi-cell IBR solutions, however, are likely to 

occupy large amounts of disk space. This is accepted 

due to the relative low cost of disk space in the 

current days. Also, the algorithm can have an upper 

limit of disk space usage imposed to it (with a 

possible loss of performance if the limit is too small 

for the scene complexity): one can sort the nodes by 

the amount of primitives they contain. Then, the 

image generation can be applied to the nodes with the 

greatest number of primitives, in order, until a disk 

space budget is reached. It should also be noted that 

the method should not be used solely with impostors. 

It uses them to remove most of the scene complexity, 

but it should be complemented with other techniques 

(like geometric LODs, for example). However in 

[Saraiva09] we were somewhat surprised at the visual 

quality that was possible up close when examining 

3D models with the reprojection of orthographic 

images, hence in this work we did not integrate LOD 

techniques, and aimed at improving the visual quality 

of less computationally intensive techniques such as 

IBR. Indeed in section 5 (results) we show that the 

combination of smaller IBR cells allows one to 

achieve this result. 

3.4 Summary of steps 
In pre-process: 1 – read geometry; 2 – create octree; 

3 – calculate camera positions using subdivided 

icosahedron; 4 – texture creation and cropping. 

At runtime: 1 – frustum culling; 2 – node sorting 

based on distance; 3 – for each node choose image 

with smallest angle to view direction. 

WSCG 2010 FULL Papers 223



4. MULTI-CELL IBR 

IMPLEMENTATION ISSUES 
In this section we address implementations issues that 

arise when assembling multiple cell images of 

orthographic projected images. In section 4.1 we 

present the problem, in section 4.2 we consider a run-

time solution using raycasting, and in section 4.3 our 

adopted solution. 

4.1 Inter cell artifacts 
A problem that arose on the multi-cellular approach 

(that was not present in the single-cell approach of 

[Saraiva09]) was the presence of “black line” 

artifacts on the model. An example of this artifact can 

be seen in Fig 4, which shows vertical and horizontal 

black lines spanning the Batalha monastery model. 

  

Figure 4. The incorrect sampling problem. The 

horizontal and vertical black lines artifact visible 

in the Batalha model (left). 

These black lines are actually the edges of the octree 

node. This is due to the fact that since no correction 

was performed, the coordinates used to sample the 

texture were too far away from the center. An 

illustration of what occurs is depicted in Fig.4 (right). 

In the image, the black box represents the region of 

space delimited by the octree node, and the red and 

green lines represent the mesh. The brown line 

represents the billboard plane and the blue line 

represents a ray from the camera into the volume. If it 

was done with the original model triangle rendering, 

the pixel would be colored green. However, since the 

geometry in the region is effectively flattened by the 

billboard process, the texture is sampled outside of 

the region, which is transparent (or non-existent, if it 

falls outside the billboard), generating the “black 

line” artifact, where one is actually seeing the 

background. 

This error lessens as the distance to the region 

increases, since the rays become more and more 

parallel and, therefore, closer to the orthographic 

projection that was used to create the image. In 

practice, one can limit the maximum amount of error 

in the sampled coordinates by choosing a large 

enough distance to the billboard. 

Attempts were made to correct this distortion. Like 

previously referred, this sort of correction can be 

done via CPU (highly undesirable) or the GPU. 

Attempts to minimize the error with small amounts of 

computation failed, as all solutions eventually 

degenerated to something similar to a raycast  

(presented in the next section). 

4.2 The impracticality of raycast solution 
Raycasting can be impractical, since it is a somewhat 

expensive operation, even in modern GPUs when 

using acceleration structures. On ideal conditions, the 

performance should depend only on the resolution of 

the display. However, this proved not to be true, due 

to the possibility of overdraw and limitations in the 

current graphics APIs. 

Since we have our space divided into regions, without 

having any sort of occlusion information, we have to 

render all the regions (at least those that pass the 

frustum culling operation). In ideal conditions, only 

one ray would need to be cast per pixel on the screen. 

Since we desire the first intersection for that pixel, 

one could think a way to minimize the number of 

raycasts would be to order the raycasts for that pixel 

by sub-volume proximity to the camera. Once a ray 

hit in a region, that pixel would no longer need to 

have further raycasts performed. 

However, the problem lies in how one can determine 

if that particular pixel has already seen an 

intersection. Usually to limit this sort of overdraw, 

two techniques are used: depth-testing and stencil-

testing. One could program the GPU to reject 

fragments with depth greater than the corresponding 

fragment on the depth buffer. Something similar 

applies to the stencil tests. This does not solve the 

problem, though, since these tests are performed after 

the pixel/fragment shader (and raycast) is run, hence 

the gain would be nullified since the objective is to 

not do the raycast at all. 

To lessen this effect (discarding fragments after an 

expensive pixel shader is run), graphics card 

manufacturers have applied a technique called Early-

Z. This technique does the depth buffer test after the 

vertex shader is run, but before the pixel shader. 

Therefore, it lessens the number of fragments that 

have to go through a possibly expensive pixel 

shading. 

This technique, however, is not part of the typical 

graphics pipeline, and so is not adjustable via an API. 

As such, the hardware can only apply this technique 

if it is sure that the final result is the same. This can 

only be done if one knows the depth of the fragment 

before the pixel shader is run. On most applications, 

this condition is verified; the depth of the fragment is 

the result of the interpolation of vertex depths. 
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By performing a raycast, we find out the correct 

depth of the fragment and can use that correct depth. 

But by doing so, one effectively is disabling Early-Z 

and increasing the overdraw rate significantly. 

Since one needs to know the depth of the fragment in 

the framebuffer while executing the pixel shader and 

given that one cannot read and write into the same 

texture (or a value in a memory array) on a single 

pass, the use of shaders would not solve the problem. 

It is possible that more general-purpose APIs (like 

CUDA) provide a solution, but that goes beyond the 

purpose of the paper, which is to determine if the 

approach is viable or if it should be simply discarded.  

The problem described, however, has a relatively 

simple workaround: although one might not know the 

exact depth of the fragment, one can usually bound 

that depth between two extreme values. If the Early-Z 

test fails on both extreme values, any value in 

between would also fail and the fragment could be 

discarded. This is not yet possible, however, due to 

limitations of current graphical APIs such as 

Direct3D and OpenGL, but is subject to change in the 

future. Even if we don’t change the depth of the 

fragment (but correct the sampling coordinates), 

problems can still arise. Without correct depth, 

interpenetrating objects can display artifacts and 

techniques that depend on correct depth (like shadow 

mapping) can become no longer viable. As such, we 

chose not to correct neither the depth nor the 

coordinates, to see the viability of the technique with 

no runtime correction performed at all. 

4.3 Cell growing solution 
As one can observe, the lines seen due to the artifact 

are very thin, since the coordinates are only slightly 

wrong (with an error of one texel, for example). In 

practice this problem only arises when viewing an 

object at very close distances. 

We found a solution that works well in practice. 

Instead of using only geometry inside the region to 

generate the images for the billboard, one can also 

use the surrounding geometry, which in essence “fills 

the gap”. An illustration of this can be seen in Fig. 6. 

 

Figure 6. Filling the gap. The thick lines delimit 

the cell considered. In the left, the geometry is 

only considered in the area inside the cell (gray), 

while on the right, the surroundings are also 

considered. 

Although visually incorrect, it tends to be an effective 

solution since the gap is generally small and color 

changes are usually smooth enough. To this end, the 

triangles considered to create the billboards were not 

only the ones in the cubic volume but the ones that 

intersect that cubic volume’s bounding sphere. In 

Figure 7 we see a render of the same model after this 

correction is applied. 

 

Figure 7. The “black line” artifact invisible, by 

filling the gap with surrounding geometry. 

5. RESULTS 
Figure 8 shows that the visual error associated with 

single cell orthographic projected IBR can be 

reduced by using more cells. 

The test was done with the David model (8 million 

triangles), using an octree of depth 4, for a total of 

218 cells (empty cells are ignored). The positions 

were chosen with a twice-divided icosahedron, which 

results in 320 images per cell. At a resolution of 

128×128, after cropping, the average size ended up at 

11MB per cell (2.41GB total). No compression was 

implemented, however a fast ZIP compression (using 

the deflate compression method [Deutsch96], with a 

32KB dictionary and a word size of 32) reduced that 

size to less than a fifth (~18%). A slower and better 

compression further halved that size. This high 

compressibility, along with the low cost of disk space 

on the current days, makes the uncompressed large 

disk space occupation more acceptable. 

 

Figure 8. The David model in a single cell (left) 

and multi cell (right) representation. The top 

shows the render, the bottom shows the difference 

to the original model triangle rendering. 
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To test the effectiveness of this multi-cellular 

approach in solving the problem seen in the David 

and Batalha models, due to their large range of 

depths at certain angles, the camera was placed so 

that the vertical component was greater (to maximize 

the error) while still being able to see most of the 

model, at a relative distance of 1. The result can be 

seen in Figures 9-13 (cropped to fit the content). 

 

Figure 9. The wireframes of the 218 nodes. 

 

Figure 10. The orthographic impostor approach, 

from another angle. 

 

Figure 11. From the same angle as figure 10, with 

the original model triangle rendering. 

 

Figure 12. The difference between figures 10&11. 

 

Figure 13. The outline of the 218 billboards used 

to generate figure 10. 

As one can see, this multi-cellular approach indeed 

lessened the problem of perspective error. This is due 

to two facts: 

• since there are more cells, each cell occupies 

a smaller arc in the field of view, bringing it 

closer to the “original” orthographic 

projection, the difference with perspective 

multi-cell IBR can be seen in  Figure 14. 

• since the cells are smaller, the available 

gamut of depths is also reduced and so the 

flattening of the mesh does not change the 

depth significantly. 

In terms of performance, the transfer of texture 

memory to the graphics card is fast enough to give 

the viewer 100+ FPS with a C++ implementation 

using OpenGL on an Intel E7200 with 2GB of main 

memory and a NVIDIA GeForce 8800GT. To stress 

the bandwidth limitations between the graphics card 

and main memory, the graphics card constantly 

deleted the textures after each render, requiring it to 

be reuploaded. A problem arises however in disk 

transfer bandwidth. When the camera rotates around 

the model too quickly, one texture for each of the 218 

cells has to be loaded from disk, bringing 

performance down to about an average of 5FPS. This 

problem can be alleviated by caching [Yoon05]. 

It is hypothesized that this bandwidth problem could 

be greatly lessened if the textures were compressed 

and if they were prefetched (like TetraPuzzles 

[Cignoni04] does). We also note that when rendering 

triangles over IBR, fewer textures are needed hence 

further speeding up performance. 

In terms of image quality, the lack of correction still 

brings some visual artifacts, as can be seen in the left 

wrist area in Figure 10 (with the difference clearly 

shown in Figure 12). This might not pose a problem, 

however: as the distance increases, these artifacts get 

smaller (in number and size), eventually making them 

unnoticeable. Since the technique should be 

complemented by some other method for nearby 

regions, these areas of larger distortion are replaced 

by correct pixels. An example of the triangle 
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Figure 14. Multi-cell IBR (50cells with 320 images each). From left to right, perspective projection with 

60° FOV of: Orthographic projected cells, Perspective projected cells of 40°, 60° and 90° respectively.

representation used at nodes where the center goes 

below a certain distance threshold to the camera (with 

impostors used in other cases) can be seen in Fig. 15. 

 

Figure 15. The impostor solution with and without 

triangles drawn over (right and left, respectively). 

Notice the artifact on the left wrist disappears. 

Figures 16-17 show the David model from another 

angle, but twice as close as the distance in Figures 9-

13. 

 

Figure 16. The David model, from yet another 

angle, but at a relative distance of 0.5 (impostor 

on the left and original model triangle rendering 

on the right). 

 

Figure 17. The difference between the two 

representations in figure 16. 

6. CONCLUSIONS  
In this paper, an experiment on the usage of simple 

multiple cell impostors (billboards) was described, in 

order to determine the feasibility of such a solution 

for real-time rendering of massive data sets. We have 

shown that with more cells the visual error is reduced 

when compared to single cell approaches.  

The solution implemented, as described, possesses 

some potentially great limitations: large use of disk 

space, bandwidth problems when the camera moves 

quickly, at close distances visual artifacts can become 

noticeable. However, being an image-based rendering 

approach, it also possesses one great quality: the 

performance of a cell is independent of the number of 

primitives it contains. 

Some of the limitations can be lessened: disk space 

usage and bandwidth issues can be lessened by the 

use of compression and caching. Other issues, like 

visual artifacts at short distances are not so easy to 

correct, requiring a significant amount of 

computational power (whether in CPU or GPU). 

However, if we limit the use of impostors to large 

distances, the bandwidth and artifact problems are 

greatly reduced: if an impostor is far away, one would 

have to move the camera at a very high speed in order 

to force a large number of texture loads from disk. 

Also, at great distances the visual artifacts are 

minimal or non-existing, since the camera “rays” are 

nearly parallel, like the orthographic projection which 

gave origin to the image used on the billboard. 

We have also concluded that for a multi-cell 

approach, an orthographic projection produces less 

error than a perspective projection, as visible in 

Figure 14. 

7. FUTURE WORK 
In terms of future work, there are quite a few avenues 

of possible improvement. In no particular order: 

• implementation and analysis of the effects of 

compression; 

• implementation of a caching mechanism; 
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• researching and implementing some form of 

correction that is less computationally 

expensive 

• implementing a current form of correction 

while exploiting future new capabilities 

given by APIs, like the range-limited Early-

Z mentioned; 

• integrate a complementary method to the 

solution described in order to see how well 

the technique performs in a more ideal 

situation; 

• research some more compact representation 

of the contents of the cell (like the view-

dependent voxel in Far Voxels [Gobbetti08]. 
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ABSTRACT

This paper presents an approach to image analysis based on three photographic composition rules: Rule-of-Thirds, Zoom Rule
and Integrity Rule. These rules are commonly used by experienced photographers as an important step for creating attractive
photos. The proposed approach assumes there is only one person in the image and considers the use of a face detector to locate
the photograph’s main subject. The composition analysis computes a set of numerical measures from an input image. These
measures are then combined to produce an estimate for the overall composition quality. Experiments involving a subjective
evaluation by human observers have demonstrated promising results, given that some correlation has been observed between
labelling by expert users and the proposed automatic analysis in up to 85% of a test set of images.

Keywords: Photographic Composition Rules, Image Analysis, Image Classification.

1 INTRODUCTION

Photography is one of the most known and accessible
forms of art [Hed03a]. One consequence of the digi-
tal era is the drastic increase of the number of amateur
photographers, due to the ever decreasing costs of dig-
ital equipment, storage, publishing and home printing.
However, this phenomenon naturally leads to a need of
selecting the better photographs within larger sets.

Automatically identifying attractive or appealing
photographs in large image sets is a task that, according
to our literature review, is not extensively researched.
This is explained by the fact that it is not easy to
objectively detect elements that allow distinguishing
between attractive and non-attractive photographs.
Thus, the goal of this work is defined towards the
implementation of rules to assess the quality of a
photograph based on composition.

Although basic photographic techniques and princi-
ples have not changed much over the years, knowledge
of these techniques is not widespread. Photographic
composition rules can be seen as heuristics used by ex-
perienced photographers to emphasize the subject of a
photograph [Gri90a]. The subject is “what” or “who”
the photographer wants to show to the viewer. Previous
work show that, when evaluating the quality or appeal
of a photograph, people usually consider composition
as the most determinant feature [Sav00a]. Theoretical
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support has been provided for some composition rules.
The best known is the Gestalt’s Theory [Kof55a], that
explains how the human brain interprets the visual pat-
terns perceived by the eyes. Those patterns influence
perception and some may be used (in the case of Pho-
tography) to draw the viewer’s attention to the subject.

The goal of this work is to analyze images in order
to assess their overall quality in an objective way, ac-
cording to a set of pre-defined photographic composi-
tion rules. Three important rules are considered: Rule-
of-Thirds, Zoom and Integrity. Assuming that we are
dealing with images of people only, the relevant infor-
mation needed can be derived from the head and eyes
positions, located using existing detectors. Moreover,
within the scope of this work, we only consider images
with a single person as subject. Extensions of the pro-
posed approach to deal with group photographs is left
as future work.

A heterogeneous set of images was crawled from the
World Wide Web to be used in the experiments, so
that the rules could be tested with a large variety of
faces, poses, backgrounds and photographers. Those
images were labeled by volunteers as either attractive
or non-attractive according to their overall feeling about
the photograph. This set has been used in one of the
two experimental evaluations presented in the paper. A
second evaluation involved analyzing image collections
belonging to specific users, experts in photography, and
obtaining their opinion about the automatic classifica-
tion results.

Results show that a global measure based on photo-
graphic composition and obtained using the proposed
approach is aligned with human labeling of attractive
photographs in up to 85% of the images used for exper-
imentation, selected from the user’s own set of images.
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Next we describe some assumptions adopted in this
work. First, when we refer to the quality of a photo-
graph, this is not related to its low-level features such as
compression artifacts, resolution, among others. More-
over, the images used in the experiments have been cho-
sen so that they did not exhibit such low level quality
problems. The scope of this work is centred on the
analysis of the visual aspect of a photograph. The term
attractiveness is related to the way one may find a pho-
tograph more appealing than others. Finally, the quality
of the composition is related to the conformity to photo-
graphic composition rules, not necessarily to the more
abstract concept of an attractive photograph.

This paper is divided in the following sections. Sec-
tion 2 reviews some previous work related to automat-
ing photographic composition analysis. Section 3 de-
scribes the three rules that are part of the approach.
Section 4 discusses some processes for obtaining image
classification thresholds. Section 5 presents the experi-
ments performed to validate the proposed approach and
their corresponding results. Finally, Section 6 brings
final considerations and proposals for future work.

2 RELATED WORK

Banerjee and Evans [Ban04a] have developed a system
for automating some aspects of photography. Working
on a static image, the system implements a transforma-
tion that shifts the subject to a place that agrees with
the Rule-of-Thirds. They also considered embedding
their method into the camera, and defined automatic
methods for background blurring and merger mitiga-
tion [Ban07b].

The Robot Photographer by Byers et al. [Bye03a] is
one interesting example of autonomous photography.
This robot can detect subjects in a large indoor area,
where there are people. The composition rules used
are the Rule-of-Thirds, the empty space (requiring that
faces must occupy at least a third of the image), the no-
middle rule (not allowing a person at the image center)
and the edges rule (subject should not cross the photo-
graph edges). After performing composition, the pho-
tograph is taken and stored by the robot until it is trans-
ferred to a computer. This approach can be applied to
standing people only. According to the authors, the ac-
ceptance rate of the photographs autonomously taken
in an experiment was around 35% for a set of human
viewers.

Zhang et al. [Zha05a] present an approach for auto
cropping, with the main goal of correcting failures de-
tected in an image. The system works with three eval-
uation models: the composition model, the penalty
model and the conservative model. The subject is lo-
cated using face detectors. It proposes and implements
14 models of composition, to which each image is com-
pared. A voting scheme was used to analyze the final

corrected images, which gives the participants 3 op-
tions: good, acceptable and bad. A set of 100 images
is considered in the work. Results show that the rate
of images considered better than the original is 41%.
The work proposed by Zhang et al. differs from our
approach in the sense that they aim to enhance existing
photographs by means of image cropping whereas our
approach is designed to perform image analysis or clas-
sification. Moreover, their image evaluation was per-
formed differently in the sense it gave three options to
human viewers, what might have polarized the votes to
the middle option.

A recent effort by Santella et al. [San06a] also em-
phasizes the idea of image cropping, using the viewer
gaze movement to decide what are the image main
points of interest, with no need to maintain image ra-
tio. This approach is compared with a method that uses
the points obtained using visual attention mechanisms.
According to a voting experiment, the acceptance rate
is 58% greater when compared to the traditional method
of visual attention.

Datta et al. [Dat06a] present a computational ap-
proach to analyze the aesthetics of an image, using 15
metrics, from 56 initially considered. When using SVM
(Support Vector Machines) [Vap99a] to classify an im-
age by those metrics, a rate of 70.12% of agreement
with a subjective evaluation is reached. The approach
of Datta et al. [Dat06a] is similar to the one proposed in
this paper, since, in both cases, metrics are used to eval-
uate an image. However, Datta’s approach applies the
composition rules by analyzing image pixels, whereas
our approach uses higher-level information (face posi-
tion), which is more effective to images containing peo-
ple.

Ke et al. [Ke06a] propose a two-class photo clas-
sification. Photographs are classified as professional
and snapshot based on some semantic features, such as
the spatial distribution of edges, color distribution, hue
count, blur, contrast and brightness. The aim is classi-
fying images according to its quality in low quality or
high quality.

In another work, Song et al. [Son04a] propose a face
appeal model based on the size and position of each
face in the image. The face appeal was represented us-
ing a Gaussian Mixture Model, where each Gaussian
in the mixture corresponds roughly to one type of pho-
tographic style. In the approach proposed by Song et
al., the rules are extracted from a large dataset which
corresponds to the most of photographer’s style.

A negative aspect of the two latter approaches is that
they consider the spatial distribution of the ground truth
data. This might force the images look the same way
and allow common mistakes being considered as a de-
sired behavior. They may also require a meticulous
construction of the data set for dealing with social and
cultural issues.
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3 COMPOSITION RULES
Three rules were used in this work to analyze compo-
sition of a photograph: Rule-of-Thirds, Zoom Rule and
Integrity Rule. The first analyzes how close the center-
of-interest, i.e. the subject of the photograph, is to
any of the “points-of-thirds”. The second analyzes how
close to the subject the camera is. Finally, the last rule
verifies if the subject’s head is preserved in the photo.

Those rules are commonly used by most photogra-
phers, both amateur and professional. There are many
other possible rules, but we have chosen the three which
are considered the most relevant by the specialized pho-
tographic literature [Hur04a, Hed05b]. We believe that
the addition of more rules into our system will progres-
sively have a positive impact on the quality of the re-
sults, since each rule analyzes a photograph according
to different aspects.

The three chosen rules require detection of the sub-
ject position. We used the Rowley-Baluja-Kanade’s
face detector [Row98a, Row98b] to obtain the face co-
ordinates of the subject, from which the approximate
body position can be determined (assuming the subject
is not in any unusual pose).

To obtain a more precise evaluation of the Rule-of-
Thirds, we also used an eye detector, as eyes are the
center-of-interest of most portraits. The eyes coordi-
nates are detected using the approach proposed by Leite
et al. [Lei07a], which achieved an accuracy of 99.63%
using the Caltech image database [Weba]. The em-
ployed eye detection method outperformed other well
known approaches, such as the Machine Perception
Toolbox [Fas05a] and the Rowley-Baluja-Kanade eye
detector [Row98a].

3.1 Rule-Of-Thirds
The Rule-of-Thirds is a well known rule that is used to
verify how close to the “lines-of-thirds” (or their inter-
section, the points-of-thirds) is to subject. The lines of
thirds are two lines that divide the image in three equal
parts, both horizontally and vertically. Thus, the y co-
ordinates of the two horizontal lines of thirds are w

3 and
2×w

3 , whereas the x coordinates of the two vertical lines
of thirds are h

3 and 2×h
3 , where w and h are the image

width and height, respectively.
Photographers apply the Rule-of-Thirds to avoid

centralization of the subject, which may result in a too
static photograph. The term static photograph means
that it does not possess features that stimulate the
viewer to search the image for regions of interest, thus
resulting in an non-attractive image.

In portraits, eyes are the most adopted center-of-
interest for human subjects. It is accepted that the ideal
positioning of the subject center-of-interest is on any of
the points of thirds. Figure 1 shows a portrait where the
eyes are correctly positioned, according with the Rule-
of-Thirds.

Figure 1: Rule-of-Thirds: One eye is on one of the four
points of thirds, while the other is on a line-of-third.

In order to verify the Rule-of-Thirds, eight distances
are calculated, forming the set ℑ, which corresponds to
the Euclidean distances of each subject eye to each of
the four points-of-thirds. The smallest of those eight
distances (s) is then selected as shown in Equation 1.

s = d ∈ ℑ∧@c ∈ ℑ | c < d (1)

The maximum distance (m) from any image point to
the nearest point of thirds is given by Equation 2. This
value corresponds to the distance from any image cor-
ner to its nearest point of thirds. In Equation 2, w is the
width of the image and h is its height.

m =

√
w2 +h2

3
(2)

A normalized distance (called n) is defined in Equa-
tion 3, assuming values within the interval [-1..1].

n = 1− (2× s
m

) (3)

If n = 1 in Equation 3, then a perfect match between
the center-of-interest and one of the points-of-third is
achieved, while n = −1 indicates a poor subject posi-
tioning.

3.2 Zoom Rule
The Zoom Rule analyses the relative face size within an
image, with regards to the total image size. Once face
position and dimensions are known, the face to image
ratio can be computed.

We use Equation 4 to evaluate the parameter f which
expresses the face height (k) to image height (h) ratio:

f =−1+(2× k
h
) (4)

Although the face detector used in this approach re-
turns equal values for face height and width, face height
should be used for other face detectors since heads are
taller than wider. Other approaches are also possible,
like the ratio between face area and image area, as well
as the face to image widths ratio.

The proportions between head height and head width
can be obtained from anthropometric measures. Al-
though not every measure is formally proved (since
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they only represent the proportions of part of the pop-
ulation), they are widely used by industrial designers,
artists (such as painters) and anatomists to estimate the
size of human body parts from known proportions. In
this work, some anthropometric measures have been
adopted, e.g. the ratio between the human head height
and width is approximately 1.5. Once the eyes have
been located, the distance between them allows obtain-
ing the head width and, consequently, the head height.

The Zoom Rule, evaluated using Equation 4 should
produce values within the interval -1 to 1. However, too
much zoom may cause the face coordinates to exceed
image borders, resulting in values greater than 1. In
those cases the value of f is clipped to 1.

It is not easy to define adequate values of zoom. For
many situations, a face close-up photograph is desir-
able and produces a result as good as a full body shot.
Therefore, there is not, roughly speaking, an inadequate
zoom value. In this work, we consider that if the subject
is too far from the camera (consequently small in the
photograph) he or she becomes part of the background.
Excessive zoom may also be harmful to composition as
it restricts the photograph to the subject face expression
only. It also may show face imperfections, which is not
desirable in most cases. Thus, the interval used -1 to 1 is
not proportional to zoom quality, being just a measure.

3.3 Integrity Rule
The Integrity Rule is used to detect if body parts of
the subject have been chopped out of the photographs.
Although this chopping may be tolerated to some de-
gree, it is usually desirable that parts like face, eyes and
sometimes the arms and hands be preserved, otherwise
the composition of the photograph cannot be consid-
ered good.

In the present work, we opted for analyzing the in-
tegrity of the head, which is essential in any photo-
graph containing people. Head width (o) is evaluated by
Equation 5, where e is the distance between the points
that define the center-of-eyes.

o = 1.2× e (5)

Similarly, head height (p) is defined by Equation 6:

p = 1.5×o (6)

The concept of integrity has been expressed as the ra-
tio between the chopped out head area (t) and the total
head area (u). The parameter t is evaluated by Equa-
tion 9, using the results of Equations 7 and 8. Two types
of integrity violation are considered, one that chops out
the top of the head (expressed by q, Equation 7) and
the other that chops out the side of the head (expressed
by r, Equation 8). The coordinates (x1,y1) and (x2,y2),
represent the upper left and lower right vertices of the
head bounding rectangle, respectively. This evaluation

is possible, since most of face detectors return coordi-
nates out of the bounds of the image (i.e. negative val-
ues or coordinates greater than image width or height)
when faces are chopped out.

q =



l×|y1|,
if y1 < 0;

o× (y2−h),
if y2 > h;

0, otherwise.

(7)

r =



n×|x1|,
if x1 < 0;

p× (x2−w),
if x2 > w;

0, otherwise.

(8)

t = q+ r (9)

u, the total area of the head, is defined by Equa-
tion 10.

u = o× p (10)

Finally, Equation 11 shows how integrity is evalu-
ated. The face detector used in this work [Row98a,
Row98b] does not define a maximum allowed occlu-
sion level, however, experiments show that up to 50%
of face occlusion can be tolerated in extreme situations.
That is why we consider only 50% of full head area (u)
in Equation 11, obtaining a value between -1 and 1 for
integrity. It is possible, although not common, that the
face detector correctly detects a face that is more than
50% occluded. Therefore, the maximum allowed in-
tegrity value (i) is clipped to 1, to avoid values outside
the defined range.

i = 1− (2× t
0.5×u

) (11)

Figure 2 illustrates a situation where both the top and
one side of the head have been chopped out. In this
case, integrity violation results from y1 being smaller
than 0 and x2 greater than the width of the image. In the
latter situation (and in other similar cases) the value of
head width o must be added to the value of the chopped
areas intersection t, which is subtracted twice at the
equations defined above. For simplicity, this sum will
be omitted.

4 THRESHOLD DETERMINATION
In our literature review, we could not find an objective
method to evaluate the overall quality of photographs.
This kind of assessment is usually done subjectively.

Since there are several different ways to acquire and
analyze a photograph, the problem scope needs to be
defined. In this work we assume photographs that have
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Figure 2: Integrity violation : top and side of the head
chopped out.

one person only, whose face and eyes have been cor-
rectly detected by algorithms of face and eyes detection.
The person is the photo’s main subject. An incorrect de-
tection happens when the face bounding box is greatly
wider or narrower than the face or if any of the eyes
is incorrectly detected. We did not consider paintings,
drawings or post processed photographs in our exper-
iments. Finally, only photographs with the subject at
an upright position posing to the camera have been al-
lowed in the image sets.

4.1 Building the Image Set
To the best of our knowledge, there is no publicly avail-
able image database labeled considering photographic
composition rules. Therefore, in order to conduct our
experiments an image set had to be acquired and la-
beled.

Firstly, images were downloaded from the World
Wide Web, using a web crawler configured to download
only photographs containing people. Several web sites
of free photograph publishing were used as source of
professional and consumer photographs, such as Flickr
and DPChallenge.com. However, since part of the con-
structed image set is under copyright protection, it was
not possible to provide a permanent link to it.

After downloading more than 2000 photographs, a
face detector was used to filter those with only one face.
Since the face detector sometimes fails (false detection,
rejection or imprecision in location), the filtered im-
ages had to be manually examined and selected. The
goal was to decouple the performance of the whole sys-
tem from that of the face detector. Photographs which
presented false detections or rejections were both dis-
carded. The images that did not meet the scope require-
ments have also been discarded.

The decision to work with single person only has the
benefit of considerably simplifying the problem, given
the composition rules we are using are not well defined
for groups in the photography literature. On the other
hand, this imposes a restriction to the image set. We are
currently developing additional rules for dealing with
images containing more than one person.

In total, 417 images were used in the labeling pro-
cess. Two photography experts participated in the la-
beling processes. A total of 65 out of 417 images were

classified as attractive and the remaining 352 were con-
sidered non-attractive. The resulting image sets were
carefully analyzed by a third expert.

4.2 Obtaining Thresholds
After the labeling process, two methods were used for
obtaining classification thresholds: the first method is
an automatic approach, whereas the second method
needs user human interaction.
First Method This method uses a Neural Network
to learn thresholds so that the test set images could be
correctly classified as good or bad. A MLP Neural
Network with the standard Back-Propagation algorithm
was used to this goal.

A set of 126 images (half labeled as good and half
labeled as bad) was used for the training The number
of neurons in the hidden layer and the number of cy-
cles has been systematically varied. For each set of pa-
rameters, the network has been trained 10 times (with
different weight initializations) - the best network was
then chosen from this set. The average correct classifi-
cation rate for this best network was 95% with standard
deviation of 4.11. This network had 64 hidden neurons,
GL5 1, 10,000 cycles as stop criteria and 0.001 as the
learning step.
Second Method This approach consisted of classi-
fying the photographs using the values obtained from
the composition rules, according to all possible com-
binations of threshold values. All thresholds were var-
ied from -1 to 1 in steps of 0.5. The step of 0.5 was
chosen for minimizing the time needed for each user
to evaluate an image set. In total, there are 250 possi-
ble combinations, when varying thresholds for all three
composition rules and considering that the Zoom Rule
requires two thresholds (lower and upper bounds). All
250 sets of images were analyzed, in order to choose
the best one. The strategy chosen to ease this task was
to analyze groups of ten sets of images at a time, choose
the best group and finally select the best set from that
group.

The resulting sets were analyzed to decide which of
them contained the best images. The set chosen as the
best indicates the thresholds that are most adequate to a
specific user. The threshold values used were too re-
strictive in most cases, resulting in 191 sets with all
images labeled as non-attractive, 12 groups where all
images were classified as attractive, other 4 sets are ex-
tremly unbalanced. The first 207 sets are discarded re-
sulting in 43 sets. Further analysis indicated the best
image set and, consequently, the best set of thresholds.
Some specific results are discussed in Section 5.2. In
this setup, one set of thresholds was eventually deter-
mined as the best, but a possible approach is to select a

1 Criterion to stop training when the objective function for a given set
of weights produces error greater than 5% comparing to the best set
of weights obtained so far.
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small amount of acceptable sets from which the thresh-
olds can be extracted. Table 1 shows the thresholds ob-
tained for this method and the previous one. An image
is labeled as good when obtained values for each rule
are greater or equal the indicated threshold.

Method Thirds Zoom Integrity
1 - Neural Network 0.70 -0.73 0.50

2 - Human Evaluation 0.00 -0.50 0.00

Table 1: Thresholds obtained.

4.3 Threshold analysis
The defined thresholds were analyzed by a group of
volunteers to verify if the image set classified with
those thresholds are representative. The first exper-
iment presented 126 photographs to the participants
without identifying which ones were classified as good
composition aspect according to the defined threshold.
Sixty people contributed to this experiment. The par-
ticipants agreed with 60% of the image set labels. The
labels were obtained by combining both methods using
a logical AND.

This experiment considered an image set for which
the contributors were not necessarily familiarized with.
This fact might interfere with the capability of per-
forming good judgment of some viewers. For instance,
one may find a particular face, place or circumstance
non-attractive and unconsciously vote the composition
based on this feeling.

5 EXPERIMENTS AND RESULTS
The experiments described in this section were per-
formed to analyze composition considering an image
set known by the human participant. The goal is to val-
idate both thresholds obtained in the previous section
and evaluate the overall performance of the proposed
approach.

5.1 Evaluating on Specific Image Sets
In order to evaluate the composition analysis in a
different way and minimize the problem described
in Section 4.3, some restrictions were imposed: (i)
each contributor analyzed their own photographs, (ii)
photographs are of a single event, (iii) photographs
must contain exactly one person, and (iv) the face
detector performed correctly.

By using only participants own photographs, it is
possible to minimize the influence of subjective fac-
tors such as photogeny of unknown people, although
a professional photographer is capable of well distin-
guishing among those (and many other) concepts. An-
other consequence of using experts photographs is the
reduced number of non-attractive photographs. That al-
lows our system to analyze, in a group of good pho-
tographs, which are the best ones.

By using photographs of a single event - a vacation,
one weekend, or any well-defined period of time - pho-
tographs will look similar, thus minimizing the difficul-
ties to analyze photographs from very different scenar-
ios.

By using photographs containing only one person,
a more acurate analysis is possible, once composition
rules are not well-defined for group photography. In or-
der to avoid an inaccurate analysis, images whose faces
were not correctly detected by face detector detector did
not performed correctly were also discarded.

Finally, by using only photographs without false face
detections, the performance of the proposed analysis al-
gorithm is decoupled from the face detection problem.

Although all those restrictions dramatically reduce
the number of photographs to be analyzed, it better
reflects the actual process of selecting photographs,
where a photographer obtains dozens of photographs
and only a few are analyzed and considered to be de-
veloped.

This experiment considered 55 images. Four ob-
servers, who declared themselves as specialists in pho-
tography, contributed with this experiment. The re-
duced number of participants is due to lack of experts
in photography available for the experiment (since it is
a time demanding experiment and those professionals
are usually unable to stop their work for much time).

Photographs are then analyzed and automatically
classified by our algorithm. After this analysis is
performed, photographs are presented in a web form.
A color scheme has been used to help users identify the
automatic classification. In this scheme, images whose
composition aspect was considered as good or bad are
bounded by a green or a red rectangle respectively.
It was not informed to the participants what was the
automatic selection criteria. Images are also sorted
with respect to the global measure. This scheme is
illustrated in Figure 3.

Figure 3: Voting scheme : Images that user would de-
velop should be in green (represented by dark grey)
while photos which user has no intention of develop-
ing must be in red (represented in light grey).

Each contributor is then invited to change the status
of the photograph in the presented form until it cor-
rectly reflects their opinion about the following ques-
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tion: “Which photographs should be developed and
which should not”. In our point of view, an image la-
beled as “to be developed” was considered attractive
once it was selected among others, while the remain-
ing are considered “less attractive” but not necessarily
“non-attractive” nor “bad” images.

When a observer clicks in a photograph, the bound-
ing rectangle switches the color between green and
red, representing user’s opinion about images attrac-
tiviness. There is no time requirement for the partic-
ipant conclude their selection. At the end of the se-
lection process, for each disagreement between auto-
matic and manual classification (either good being clas-
sified as bad or bad being classificed as good), it was
also asked to the participant the reason for their deci-
sion. The possible options were “Facial Expression”,
“Brightness, Color of image”, “Photographic Compo-
sition” and “Beauty of the person”.

The result analysis has been done in two steps. The
first step considered the images labeled as attractive.
We verified that the users agree with the decision of
the algorithm in 85% of the images. This is a promis-
ing result. Moreover, 75% of the 15% disagreement
set were rejected by other factors not related to com-
position. The second step analyzed the images labeled
as non-attractive. The participants agreed with 75% of
these images.

5.2 Results Discussion

Despite some misclassified images, the obtained results
look very promising. In the following paragraphs we
analyze some photographs processed by our approach
to substantiate this conclusion. Four images are shown
in Figure 4. They were all classified as a good, accord-
ing to the composition rules. In addition, they were
classified as attractive by their owners. In another ex-
ample, shown in Figure 5, images were considered bad
according to their composition values. However, they
were considered attractive by their owners, resulting in
a disagreement.

Table 2 shows the values obtained for each of the ex-
ample images (in Figure 4) for all photographic com-
position rules. For those images, there was agree-
ment between manual and automatic classifications.
Table 3 shows the values of the photographic composi-
tion rules obtained for images (in Figure 5) which pre-
sented divergence between manual and automatic clas-
sifications. In our experiment, the image was consid-
ered good by the algorithm when values are lower than
the thresholds of any of the methods.

It is possible to verify in Table 2, that in all images
Rule-of-Thirds and Integrity Rule were obeyed in both
methods as can be seen in Table 1. Although there was
a great variation in zoom values, they are still above the
thresholds shown in Table 1.

a b

c d

Figure 4: In these images all three composition rules
were obeyed and they were classified as good according
to the photographic composition aspect. They were also
considered attractive by owners.

a b c d

Figure 5: In these images, the analysis produced poor
scores for the Rule-of-Thirds but good scores to other
two rules, nevertheless, the photo was classified as bad
according to the overall photographic composition as-
pect.

Image Thirds Zoom Integrity
Figure 4a 0.86 -0.44 1.00
Figure 4b 0.90 0.00 1.00
Figure 4c 0.89 -0.42 1.00
Figure 4d 0.82 0.22 1.00

Table 2: The output values for each rule for images cor-
rectly classified. Images were considered good by both
participants and automatic classification.

In the Table 3, the composition values were insufi-
cient to result in an automatic labeling as good accord-
ing to composition. However, the participants consid-
ered all images as attractive images. When asked them
about their reasons, they reported factors different from
composition. We consider this an expected result once
an important composition rule is to allow “breaking the
rules” in some occasions. If performed consciently,
breaking the rules might improve the attractiviness of
a photograph.

Although it was not possible to make the image set
publicly available due to copyright reasons, we believe
the experiments can be reproduced using other image
sets and human subjects to label the images. Assum-
ing these subjects have some knowledge in photogra-
phy, the labeling process can be straightforward.
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Image Thirds Zoom Integrity
Figure 5a -0.32 -0.32 1.00
Figure 5b -0.19 -0.81 1.00
Figure 5c -0.40 -0.55 1.00
Figure 5d 0.18 0.00 1.00

Table 3: The output values for each rule for images
which there was divergence between automatic and
manual labelings. Images were considered good by par-
ticipantes whereas they were considered bad by auto-
matic classification.

This work shows that there is a correlation between
the proposed composition analysis and the observer’s
opinion with regards to the attractiveness of a photo-
graph. That corroborates with the work developed by
Savakis et al. [Sav00a] in which composition was con-
sidered by participants of a ground truth study the most
important feature to be analyzed in a photograph. Our
analysis shows that in a set containing mostly good pho-
tographs, the considered best was the one which the
composition rules were correctly applied. It does not
mean that a photograph with good composition aspect
is attractive in a broad sense nor that images with bad
composition aspect are unattractive, but if one has two
photographs both attractive, the more attractive usually
has a good composition aspect.

6 FINAL CONSIDERATIONS AND FU-
TURE WORK

After executing the described algorithms in 417 images,
it is possible to state that composition rules play an
important role in image quality. Compliance to those
rules, based on the image database used, resulted in a
significant number of photographs being correctly clas-
sified as attractive. It is also possible to say that not
obeying to some or all rules does not necessarily result
in non-attractive photographs. Moreover, in a final ex-
periment, it was possible to verify that in up to 85% of
the photographs the choice of the algorithm is aligned
with the human preference. We believe this rate may
be increased if other image analysis measures are in-
cluded.

The next steps are to refine and extend the composi-
tion rules presented in this paper, e.g. define rules for
more than one person, and add new rules to improve the
quality of the analysis. It is also desirable to expand the
image set and its labels. Other low-level image feature
analysis, i.e. brightness, edges, etc., are also under in-
vestigation for producing a more precise classification.
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ABSTRACT

In order to produce convincing geographic information, it is not only necessary to provide real-world videos according to
the user’s geographic locations but also non-spatial data in the videos. We present a novel approach for efficient linking
heterogeneous data of the same objective nature, such as 2D maps, 3D virtual environments and videos with GPS data. Our
approach is motivated by the observation that we can get the non-spatial data in a video by transforming the video search
space into the 3D virtual world search space which contain the non-spatial attributes according to the remotely sensed GPS
data. Our proposed system consists of two primary components: a client layer that implements the augmentation algorithm
for geo-spatial video in exploiting server resources, and a server layer designed to provide the non-spatial attributes according
to the client’s requests. To implement attribute query in a video, we present an easily implementable data model that serves
well as a foundation for point query in 2D. In order to apply this to telematics applications such as car navigation systems, we
propose a live-video processing method using augmented reality technology according to the user’s locations along navigation
path. Experimental results demonstrate that our approach is effective in retrieving geospatial video clips and nonspatial data.

Keywords: Augmented Reality, Geographic Information Systems, 3D GIS, Geographic Hypermedia.

1 INTRODUCTION
Distributed GIS systems have been inter-operated with
each other under ubiquitous computing environments,
so-called, Ubiquitous GIS. This is one of the conse-
quences of the evolution of computing environments
over the past 30 years. However, there is no doubt
that new developments in the fields of multimedia, hy-
pertext/hypermedia, three-dimensional representations,
and virtual reality technology will have a great impact
on the type of research issues. An interesting appli-
cation for geospatial video may be an image sequence
analysis that follows a spatially related object and de-
rives a trajectory of its movement. Surprisingly, few
convincing systems have been implemented yet.

The challenging problems can be summarized in four
points: georeferencing of remotely sensed data, creat-
ing geo-spatial contents, linking among geo-spatial hy-
permedia and providing direct physical navigation.
The main objectives of our research are:

∙ Design and develop an efficient linking method for
heterogeneous data of the same object property to
provide various geographic information to the users.

Permission to make digital or hard copies of all or part of this
work for personal or classroom use is granted without fee provided
that copies are not made or distributed for profit or commercial
advantage and that copies bear this notice and the full citation on the
first page. To copy otherwise, or republish, to post on servers or to
redistribute to lists, requires prior specific permission and/or a fee.

Copyright UNION Agency – Science Press,
Plzen, Czech Republic.

∙ Study a novel method for live-video image registra-
tion with navigation information in augmented envi-
ronments.

In this paper, we propose a novel approach to connect
geospatial video material with the geographic informa-
tion of real-world geo-objects. Our research problem
is reduced to finding non-spatial attributes to augment
these with the videos. The main idea is to transform
the video search space into a three dimensional virtual
world search space according to the remotely sensed
GPS data for non-spatial data querying in a video.
Specifically, we utilize two types of system components
during navigation: geospatial video client and server
components. Based on these system configurations, our
approach can provide good geographic information ac-
curacy of the augmented videos using the GPS data by
a simple and inexpensive device. Overall, our approach
offers the following benefits:

∙ Generality: Our algorithm is general and applicable
to wide range of geospatial clients such as desktop,
laptop, mobile devices and so on.

∙ Applicability: Our geospatial server does not re-
quire any modification of attribute query algorithms
or the runtime applications even if the types of
clients are changed.

2 RELATED WORK
In this section, we give a brief survey of related works
on geo-spatial hypermedia and geographic information
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services through a video.

Independent video clips-based methods: His-
torically, the Aspen Movie Map Project, developed at
MIT in 1978, is the first project combining video and
geographical information [LA80]. Using four cameras
on a truck, the streets of Aspen were filmed (in both
directions), taking an image every three meters. The
system used two screens, a vertical one for the video
and a horizontal one that showed the street map of
Aspen. The user could point to a spot on the map and
jump directly to it instead of finding the way through
the city.

Many research projects have used video clips in
a similar way. The most typical case is multimedia
atlases where the user can find video clips of locations
for providing a deeper definition of any geographical
concept. Other applications with a geographical
background have used video clips: a collaborative
hypermedia tool for urban planning. Most systems
simply link 2D vector maps with video clips.

Video clips with geographic information: Peng
et al. proposed a method for video clip retrieval and
ranking based on maximal matching and optimal
matching in graph theory [PND03]. Toyama et al.
proposed an end-to-end system that capitalizes on
geographic location tags for digital photographs
[TLRA03]. Navarrete proposed a method, which per-
forms the image segmentation for a certain video frame
through image processing procedures for combining
video and geographic information [TJ01].

The main problem of this method when dealing with
big sources of video is how to segment it, i.e. how to
choose the fragments of video that will be the base of
later indexing and search. On option is a handmade seg-
mentation of video, but this is too expensive for huge
archives. Moreover, manual indexing has other prob-
lems as Smeaton [SA00] points out :

∙ No consistency of interpretation by a single person
over time

∙ No consistency of interpretation among a population
of interpreters

∙ No universally agreed format of the representation,
whether keyword, captions or some knowledge-
based information.

Due to these reasons, automatic segmentation of video
has been an intensive research field in recent years.

Augmented geo-spatial videos: Augmented real-
ity techniques with geo-referenced information have
been proposed in order to build context aware and
mixed reality applications [RC03, RDD02]. Grønbæk
et al. combined spatial hypermedia with techniques

from GIS and location based services [GVO02]. Kim
et al. introduced a novel method for integration and in-
teraction of video and spatial information [KKLPL03].
In our work, we build on their idea to implement
the direct physical navigation using the geo-spatial
hypermedia. Hansen et al. introduced a method to
create a highly distributed multi-user annotation system
for geo-spatial hypermedia [HC05]. They introduced
a number of central concepts to understand the re-
lation between hypermedia and spatial information
management. However, their geo-spatial hypermedia
is limited to the application domain of architecture
and landscape architecture. In this paper, we propose
a novel geo-spatial hypermedia which is suitable for
real-time GPS-based navigation system.

Contributions: This paper’s contribution is on
two levels. First, the paper describes a general frame-
work for non-spatial data querying on geo-objects
(e.g., buildings) in a video. The framework includes
a data model and definitions of abstract functionality
needed for non-spatial data querying. Second, the
paper proposes a framework for linking among ge-
ographic hypermedia such as 2D maps, 3D virtual
environments and videos. The framework is intuitive
enough to provide bi-directional links between various
hypermedia in a multimedia GIS.

3 DATA REPRESENTATION FOR GE-
OGRAPHIC HYPERMEDIA

We define the data representations for geographic hy-
permedia such as the 2D map, the 3D virtual world, the
geo-spatial video and road networks.

3.1 2D Map Representation
A 2D representation enables to us to place georefer-
enced objects in the geo-feature infrastructure. The 2D
representation of a geo-feature in the 2D map is given
by a two-tuple M2D = (G,P ), where G is a set of ge-
ometries and P is a set of nonspatial data (properties)
for the geo-features.
The data instances of the set of nonspatial attributes are
stored in database relations. Each tuple in the relation
corresponds to one object. More specifically, G denotes
G = {(ℙi, ...,ℙk) ∣ℙi ∈ R2, k ≥ 3}. P is the set
of nonspatial data, (attribute,value). The G is encoded
as well-known binary (WKB) representation which pro-
vides a portable representation of a geometry value as a
contiguous stream of bytes [OGC99].

3.2 Virtual World Representation
The 3D representation of a geo-feature is given by a
four-tuple M3D = (G,P, b, ℎ), where b is a value of
height on the ground and ℎ is a value of a geo-feature’s
height (e.g., height of a building). The G and P are the
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same as the 2D representation. We can create the 3D
model for 2D map by extruding a 2D profile geometry
with b and m [KKLPL03].

3.3 Geospatial Video Representation
The geospatial video is a spatial data that has a remotely
sensed data as well as a video data. The geospatial
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Figure 1: Geospatial video.

video representation is given by a two-tuple MV =
(V, CP), where V is a set of image sequences in a video
stream and CP is a set of camera parameters of the re-
motely sensed data. If Ii denotes a i-th image frame
in a video V , then Vk which has i image sequences is
defined as:

Vk = {I1, I2, ..., Ii}
The CPi denotes the i-th camera parameters which
contains internal parameters such as focal length
f(fx, fy), center c(cx, cy), aspect ratio a and external
parameters such as position p(cx, cy, cz) and orienta-
tion r(rx, ry, rz).
We use an integrated GPS approach using the GPS-Van,
the so-called 4S-Van to get improved results for the
georeferencing [SBE01]. The hardware architecture of
the 4S-Van consists of a data store part and a sensor
part. The sensor part has a global positioning system
(GPS), an inertial measurement unit (IMU), a color
CCD camera, a B/W CCD camera, and an infrared rays
camera. The 4S-Van acquires the CP every second.
The V and CPi are obtained from the 4S-Van.

3.4 Road Network Representation
Generally, the road network database has a node table
and link table. We use DB to denote the road network
database. The relation schema of node and link to de-
scribe the association can be represented as the follow-
ing.

DB = { NODE, LINK }
Node(ID, LINKNUM, ADJNODE, GEOMETRY),

ADJNODE = (ID, PASSINFO, ANGLE),
0 ≤ ∣ADJNODE∣ ≤ 8, GEOMETRY = {P ∣Pi ∈ R2 }.

Link(ID, SN, TN, DIST, ROADCLASS, LANECNT, GEOM-
ETRY),

GEOMETRY = {(Pi, ..., Pk) ∣Pi ∈ R2 , k ≥ 2 }.

The ID would serve to identify nodes and links
uniquely. The LINKNUM denotes the number of

adjacent links ADJNODE. The LINK table has start
node (SN), destination node (DN), distance (DIST),
class of road (ROADCLASS), the number of traffic-
lanes (LANECNT) and geometry (GEOMETRY). The
ADJNODE includes pass information at the intersection
(PASSINFO), adjacent angle (ANGLE).
Given a real-world road network r, the graph road
network is a two tuple Gr = (V,E) where V denotes
a set of vertices and E denotes a set of edges. For a
directed graph Gr, the segmented-based line digraph
Gs = ℒ(G) has vertex set V (Gs) = E(Gr) and edge
set

E(Gs) = {ab : a, b ∈ V (Gs), HEAD(a) = TAIL(b)}
In order to provide the link between M2D,M3D and
MV , it is necessary to create the Gs for the video in-
dexing. The graph road network Gr is decomposed into
line segments, which are then indexed.

Without spatial index structures, finding the video for
arbitrary moving points on the road network is compu-
tationally expensive. Thus, we use the R-tree which
approximates data objects by axis-aligned minimum
bounding rectangles (MBRs). However, approximat-
ing segments using axis-aligned MBRs proves to be in-
efficient due to the large amounts of dead space. So,
for all leaf nodes of the R-tree, we construct a buffer
zone of a line segment instead of a axis-aligned MBR
to process the proximity query efficiently. Buffering in-
volves the creation of a zone of a specified width around
a point, line or polygonal area. In our research case,
line segment buffering is required and the process for
buffering a single segment is as follows. Two end-
points ps(x1, y1) and pe(x2, y2) belong to R2 of par-
allel buffer lines which lie on either side of the line seg-
ment at perpendicular distance d are determined using
the following formulae:

xi ± d ⋅ sin(tan−1(
Δx

Δy
))

yi ± d ⋅ cos(tan−1(
Δx

Δy
)),

where Δx and Δy denote the difference between the
two endpoints, ps and pe.
Here, we define a logical video segment Vs in the Gs

as a three tuple (ps, pe,Vi). The first two elements be-
long to R2 and are the start and end points of the video
segment. The last value is an index value (Vi) as a
three tuple (fs, fe,V) of a video. The first two elements
are starting frame number and ending frame number in
a video. The last element is a video file location for
browsing. There are more than one logical video seg-
ments in a video. However, the V is physically continu-
ous. The details of the point query algorithm for video
browsing is shown in Algorithm 1.

There are many geoobjects Oi in a geospatial video
V . However, V has no any geometries, G and attributes,
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Figure 2: The segment-based line digraph.

Require: The R-tree ℛm, the dual graph Gs

1: procedure FindVideoSegment
2: input : A query position q
3: output : A logical video segment Vs

4:
5: MBRi = findParentOfLeaf(ℛm, q)
6: for ∀bk ∈ MBRi do
7: if isPointIn(bk, q) then
8: Vs = getDualGraphNode(Gs, bk)
9: return Vs

Algorithm 1: Point query for video browsing.

P of Oi. Thus, it is necessary to propose a new algo-
rithm for the backward linking of the geospatial video.
The proposed algorithm will be presented in the next
section.

4 LINKING GEO-SPATIAL HYPER-
MEDIA

We apply navigation concepts such as direct physi-
cal navigation and indirect representational navigation
[GVO02]. Physical walking or driving is a example
of direct physical navigation which includes interac-
tive GPS based travel guides, location based tourist in-
formation, augmented reality based navigation. Indi-
rect representational navigation is pointing and search-
ing information on locations physically remote from the
user’s location. We propose a novel geo-spatial hyper-
media based on these two navigation strategies.

4.1 Geo-Spatial Hypermedia for Indirect
Representational Navigation

Two logical links are maintained between the spatial
and nonspatial data instances of an object: forward
and backward links. The linked instances and the links
form what is termed a spatial relation. Forward links
are used to retrieve the spatial information of an object
given the object’s nonspatial information. Backward
links are used to retrieve the nonspatial information of

an object given the object’s spatial information. In or-
der to improve the performance of search operations
for these logical links in databases, it requires special
support at the physical level. This is true for conven-
tional databases as well as spatial databases, where typ-
ical search operations include the point query and the
region query. Suitable index structures for the object
ID (OID) are hash tables or B+-trees. The hash table
is particularly suitable for keys consisting of OID at-
tributes since only exact match queries have to be sup-
ported. On the other hand, B+-trees are advantageous
for attributes that allow range queries–for example, int
and float values.

The M2D and M3D have the spatial relation for the
forward and backward links. However, MV has only a
video V and a remotely sensed data CP without the G
and P . One possible approach to provide the attribute
of geoobjects in the video is based on MPEG-4 stan-
dard encoding, which encodes spatial objects in every
video frame according to MPEG-4 scene representation
(BIFS) format [CL02]. This approach is a simple and
intuitive method. However, this approach requires a lot
of manual MPEG-4 authoring for every frame in the
video. If the user wants to browse the video at the po-
sition q in the M2D, the system finds the nearest neigh-
bor segment(s) Vs

n in the Gs. Given a set of line seg-
ments L in the Gr, construct the modified R-tree ℛm

in O(nlogn) time. Now, for a query point q, finding a
nearest neighbor segment(s) q is reduced to the prob-
lem of finding in which buffer region(s) bk it falls, for
the sites of those buffer regions are precisely its near-
est neighbors. The problem of locating a point inside a
partition is called point location. We can perform the
point location in O(logn) time to find the Vs.

In order to find the attributes of geofeatures at user-
selected window position in the video frame, we intro-
duce a new approach, the so-called search space trans-
formation algorithm. The main idea is to transform the
search space in the MV into the that of the M3D ac-
cording to the CP for non-spatial data querying in a V .
The problem to find the attributes of geoobjects (Oi) at
image plane coordinate p(x, y) in the video frame (fn)
is mapped into the problem of finding the attributes of
ray-intersected objects (V Oi) at graphics plane coordi-
nate p(x, y) in the virtual world according to that video
frame. The concept of search space transformation is
shown in Fig.3. We proceed to design a software sys-
tem that implements the search space transformation. A
client-server architecture is natural for the problem con-
sidered: users work with the client software installed on
their devices; and the server assists the clients through
the http protocol in providing users with the geoobject
query results.

The tasks of client and server are shown in Fig.4.
First, the client passes the current video frame num-
ber fn in the selected video and image plane coordinate
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1: procedure FindObjectAttribute
2: input : Vi, fn, w, ℎ, p
3: output : propk
4:
5: resizeVRView(w,ℎ)
6: CPj = getCameraParam(Vi, fn)
7: locateVRCamera(CPj)
8: OID = computeRayIntersection(px, py)
9: propk = getAttribute(OID)

Algorithm 2: Attribute query in a video.

p(px, py) to the server. The server gets the CP , po-
sition P (cx, cy, cz) and orientation O(rx, ry, rz) from
the database according to the video (V) and fn. The
server locates the camera to P with O in the 3D vir-
tual space and then calculates the ray-intersection at
p(px, py) to get the identification (ID) of the geoob-
jects. Finally, the server passes the attributes of selected
geoobjects in the 3D virtual world to the client accord-
ing to the selected ID.

Ray Intersection

p(px, py)

Vi, fn, w, h, p

3D DB
Geospatial

Video DBVideo DB

CPj (f, c, a, p, r)Propk

Geospatial Video Server Geospatial Video Client

Propk

Vi

OOIDID

4S Van

HTTP

Figure 4: The client/server tasks

The details of our search space algorithm for back-
ward linking is shown in Algorithm 2. The first four
input parameters of the procedure are the video Vi, cur-
rent video frame number fn, width/height of the Vi, w,
ℎ and image plane p(px, py). The return parameter of
the procedure is the attribute propk of the geo-object
ID OID . The geo-object attribute search in the video

is the key function of the software system previously
presented.

The links between the mentioned search space trans-
formation tasks and the sub-procedures are as follows.
First, the call of the resizeVRView procedure in line 5
corresponds to the task of M3D view resizing. Second,
the getCameraParam procedure returns the CPj from
the database and the server locates the virtual camera to
CPj by using the locateVRCamera procedure in line 6
and 7. Then, the computeRayIntersection procedure in
line 8 finds OID of the intersected geo-object in M3D.
Finally, the getAttribute procedure returns the attribute
propk for the OID. The implemented computeRayIn-
tersection procedure in line 9 which computes ray-box
intersection requires Θ(log n) time, where n denotes
the total number of the geo-objects.

4.2 Route Determination using Linear
Dual Graph

The route determination procedure (simply, routing)
has an important role in the navigation system. In our
work, the aim of the routing is to minimize the search
space for video browsing without exhaustively consid-
ering all links on the road network. In this section, we
introduce the route determination algorithms under the
turn-restrictions.

In most of traffic networks in South Korea, the route
planning for car navigation or public transport should
consider no-left-turn, P-turn, U-Turn and other turn
problems to find a minimal travel time cost. In partic-
ular, in urban environment, turning left is often forbid-
den in order to minimize congestion and, when allowed,
traffic lights and counter flows cause an extra travel cost
itinerary between two nodes.

The common approaches to handle these problems
are node expansion and linear dual graph methods
[SW01B]. The node expansion approach builds up the
expanded network, Ge, which is obtained by highlight-
ing each movement at an intersections by means of
dummy nodes and edges, where the costs of the dummy
edges are penalties. The major disadvantage of this ap-
proach is that the resulting network Ge is significantly
larger than the original graph G.
In determining the performance of the approaches, it
is useful to summarize their storage requirements. The
node expansion method requires ±max∣NG∣ nodes for
the primal graph G since any node n expands into ±(n)
nodes (where, ±max denotes maximum degree of node).
This method also requires the number of edges in G,
∣EG∣, plus the number of paths of length 2, ±max

2 ∣EG∣
[SW01]. The boundary node is a node which has a
single-source and single-target in G. The linear dual
graph (D) method requires the number of nodes which
∣EG∣ adds to the number of boundary nodes in G, ∣N ′

G∣.
The storage requirement for the edges in D is the num-
ber of edges which ±max

2 ∣EG∣ plus ∣N ′
G∣ (see Table 1).
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Method ∣N ∣ ∣E∣
Ge ±max∣NG∣ (1 + ±max

2
)∣EG∣

D ∣EG∣+ ∣N ′
G∣ ±max

2
∣EG∣+ 2∣N ′

G∣

Table 1: Estimation of upper limits for node expansion
and linear dual graph. (N ′

G denotes boundary nodes of
a primal graph G and ±max denotes maximum degree
of node)

Based on these facts, we adopted the linear dual graph
technique as a conceptual model for our route specifi-
cation on Gs.

4.3 Geo-Spatial Hypermedia for Direct
Physical Navigation

Augmented reality (AR) provides an especially rich
medium for experimenting with location-aware and
location-based applications, in which virtual objects are
designed to take the environment into account [SS03].
In order to have efficient telematics systems all the
information must be geo-referenced and the underlying
support system must handle some of the functionalities
usually supported by Geographic Information Systems
(GIS), namely the mapping between the virtual and the
real world. Thus, we should handle real-time videos
according to user’s locations along the navigation path.
The run-time approach exploits live-time video streams
rather than preprocessed video streams of the 4S-Van.
It is useful to provide live-video with navigation
information such as, building’s name, current speed
and turn information for users. To augment live-video
with these information, we perform a projection of the
3D world onto a 2D image plane for correct registration
of the virtual and live-video images. Fig. 5 shows
the overall proposed system architecture for real-time
approach.

Mobile Requestor

Video Combiner

Annotation Overlay

Attribute Extractor

Display

Camera GPS

Real World

Virtual World

Augmented Image

User with EMD

Server

Client

Network

Figure 5: Overall proposed system schematic

The major procedure for our run-time approach is as
follows.

1. Extracting 3D information according to the GPS
data. The client passes the GPS data, position
P (cx, cy, cz) and orientation O(rx, ry, rz), to the
server. Then the server locates the virtual camera
in 3D space according to the GPS data. The server

find all attributes of the buildings from 3D database
in given view frustum. We also extract the four
points which compose a rectangular face of the
3D building model. This information will be used
for registration of the annotated information with
live-video images at the following step.

2. Overlaying the building’s name and the guide infor-
mation to the video. Every building in the virtual
world from 3D database is represented as a hexa-
hedron. Each face of the building is a rectangular
face. So, this face has coplanar and convex prop-
erties. And, this face keeps these properties even if
it is transformed by a affine transformation such as,
translation, rotation, scaling and shear). Therefore,
we can augmented building’s annotation with live
image by using these four points of rectangular face.
More specifically, we use two overlay methods; or-
thogonal method and projective method to overlay
an annotation of a building. We use inverse mapping
by bi-linear interpolation which is the most popu-
lar practical strategy for texture mapping in order to
perform the projective transformation [WP01]. For
inverse mapping it is convenient to consider a single
(compound) transformation from two-dimensional
screen space (x, y) to two-dimensional texture space
(u,v). This is just an image warping operation and
we can write this in homogeneous coordinates as:

⎡
⎣
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⎤
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⎡
⎣
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where (x, y) = (x′/w, y′/w) and (u, v) =
(u′/q, v′/q). This is known as a rational linear
transformation. The inverse transform–the one of
interest to us in practice is given by:
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Moreover, the transmission data size for annota-
tion overlaying is constant since we need these four
points for each building in order to overlay the an-
notation.

3. Displaying the overlaid video on the screen. We use
the eye-mounted display (EMD) as a display device
based on video-see through approach. The screen
resolution of the EMD is 640×480 pixels.

The mobile requestor sends GPS data to the server to
obtain the building’s name in a live-video, the same as
geospatial video client in Fig.4. The video combiner
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(a) Orthogonal overlay (b) Projective overlay

Figure 6: Annotation overays for geo-objects

plays an important role for augmenting a live-video
with information from virtual world. Fig.6 (a) is a re-
sult of annotation overlay using parallel projection and
Fig.6 (b) is a result using perspective projection.

5 EXPERIMENTAL RESULTS
The proposed algorithm is implemented in C++ and
OpenGL. We tested the implemented system on several
datasets which were obtained from Jung-Gu, Seoul, Ko-
rea by using the 4S-Van. We have evaluated our system
on a PC running Windows XP operating system with
Intel Xeon 3.0GHz Quad-core dual CPUs, 4 GB mem-
ory and an NVIDIA QuadroFX 5600 GPU. The client
is implemented in C++ and ATL/COM as a component
software.

EMD GPS Camera

Figure 7: Hardware components of client system.

The mobile client system consists of global positioning
system (GPS), camera, eye-mounted display (EMD) as
video see-through device, and reconfigurable computer
(Laptop computer) as shown in Fig. 7. The details of
the current hardware setup are the following:

∙ Garmin’s eTrex GPS : used to capture the GPS data
every second, such as current position, altitude, cur-
rent speed, average speed and moving distance. The
average position accuracy of GPS receiver is ±6m
and the altitude accuracy is ±30m.

∙ Creative Labs Video Blaster’s WebCam : used to
capture the image according to the real road net-
work.

∙ Eye Mounted Display (EMD): used to show the
composed image to user and its screen resolution is
640×480 pixels.

In our experiments for the preprocessing approach, we
perform a picking operation with at least 70 random
points in the geospatial video client to measure the over-
all accuracy of geo-object query. By using the proposed
method, we are able to achieve average 85.8 % accuracy
for the benchmark scene which contains seven build-
ings. We report the accuracy of geo-objects query for
our benchmark data in Fig. 8.
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Figure 8: Accuracy of geo-objects query: The test
scene contains seven buildings.

In order to evaluate the routing performance, we have
tested the performance of route determination algo-
rithm with our route queries in 38 different benchmarks.
Fig. 9 shows the performance testing result accord-
ing to the route length (path length). Performance is
measured by executing workloads, each of them con-
sisting of 38 sample queries. Generally, the number of
path computations depends on a route length. If there
are many intersections between source and destination,
the number of path computations will increase signifi-
cantly. However, the response time receives little effect
from the Euclidean distance between source and des-
tination. Therefore, the response time depends on the
number of path computation.
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Figure 9: Performance of route determination accord-
ing to the route length.

Limitations. Our approach works well for our cur-
rent set of benchmarks. However, it has a few limita-
tions. Our search space transformation algorithm has
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the assumptions for rectangular buildings; especially
extruded models from 2D maps. Therefore, there is no
guarantee that our algorithm can handle general polyg-
onal buildings. Moreover, our current direct physical
navigation approach requires more user experience test-
ing and cognitive experiments in terms of human com-
puter interaction.

6 CONCLUSION
Geographic hypermedia offers a new opportunity to
navigate with heterogeneous geographic contents by
using remotely sensed data. We have identified four
research themes for geographic hypermedia navigation,
provided some background on significant achievements
in those areas, as well as highlighted some of the re-
maining challenges.

We have proposed a new approach to linking among
geospatial hypermedia by using the remotely sensed
data obtained from the 4S-Van. The main idea of the
search space transformation is to transform the search
space of the video into that of the 3D virtual world
according to the remotely sensed parameters for non-
spatial data querying in a video. In conjunction with
the proposed method for direct physical navigation sys-
tems, we can provide convincing geospatial hyperme-
dia. We believe that this work is a first but important
step towards an important research area in ubiquitous
LBS. The experimental evaluation confirms the appli-
cability of the proposed approach.

In summary, location-based geospatial hypermedia
will play a central role in numerous mobile comput-
ing applications. We expect that research interest in
such geographic hypermedia will grow as the number
of multimedia mobile devices and related services con-
tinue to increase.
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